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Clia ler 


Complex Numbers and Their 


Geometrical Representation 


1.1 Complex Numbers 


А ember of the form x + iy where i= J(-1) and x, y are both real number, is called a 
complex number. A complex number is also defined as an ordered pair (x, y) of real 


numbers. It is represented Бу z = (x + iy) or (x, y) then x is called real part and yis called 


the imaginary part of the complex number z i.e. x = R(z) and у = [(2). 
Therefore in the complex number z =a + ib we have 

R(z) = real part of z =a 

I(z) = imaginary part of z = b 


NOTE: 


A complex number is said to be purely real if its imaginary part is zero. 


A complex number is said to be purely imaginary if its real part is zero. 


The complex number 2 + 0 i may be written as 2. 


The set of complex number is denote by C. 
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1.2 Algebra of Complex Numbers 


1.2.1 Equality of Complex Numbers 

Two complex numbers д = xj + iyj, or (xj, yj) and 22 = Ху + iyo, or (x9, уу) are said to be 
equal if x) = хо and yj = ур. Hence two complex numbers are equal if and only if the real 
part of one is equal to the real part of other and the imaginary part of one is equal to the 


imaginary part of the other. 


1.2.2 Addition of Complex Numbers 
If д = (3 + i) or (м, yj) and 22 = (xo + iy?) or (Хо, yo) are the two complex numbers, 


then the sum of 2] and 2о is written as ду + 2) and defined as 
21+ 22 — (3 + iy) + (x2 + i2) =( + x2) 54 + y2) 


or (д + 22) = (5, У) + (хо, yo) =( + хо, У + уо). 


1.2.3 Properties of the Addition of Complex Numbers 
Theorem 1: (Commutativity of addition in C). 


To show that 


2] + Z9 = Z9 T 2] 
where 2] and zg are any complex numbers. [B.C.A. (Avadh) 2009, 07] 
Proof: Let z = (xj, y) and 22 = (x5, yo) 


where хү, Хо, yj, y» are real numbers 


Then 21 + 22 = (м, J1) t0, уз) 
=(м +20, д + y2) [by addition in С] 
= (xo + Xp, yo + J1) [addition of real number is commutative] 


= (39, Јо) + (4 J1) 
= Z9 T 21. 
Theorem 2: (Associativity of addition in С). 


To show that (21 + 22) + 23 = д] + (22 + 23) for all complex numbers 21, 22 and 23. 
[B.C.A. (Bhopal) 2003] 


Proof: Letz = (хү, yj), 22 = (x9, уу) and 23 = (x3, уз) 
where xj, хә, X3, И, J2, уз аге real numbers. 


'Then (д + 22) + 23 = [G3 X) + (хо, уу)] + (Хз, y3) 
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-10) +22, И + y2)] + (хз, уз) 


=[( + x2) + x3 + (J1 + 2) + ys] 

= [м + (22 + 23) + д + (yo + y3)] 

= (x, у) + (42 + 23, уз + уз) =(м, У) + (Gro уз) + (хз, уз)} 
=2Z + (20 + 25). 


NOTE: 


l. The complex number (0, 0) or 0 + 10 is the additive identity or zero element of 
complex number. 


The complex number (— а, — b) is the additive inverse of the complex number (a, b) 
since 


(a, b) + (-a, – b) = (a - a, b - b) = (0,0). 


The complex number (и, — Р) is called the negative of complex number (a, b) and 
we denote 


(7a, — b) = — (a, b). 


If zi, 2) be two complex number then subtraction of 2] and zy is defined by 


2-25 if zi = (xj, yi) and 22 = (x2, у») 
д — 29 =(м, J1) = (№, J2) 
=(м — 2, - J2)- 
If u,v and w Бе any complex numbers then 
utw=v+w>u=v 


cancellation law hold in addition in C. 


1.2.4 Multiplication of Complex Numbers 


If д = (xj + iy) or (xj, yj) and 22 = (хо + iy) or (Хо, y2) are any two complex numbers 
then product is 


2122 = (хү+ i) (ху + iy) = (дро — уу уз) + i03 y» + хә у). 
1.2.5 Properties of Multiplication of Complex Numbers 


Theorem 3: (Commutativity of multiplication in C). 


To show that 2122 = 2221 for all complex number 21 and z5. 


[B.C.A. (Kashi) 2010, 07, 05] 
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Proof: Let л —(xj, у), 29 = (хо, уу) where xj, хо, yj, yo are real numbers. 
We have 2129 = (м, yi) (Хо, уо) 
= (9х = Јо, м. + X21) 
= (холу = И), злу + Л 
= (хә, J2) (м, J1) = 2221 
2122 = 2921] for all complex number 2| and 29. 
Theorem 4: (Associativity of multiplication in C). 


To show that (2129 )z4 =21(2923) for all complex numbers 21, z and 23. 
[B.C.A. (Lucknow) 2010] 


Proof: Letz = (a, D), z3 = (с, d), 23 = (е, f) where a, р, с, d, e, f are real numbers. 
We have (2120) 23 ={(a,b) (c, d)} (e, f) 
= (ac — bd, ad + bc) (e, f) by definition of multiplication in C 
= [(ac — bd) e — { (ad + bc) f}, (ac — bd) f + {ad + bc} e] 


= (ace — bde — adf — bof, acf — bdf + ade + ace) (1) 
Again д (2923) = (a, b) (c, d) (e, f)} 

= (a, b) (ae — bf, of + de) 

= а {се —df}—b {cf + de}, а + de} + b {ac — df} 

= (ace — adf — bef — bde, acf + ade + bee — БР) 

= (ace — bde — adf — bof, acf — bdf + ade + ace) ...(2) 


From (1) and (2) we find 
(2122 )z3 = д (2023). 


NOTE: 


The complex number (1, 0) or 1 + Oiis multiplicative identity. 


The complex number (x, y) is called the multiplicative inverse of the complex 


number (a, D) if 
(x, y) (a, b) = (1,0). 


: Be ИК ad 21 -ï 
If z is a non-zero complex number, the multiplicative inverse of z is – or z~. 
2 


If zi, 29 and z3 be three complex number and 23 #0 then 2123 = 2323 > д] =20 


Hence cancellation law hold for multiplication. 
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1.3 Division in C 


А complex number (a, b) is said to be divisible by a complex number (c, d) if there exists а 


complex number (x, y) such that 
(x, у) (c,d) = (a,b) 
> (xc — yd, xd + yc) = (a, D) 
> xc — yd =aand ха + yc - b 
Solve these equations we get 


ac + bd bc — ad 


x=- су 


- = 
ced 242 


T 0202 £ 
If zi, Z2 be two complex number then division is La 21 (20) t 
22 


1.4 Symbol i and Its Powers 
We denote the complex number (0, 1) by і Then 
P =(0,1) (0,1) 2(0.0 -1.1,0.1+ 1.0) =(-1,0) 
P -(-10) 


> P =i É =1, ылы 


1.5 Conjugate of a Complex Number 


The conjugate of complex number z = x + iy is obtain by putting і= -iand —i=i it is 
denoted by z = x – iy 


Thus if z-2-344i—z-2-3-4i 


The following results are for conjugate: 


Ї: Two complex numbers are equal if and only if their conjugates are equal i.e., 
д =z Әд =Z) 


1722, 4-22 = 2] -22, 2120 =2 29 


2 
and a) = an provided 2) #0 
29 


4. Let 2=х+ ір, 2=х-іу 2+2 =2х 


Thus, sum of two conjugate complex numbers is a real number, equal to twice the 
real part of each. 
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eA 
5. A complex number z = x + iy is purely imaginary then 
z+z=0 
and 2-2-21у-021 (imaginary part) 
6. Ifz=xtiy> z=x-iy 


э 2z=x + y = real number 


Thus the product of two conjugate complex number is a purely real number which 
is never negative. 


1.6 Separation of Real and Imaginary Part of Complex 
Number 


a+ ib 
Let the complex number = - 
€ * id 


_ (a+ ib) (c — id) 

- (c+ id) (c — id) 

(ac + bd) + i (bc — ad) 
сад 

_ (ac + bd) nm (bc — ad) 

(+P) Е) 


[Multiplying N, and D, by conjugate of D,] 


ca + bd 7 bc — ad 


= А + iB where A= 5 
ced гаж 


ib 
A is real part and B is imaginary part of [ = 2) 
c+ id 


NOTE: 


For separation of real and imaginary part of complex number multiplying N, and D, by 


conjugate of D,.. 


1.7 Modulus of a Complex Number 


If z = (x, y) or z = (x + iy) be any complex number, then the non-negative real number 
y х2 + Та is called the modulus or absolute value of complex number z and it is denoted 
Бу [д or mod (z). Therefore 


12+3 - Je « ay = +9 - Ji3 
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= 3i|= (2? + 2449-413 
|e/9| =| cos Ө + isin 0| M. -41-1 


Hence, the modulus of a complex number is equal to the positive square root of the sum 


of the squares of the real and imaginary parts of that complex number. 


1.7.1 Some Result About the Modulus of Complex Number 


1. If z be any complex number, then |z| =|2| 
2=х+ iy 2|z|- 4x? +)? 
z-x-iy2|z|- 4x? + у” 
= БАН 
2. If z is any complex number, then 22 =|z Р 
if 2=х+іу 
z-x-iy multiplying 
zz = (х + iy) (x - iy) =? + у? P 
3. Iz 221:41211120| 
Les | 225 P = (2122) (125) = (ал) (2229) =[а P 1228 
or [а 22 | =| 21| 129| 
Similarly 
| 21525. Sees 21| =z |Z | ..... EM 
4. If ду, 2) be any two complex number and z #0 then 
21 | _ |z| 
z| || 


1.8 Modulus-Argument Form or Polar Standard Form or 
Trigonometric Form of a Complex Number 


Let 2=х+іу, 
put x =r cos Ө set T) 
у = іп Ө ...(2) 


Square and add we get х? + y = 


Vc B.C.A.Mathematics-III 


Or үүх? +)? ...(3) 


This г is known and is equal to the modulus of the complex number 2. 


Put r in (1) and (2) we get 


cos Ө = and sin0- 


B ae 


Divide (2) by (1) we get 


tan Ө = J 
X 


Or 0- tan! (2) 
x 


This Ө is called argument or amplitude of complex number z. i.e., 0 = Arg z or amp (2) 


Then modulus amplitude form of complex number 
z =r cos0 + ir sinO 
> z ЕТ (cos0 + isin®) 


=> Z=re 


1.9 Geometrical Representation of Complex Numbers 
Argand Diagram 


A complex number z=x+iy can be Y 
represented by a point P in the cartesian 


plane whose co-ordinates are (x, y) with 


respect to rectangular axes OX and OY which 
is called real and imaginary axes respectively. Р(х, y) or (x + iy) 
This representation of complex numbers as 
points in the plane is due to Argand and is 
called Argand diagram or Argand plane or 


Complex plane. 


The polar co-ordinates of the point P are (r,0) 


where OP =r =x" +i is modulus and rig 


Ө = ZPOX = tan! (2) 
X 


is the argument of the complex number z. The complex number z is known as the affix of 
the point (x, y) which represents it. 
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Theorem 5: The modulus of the product of two complex numbers is the product 
of their moduli. [B.C.A. (Meerut) 2006] 


Proof: We have |z 29 Р 512129) (21 29) 
= (2122) (4 22) 


= (2121) (20 Z2) 


2 2 
-|2Г 1221 
So that 228 -148 2208 
ог |2120 1-12111 29 | 
In general, (229... Zyl =|21 ||20 |..... [2,|. 


Theorem 6: The modulus of the sum of two complex numbers is always less than 


or equal to the sum of their moduli 
or la + 22 | < |а |+ [22 |. [B.C.A. (Kanpur) 2011, 07; В.С.А. (Meerut) 2008] 
Proof: We have to show that 
la + zilslal-*lzi 

Now la +22 =(q +22) (а +25) 

= (21 + 22) (4 + 22) 

= 2121 + 2122 + 202] + 2929 

= (дд + 2929) + (2120 + 2120) 

=|2P +122 +28 (az) 

<|д[ «Iz 421421 гаа 141) 
Also 2122 + 2120 -2R(az) <2|4120 | 


2 2 2 — 
[21 *z5l* slak +|22 *2|225] 


2 2 — 

“|аГ +122 [> *2lal |2] [129] 91221] 
2 2 
Iz + 20 f slal*lzlh 


> [21 *zslal-lzl 
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Theorem 7: The modulus of the difference of two complex numbers is greater 


than or equal to the difference of their moduli. 


or 
To show |z; - 22 | > |21 | - [20 |. ГВ.С.А. (Rohilkhand) 2010; В.С.А. (Lucknow) 2009] 
Proof: We have to show that 
Iz — 22 | >[21| -[22 | 
Now la -z P = (а —) (а —22) =(4 72) 72) 
=2121 + 2020 — (2120 + 2122) 
=|2 P «Iz -2Ке(д®) 
2|af -21azl«Iz f 11251-12211 
214 -2lallzl - Iz; P 
la -2P > (121-121? 
ог [21—22 |>|21 | -[22 |. 


Theorem 8: The argument of the product of two complex numbers is equal to the 


sum of their arguments. [B.C.A. (Rohilkhand) 2008] 
Proof: Let д = пе! 
20 = rye! 02 
Then arg (21) = Өү, аго (29) =O 
2129 = nr gp + 92) 
Then arg (2120) = 0) + 09 = arg (21) + arg (20) 


In general, arg (у 22 23 ....Z,) = аге (21) + arg (z2) +.... + arg (Zn). 


Theorem 9: The argument of the quotient of two complex numbers is equal to the 
difference of their arguments. [B.C.A. (Agra) 2004] 


Proof: We have 


10 
Z ñe | _ ñ 30ү-65) 
22 тре! 92 


arg (=) =6, – Ө) =arg (21) – аго (zo). 
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2+3 
Example 1: Express a 
445i 


in the form x + iy. 


Solution: Multiplying the numerator and denominator of the given fraction by the 
conjugate complex of the denominator, we have 


2-3) (2+3) (4-5) | 8-10i+12i-157 


4+5} (4+5) (4-5) 16 -25 Ê 


 2842i. 23+2i 23 2. 


“16-25 41 її АГ 


the real part x = x and the imaginary part у= E 


Example 2: Find real numbers x and y, if 


2-31 


х + іу = ‘ 
TRI 


Solution: We have 


2-3: (2-3)(4-7) 8-14i-12i«21? _ (8-21-26: 


4+7 (4-7)(4-7) | 16-492 16 + 49 


_—-13-26{ -13 26, 1 2, 


-----1535---01 


65 7 65 65 5 5 


1 2i 
x+i ш----о-шХэ-1/5, =-2/5. 
5-5 /5, y /. 


Example 3: Express Y — i in the modulus amplitude form. 
Solution: Letl—i-r(cos Ө + isin Ө) 
=  Equating real and imaginary part on both side, 
> т cos8 =] (1) 
> rsin@=—1 (2) 
= Squaring and adding (1) and (2), we have 

Е =1+1=2, л r-442 


> Divided (2) by (I) 


Vos B.C.A.Mathematics-III 


23 
> {ап 0 =-1 
> e--2 
= Hence, 1-1-42 (cos (-n/4) + isin (-л /4)). 


Example 4: Reduce to the form r (сов0 + i sin Ө) the quantity (-1 + 1/3). 
[B.C.A. (Avadh) 2007] 


Solution: Let -1+ 53 =r (соѕӨ + isin) 
> Equating real and imaginary parts, we have 
т с05 Ө =-1 ssl) 
r sin 0 = J3 ...(2) 
= Squaring and added (1) and (2), we have 
> 2 =1+3 =4; n r-2 


= Dividing (2) by (1), we have tan0 = -3. 


= Ө=— 
3 


> Choosing the values of0 lying between -л and т for which cos 0 is negative and sin Ө 
is positive. 


Hence -1+ i3 =2 [cos (2n /3) + isin (2л /3)]. 
Example 5: Express ӨЗ =) + УЗ +1 in the Trigonometric form. 
242 
(Зз -D (43 +1 " 
Solution: Let ti = r(cos0 + isinO 
Box 
Equating real and imaginary part, we have 
43 -1 
г cos 0 = —— sl 
22 0) 
УЗ +1 
гѕіпӨ = aA 
22 i: 


Squaring (1), (2) and adding these, we get 


203-0? ++ _ 


lie, r=l 
8 
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Ne 
Now putting r = іл (1) and (2), we have 
UR с moot +! 
242 ' 242 
0 222202 
12 


(43 1) 4 33 +1) 5n ., 5m 
е ————————— = COS 


Henc 
242 


, prove that 


Example 6: If x + iy = ——————————À 
Р аг 2 + cos0 + isinO 


(x -1) (x -3) + у? =0. [B.C.A. (Bhopal) 2012] 


Solution: We have 


вер = 
2 + cos 0 + isinO 
| 3 (2 + cos 6 — isin 0) 
= x+ iy 
[(2 + cos Ө) + isin Ө] [(2 + cos Ө) – isin 0] 
. 3 (2 + соѕӨ – іѕіпӨ) 
=> x+ Y=- 
(2 + со80) + sinf Ө 
6+3 соѕ Ө – i3sin0O 
> x + iy = — 


5 +4 cos0 


Equating real and imaginary part on both side, 


6+3cos0 —3sin Ө 
Х5-------т, =——— 
5+4 соѕ Ө J 5 +4 cos0 
6+3 6 
МЕ ие cos , +3 со50 , 
5+4 соѕ Ө 5 +4 cos0 


1- cos0 


EI 


__9 (l — cos Ө) (1 + cos Ө) 
(5 + 4 cos Ө) 


Е 9 sin? 0 


НЭР? 
diss р = 9 sin” Ө : 
(5 + 4 сов0) 


(5 +4 cos ө)? 


—9 – 9 cos 0 
5 +4 cos0 
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Adding (1) and (2), we have 
(x -1) (x -3) + y? =0. 
Example 7: If гү and 29 are two complex number, prove that |z; + 22 |2 = [21 |2 + [29 (7, 
if and only if, 2122 is purely imaginary. [B.C.A. (Meerut) 2008] 
Solution: We know that zz =|z 
la +22 =la +22). +22) =(д +22) * 2) 


= 202] + 2929 + 2122 + 292] 


2 8 22554 285 
lal 41221 + 2122 + 29% 


Now la * zl sla P 4128 

e (48-28 +125 +23 =la «Ig 

xd 2122 + 292 =0 

e 212 + (2122) =0, [> @ =z] 


Now ifz=x+iy,thenz+z=0 
> (x + iy) + (x - р) =0 @2x =0 
e x 20 ez is purely imaginary. 
2122 + (2122) =0 & z zy is purely imaginary. 
Hence |z] + 29 р = |2 Р + |29 E if and only if zz; is purely imaginary. 
Example 8: Show that the representative points of the complex number 6i, 2 + 2i, -1 + 8i, 
and 6 — 6i are collinear. [B.C.A. (Rohilkhand) 2009] 


Solution: Let the representative point of the complex number 6i,2 + 2i,-1+ Siand 6 — 6i 


in the Argand diagram be A, B, C and D respectively. Then the cartesian coordinates of 
A, B, C, D are A (0,6), B(2,2), C(-1, 8), D (6, — 6). 


Four points will be collinear if we find equation of straight line through any two points 


and remaining point satisfying. 
The equation of the line AB is 
у-бэ-2(х-0) 1.6., У+2х=6. 


Put С (-1,8) and D (6, -6) in y 22x + 6 and satisfying. So given points are collinear. 
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Example 9: If | = | = 2, prove that the locus of оп the Argand plane is a circle, whose 
2+ 


centre has affix (-5/3, 9) and whose radius is 4/3. [B.C.A. (Meerut) 2009, 07] 
: 2-1 
Solution: We have | : | -2 
z+ 
-1 
РЕН loe (abere 
[2+1 
> [x * ip-1|22|x* ip 1| 


|Œ -1 + iy|=2|(x +1) iy 


= Je- + y? 2240 Y! + 7 


Squaring both sides 


> (x -1? + y? =44(x41)? + y?) 


5 X jy -2x410124(x +2141 


> (2 + у2)4 (02 + у)+10х+3=0 


> 3 (2 + y*)+10x +3 =0 


> Pay! 51285150 


Which is the cartesian equation of a circle. 
Example 10: Find the radius and centre of the circle 
zz – (2 + 3i)z - (2 -3i)z +9 =0. [B.C.A. (Kashi) 2009; B.C.A. (Avadh) 2007] 

Solution: The given equation can be written as 

zz-(2*3)z-(2-3)z 4920 
We have zz = (x + iy) (x = iy) =x? Iy 
> z+Z=(x + iy) + (х - iy)=2x 
—z-z-2iy 

the given equation can be written as 


> zz—-2(z+z)—-3i(z-z)+9=0 (1) 


the equation (1) becomes. 


= х2 + у’ -4x -3i(2iy) +9 =0 
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> х2 + у -4xe6y «9-0, 
which is the cartesian equation of а circle. With centre (2, – 3) 
and radius = 9-9 -42. 
Example 11: Prove that, if zy and z> are any two complex numbers, then 
а + 25 2 + |а - 25 2 =2 (|217 + lz2P). [B.C.A. (Meerut) 2008] 


Solution: We have 


2 2 —— — 
Iz *zol^-*lz -22 [Г =(А + 22) (А + 22) + (4-22) (4 – 29) 


= (д + 22) (21 + 22) + (a —22) (А -22) 
m — 2 2 2 2 

7-222 + 2292) -2|al +2|z | -202Г 4121) 
Example 12: If z,, 29, 23 are the vertices of an isosceles triangle, right angle at the vertex 
22, prove that 

2 2 2 _ 
Zy + 225 + 23 = 222 (21 + 23 ). 
[B.C.A (Kurukshetra) 2009; B.C.A. (Lucknow) 2007] 


Solution: Since ZABC = 90°; therefore A(z1) 
E № 
arg E = 23 | 2 


'Then (2 -á | is purely imaginary 


29 — 23 | 
_ В(22) C(z3) 
s [222] -0 Fig. 1.2 
22 — 23 
or D EE [o 
2 29 - 23 29 - 23 
" (2-2). (2-4) E 


(22-44) (2-23) 
Also A ABC is isosceles then we have 


2 2 
lz;-al-lz2-z| or 12-41 = (29 – 23) 


ог (zo = д) (29 — 21) = (22 — 23) (22 — 23) ...(2) 


Multiplying (1) and (2), we get 


® 17 


Complex Numbers and Their Geometrical Kepresentation суу 
Ne 


= 2 — — T 226 
с д)=- (2) -3 ) (22 – д3) 
(22 — 23) 


or (20 ee a + (Z9 =)” =0 or 42 +2222 + 232 =2z (д + 23). 


Example 13: Prove that the area of the triangle whose vertices are the points 21, 22, 23 on 


[tas = 2] 
the Argand diagram is У о 


Show also that the triangle is equilateral if 


2 2 2 = 
2р + 227 + Z3“ = Z]Z9 + 2223 + 232]. [B.C.A. (LG.N.O.U.) 2012] 


Solution: Letz, 22, 23 be the points A, B and C on 


the complex plane. C(z3) 
Let 2] = x T iy 
29 = X9 + рд 
23 = Хз + lys 
А л JA l 
Then the area of triangle ABC = 2 ә yo l Fig. 1.3 
з y, l 
X Х| + iy 1 Хү 2] J 
25 х Xo +i 1 E X 2 1 
2i| 2 2+ Wo 2:| 72 2 
X3 X3 T lys 1 X3 23 1 


= Ум =) =5: У ra +e а) 
--У: (2 -в)+-Уне — Z4) 
4i [492 3 4 1-392 3 
] N^ д2 lal бэ —23) 
-0-- 51, = 1 
№, 2 2 Bex 4iz 


Now, the triangle ABC will be equilateral if 
АВ = ВС = СА 
i.e., if [а —29|=|22 – 23| = |23 - ai 


: : 2 2 2 
i.e., if [a -z f =|22 – 23 =|23 -z | 
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i.e., if (д — 29) (4 —22) = (22 — 23) (22 – 23) =(23 - д) (23 - 4) al) 
Taking first and second pair of (1), we get 


2] —Z9 _ 2793 _ (а — 29) + (20 — 23) 


22-23 2-2 (-z)*(4-2) 
(21 — 29) _ (д 723) 


or =т= эин--нНЫ x2.) 
(29-23) (4 -23) 


Again from last two pair of (1), we get 

(22 — 23) (22 – 23) =(z3 – д) (23 - 4) (3) 
Multiplying (2) and (3), we get 

(а 7 23) 63-23) = (4 ~23)° 


or Z|Z9 — 2123 = 257 + 2923 = 22 + 232 — 22123 


or z? + 202 + 232 = 2122 + 2923 + 232]. 


Example 14: Find the loci оў the points 2 satisfying the following conditions: 


А 2 – T 44 
(i) атр с=т= (ий)  |z-1|22 
(iii) = >2 (iv) 122 - |< 


Solution: (i) Here 


z-l_(x-lt+yp 


241 (x+l+iy 


Го) + L(x +1) р (x? + y -D«2iy 
[x*D*illx-D-i] (xt? + 7 


-1 2 
arg — sta) = 
2+1 x+y -l 
2 
Therefore tan"! == 21 
x+y -l 6 
2y T 1 
> —————— = tan =— 
reyel 6 43 
> x + y -2,8 у -1=0 


which represents a circle. 
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(ii) Here | -122 ог [2-12 24 
> (2-1 (6-1) 24 
> zz - (2+2) +124 
> xX + у -2x-320 


which represent the exterior and frontier (or boundary) of the circle 


чу -2x-320. 


р 

(iii) Here E 22 or : 24 
2+1 2+1 

- (2-9 (2+9 4 
2+0) (z-i 

> zz + i(z -z) +12422 + 4i (2-2) +4 

> 3zz + 51(2 -2) +3 <0 
24 2) 4 55(_Diy) 4 

> 3 (x^ + y^)-5i(-2iy +3 <0 

> 3x7 +3 у? +10у+3<0 


which represent the interior and frontier (or boundary) of the circle 
3x7 +32 +10 +3 =0. 
(iv) Here| ge I| «I 
> (22-1 (22-1) <1 
2222 -(2 a7 jell 
> ase -2 (x? - у2) <0 
Changing into polar co-ordinates, we obtain 
r — 27? cos 20 «0 
or г? «2 cos 20 


which represents the interior of the lemniscate 


r? =2 cos 2 0. 
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Example 15: Determine the regions of Argand diagram defined by 


(i) |z| 3 (й) |z? -z|«1, (їй) |z — Ц + |z + 1| € 4. 
Solution: (i) Here |z| 21 or [2]? 21 

> |x + iy? 21 

> 2232 21 


Here the region represented is exterior and boundary of the circle 
х2 + y = |. 
Gi) Here|z? -z| «1 
> |r (cos 20 + isin 20) -r (cos Ө + isin 0)| «1 
> (r? cos 20 — r cos 6)? + (r? sin 20 — г sin ө)? «1 
> rt -2p (cos 20 cos Ө + sin 20 sin 0) + 72 <l 
> r* 973 cos0 +72 -1«0. 
(iii) Неге|2—1|+|2+1|<4 


=> |(х —1) + [+ |(х +1) +1у| <4 


> Jo -1 +y lė MITES +] <4 
> Je- +7] -4 «-A[ +1)? +77] 
> (x 21g + y aJ уау ТБ (еч + у^ 


= -BJ[Gx —1^ + y^] <4х-16 
= - е eyed 
=> 4|(х-18 + y^] «(x -4j* 
> Sy +47 -12 <0 


Hence the region represented is the boundary and interior of the ellipse 


whose foci are (1, 0), (-1, 0) major axis is 4 and minor axis is 3. 


Complex Numbers and Their Geometrical Kepresentation суу 


Example 16: Find regions of the Argand plane for which 

2-2 1, -10:»1 

2+а 
where the real part of ‘a’ is positive. 
Solution: Here 

[2-а| <= or >|z+al 
> |z-aP <= or »|z«ap 
=> (z-a)(z-a)<= or »|z-a||z- | 
> zz — (az + 42) <= or >zz+za+za 
> 2(а+а) +2(а+а)>,= or <0 
> (2+2) (а+а)>,= or «0 
> 2x.2R (а)»,- or <0 
which implies х>,= or «0 [^ К (а) is positive] 


The required regions are therefore the right half of the z-plane, the imaginary axis and the 
left half of the z-plane respectively. 


-1 " 
Example 17: Prove that 2 =const and атр E | =const are orthogonal circles. 
zt zt 
[B.C.A. (Rohilkhand) 2008] 
Solution: Here 
2-1 
= const = А, sa 
2+ У 
х-1-1 : 
-14-1 
> e TE] ead 
xctl-iy 
x- +2 9 
=? Ло 212 2227 X 
(x+) + у 
22-41 
or х2 + у? + 2 12 = i x + 120 this is circle of the form 
х2 + у2 +2er+1=0 LL) 


Again, we have 


am 2-1 = const 
P 2+1) 


> amp (z – 1) - amp (z + 1) = const 


or 
x? 
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22 • 
zA 
amp (x —1+ iy) - amp (x + 1+ iy) = const 
tan! Z- tan! = const 
х-1 x+ 
fy x | 
1] х-1 х41 
tan = const 
1+ J : J 
x-l x«l 
2y 222 2 - 
TP жє а ш ан constant; that is, x hg ede this is of the form 
+ жег 


х2 + у2 +2 fy-1=0 ...(2) 


which also represents, circle. 


Now 


the circles (1) and (2) with the usual notation satisfy the condition of 


orthogonality; i.e., 2162 * 2 f| f = +0. 


Then the circles represented by equations (1) and (2) are orthogonal. 


Exercise 


Find the locus of the point z satisfying the condition 


z-l m 
arg 1 = 3 
2+ [B.C.A. (Meerut) 2004] 


Show that the two lines joining the points z=a, z=b and z=c,z=d are 
perpendicular if 


| а 
i.e., if the complex number 


-b 
1 is purely imaginary. 
If 21,29,23 are the vertices of an isosceles triangle, right angled at the vertex 22, 
prove that 
3 2 v 
дё +222 + 23° -2z9(z| + 20). [В.С.А. (Agra) 2010] 


Show that the two triangles whose vertices in the Argand diagram have affixes 
a,b,c, and o, В, y will be similar if (by — cB) + (ca — ay) + (aß — ро) =0. 


Find the radius and centre of the circle 


e 23 
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18. 


19. 


20. 


21. 


22. 


х, 
Find the locus of the point z satisfying the condition 
z-l 


ar = 
PSI 30 


Show that the representative point of the complex numbers i, -2 – 541+ 4i and 
3 + 10ї are collinear. 


ЕР +m? +02 =l, and (m + in) = (1 + D) z, show that 


l+im l+iz ; 
1 = 1-2 where l, m, n are real number and z is a complex number. 
tn — iz 


+ 7 


Е i? 


Express in the modulus-amplitude form. 


Express (1 + cos © — isin о) in the form г (соз Ө + isin Ө). 


Express —5 + 12iin the modulus — argument form. 
Express -1— 4-3 in the polar form. 

Express (1 + 4-3 ) in the modulus — amplitude form. 
Express —1—iin the form r (cos Ө + isin Ө). 

Find the modulus and principal argument of 1 + i. 


Express 1 ~ iin the modulus amplitude form. 


Find real numbers x and y, if 


— 2-31 

х+ іу = у 

PORT 
Find real number A and B if 

PT m эл 

7-41 


If z,z; are any complex number then, 


2 2 2 2 
Ia + 22 | 412 -zk -24аГ 4218 [B.C.A. (Lucknow) 2004] 
The modulus of the sum of two complex number can never exceed the sum of their 
moduli. 


The point A,B,C in the Argand plane represent the complex number 21, 22, 23 
respectively. Show that the triangle ABC is equilateral if and only if. 


1 1 1 
+ + 


2-2) 42-44 23 —Z| 


=0. 


The vertices of a triangle are represented in Argand diagram by the complex 


20-2. 
number 21, 29, 23. Interpret the modulus and argument of 22 "lin terms of the 
23 — 21 


sides and angle of the triangle. 
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23. 


24. 


25. 


Show that the equation of a circle in the Argand plane can be put in the form 
zz + bz + bz + с = 0), 
where c is а real and b, a complex constant. [B.C.A. (Meerut) 2002] 


Show that the representative points of the complex number 1 + $2+12 + 351+ 31 
form a rectangle. 


A variable complex z = х + iy is such that the argument of the fraction (z — I)/(z + 1) 
is always equal to 1/4 show that х2 + y? -2yzl [B.C.A. (Avadh) 2005] 


Answers 


х2 + y! -(2/¥3) y-1=0. 


radius = 5 /12, centre of the circle (0, 213/12). 

V2 (cos 37/4 + isin 3n/4). 

2 cos 0/2 [cos 0/2 – isin 0/2]. 

13 [cos æ + isin a], where cos © = —5/13,sina =12 /13. 
2 [cos (21/3) - isin (2 /3)]. 

2 [cos (21/3) + isin (2n/3)]. 

V2 [cos (31/4) — isin (31/4)]. 

V2 [cos (1/4) + isin (л /4)]. 


V2 [cos (-л/4) + isin (- п /4)]. 


i x =-1/5, y =-2/5. 
А-1/5,8--2/5. 
z;-zg| AB 


= — and аго 2 2 ZBAC. 
3 -g| АС 23 – 


ООО 
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2.1 Elementary Functions of a Complex Variable 


W: will discuss some elementary properties of certain functions of a complex 
variable for example, the exponential, the logarithmic and the trigonometrical 


functions to all of which is given the general title: Elementary functions. 


2.2 The Exponential Function 


The exponential function f(z) of a complex variable is defined as the solution of 


differential equation. 


Ро) = fe за) 
with initial value f (0) =1 
We have to solve by taking 

Ра) 2ag * qz * ар 22+... taz" (2) 
> Р (2) =а +2 @ z+......+ naz"! ...(3) 


Put (2) and (3) in (1), we get 


à +2ау z+ ....+a, nz" = ду qz yz +... жа, 2" 


Compare the coefficient of like power of z on both sides, we get 
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26 ® 
eA 
dp = 4 
а =2а) 
28 - ла, 
From these relation, we have 
1 1 
la =>, @=2=— = 
T Tm ын ary, 
1 
In general, ay, =— 
п! 
We shall denote the solution by exp (z) or е“. Thus, 
d 2" 
exp(z) =1+ 3, ын m 
n=l Ш 


Now, we shall show that the series (4) converges. It converges absolutely. 


el 
|z |" 
Now, [|= 
(п– 1)! 
| ин = —- 
n 
n 
=]! 
li Ind | = Jim Li xU D. fim би 
п | Uy ne m! [5] nc И 


Hence, the series (4) converges absolutely in whole complex plane Бу D- Alembart's ratio 
test. 


Now, Фан 24 (её) == exp (2) 
dz dz 


Then, we can say that for all value of z, c^ isan analytic function of z in the whole Argand 
plane. 


— o — Theorems  — — — — — —— 


Theorem 1: Prove that: 


exp (21 + 22) = exp (zi)exp (22). [B.C.A. (Bundelkhand) 2010] 
Proof: We have 
= n £e n 
= 28 B 22. 
expla) -1+>, 1 and exp(z5) г "T 
n= n= 


8 n Eni n 
ехр(21) ехр(29) b > л [^ > a 


n=l n=l 
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2 2 
үнээ) а дана, 
1! 21 


-1 


21, 0*2) , (a +25)? 
1! 2! 
= ехр(д + 20) 
Remark : 1. ехр(21) ехр(22).ехр(23)...... exp(z,) = exp (21 + Zo +..,..+21) 


2. exp(z)exp(-z) = exp(0) =1 


2.3 The Trigonometrical Functions 


The functions sin z and cos z for complex number z are defined, as in the case of a real 


variable by means of the formulae. 


е-е 
sin(z) = ———— -—! 
(z) 3; (1) 
её + е7 
=-——— ... 2 
cos(z)= > (2) 
3 5 п„2п+1 
We know sin (z) =z -+ s... шин ...(3) 
3! 5! (2n 1)! 
2 4 “үүл „2л 
and довы Ф ГУ ...(4) 
2! 4! (2n)! 


Since each of these power series has an infinite radius of convergence. Then, sin z and 


cos z are regular (analytic) in every bounded domain of the z-plane. 


sin 2 COS Z 
Now, tanz = , cotz=— ‚ зеср = ‚ созес (z) = — 
COS Z sinz COS Z sin z 
d лы d : 
Then, — (sin 2) = cos z, — (cos z) = -sinz 
dz dz 
and sin(—z) = -sin z, С08(-2) = cos z, sinO =0, соѕ0 =1. 
2.3.1 Euler's Equation 
iz iz её ep 
We have sin(z) = , COSZ = 7 
PM iz_ -iz | 
Then, cosz+isinz 2 4 — + a 
| 2 21 | 


e^ =cosz+isinz. 
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Theorem 2: Prove that: 
COS(Z] + 29) = COS 2] COS Z9 — SİN 2] SİN 29 
and sin(zj + 29) = SiN Z] ©0520 + COS д] SİN Z9. [B.C.A. (Avadh) 2009] 


Proof: We have 
exp(i(zj + z9)) = exp(izj) exp (iz9 ) (1) 
Then from (1), we get 
СО8(2| + 29) + isin(z, +20) = (cos zj + isin 20) (cos z9 + isin 22) 
= (соз 2] cos Z9 — SİN 2] SİN 22) + i(sin 2] COS 29 + cos 2] sin z2) ....(2) 
Putz; = –2] and 25 =-20 in (2), we get 
cos(zj + 22) – іѕіп(д + 29) = (cos 21 —isin zj) (cos 22 — —isin 20) 
= (COS 2] COS Z9 —sin 21 sin 22) —i(sinzj COS Z9 + cos д] sin 29) | -4(3) 
Adding (2) and (3), we get 


sin(zj +22) =sin Z COS Z9 + COS zj sin 20 ...(4) 


2.4 Hyperbolic Functions sinh(z) and cosh(z) 


The hyperbolic functions of a complex variable are defined in the same way as for real 


variables. The fundamental formulae are: 


2672 
sinh (2) = 2 a(l) 
2 =z 
and cosh (z) =£ P: ...(2) 
eo 2nd 
: 2 
Also sinh (z) = > Ons)! 3) 
п=0 
m z2" 
cosh (z) = (4) 
(2n)! 
n=0 


2.5 Relation between Hyperbolic and Trigonometric 
Function 


sin (iz) = іѕіпһ 2, cos(iz) = cosh (z) 


sinh (iz) =isinz, cosh (iz) = cos (2). 
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2.6 Logarithmic Function (Inverse of Exponential Function) 


The logarithm of a complex variable w denoted by log w is defined as the solution of the 


equation. 
exp(z) = 
— z=logw 
exp(z) = » 
> gy aw (2=х+ іу) 
> ee =w 


Theorem 3: Ши’ and wy аге two complex number, then: 
log (wj w2 ) = log w; + log w9 


and arg (wj w2) = (arg wj). (arg w2). [B.C.A. (Rohilkhand) 2011] 
Proof: Let log м =z, and log w = 2). Then by definition, we have 
ехр(21) = and exp (22) = w 
Therefore, log (э 9) = log(expzj ехр22) 
= log (ехр(2 + z2)) 
=z +2) 
Thus, log ( w ) = log m + log w 


The second result i.e., arg (м w?) = аго (m). arg (w) follows in the usual sense. 


2.7 The Function of а> and z? 


We define the principal value of the function а? as the number uniquely determined by 


the equation 


аё = е2198 a 


where log a is the principal value of log a and we permit both a and z to be complex. 
Let a is real or complex. Then, we defined z^ by the equation 


2“ = exp (alog z). 
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Solved Examples о 


—т0 


Examplel: Prove that sin(a  n0)- е! sinn0- е sina. 


Solution: L.H.S. = sin(a + 10) – (cos а + isin о) sin nð 


=sina cos 710 + cos & sin 710 — cos & sin 710 —isin о sin пө 
—sina(cos 710 — isin 110) 
=sina e 9 


= К.Н. $. 


Example 2: Prove that: 
(sin(a — 0) + е^ sino)” = sin"! afsin(a — n0) + е7‘ sin no}. 
Solution: L.H.S. = (sina cos Ө — cos æ sin 0 + (cos о — isin о) sin Ө)” 
= (sina cos Ө — isin a sin Ө)” 
= sin" a(cos Ө — isin Ө)” 
= sin" a(cos 10 — isin n8) | by De-Molver's thorem]. 
R.H.S. = sin"! (a) {sin(a — 10) + e7™ sin 10) 
= sin" (о) (sina cos 16 — cos a sin лө + (cos о — isin at) sin 710) 
-sin'l (a) {sina cos 710 — isin о sin nO} 


= sinl 


о sin a(cos 110 — isin 110) 
= sin" о (cos 10 — isin 10) 


L.H.S. = R.H.S. 


Example 3: Show that : 


(i) cos? hx- sin? hx = L. (ii) sinh2 x = 2sinh xcosJ x. 
(iii) cosh2x = cos? hx + sin? hy. (iv) sec? hx 2 1- tan? hx. 
2 tanh 
(0) tanh2x = cen 
1+ tana hx 


Solution: (i) To show cos? hx -sin? hx =1 


L.H.S. = cos? hx -sin? hx 
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Ее") 102" 2+е2%) 
+==1=В.Н.5. 


(ii) То show sin 42x =2 sin hx cos hx 


L.H.S. =sin h2 x 


_ eg үх 
{ 2 


R.H.S. =2 sin hx cos hx 


= gt eee № UT acd 
Е 2 2 )\ d 


L.H.S. = R.H.S. 


(iii) To show cosh2 x = cos? hx + sin? hx 
e 
L.H.S. = cosh2x = 


Хех 


Шат хи? еа 
7 4 t 4 
20252) е2 eee 
4 Е 2 


(iv) To show sec? x 21- tan? hx 
AY tine шэг 
we known cos^/ix -sin^ hx 21 
Divide by cos?hx on both sides, we get 
l- ап2лх = sec? hx 


2 tanh 
(v) То show ќапл2х = а 5 
l+ tan“hx 


we know itan/i2x = tan (2ix) 
tanh2 х = | tan (2 ix) = I tan 2(ix) 
i i 
_1 2tani 1 2itanhy 
i 1- tan? (ix) i 1-7 tan?hx 
tan Лх 


= — 
1+ tan? x 


10. 
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Exercise 


Show that exp (s =) ээж, 


Show that cos/12x + cosh5x+ cosh 8x + cos ЛІ 1х 


=4cosh (=) cosh (=| cosh3x. 
2 2 


xt 


Prove that 1 (coshx + cos x) 214 
2 4! 8! 


Show that tanh(x+ у) = ieee 
х l- tan/x tanhy 


Prove that 109(1+ i) = 5 log2 + (2nn + z) ; 


Show that log(l+ 2) = log (2 cos 2) + - , 


Prove that log Е = z) = аң! (2) | 
а 


а—1 


Show that ilog (=) -n-2tanx. 
xi 


To show that tan (Hog (= 2) = E | 
Prove that (i)! = е-ФтН)т/2_. 


ООО 


Chasis 


Inverse | rigonometrical 


(Circular) Functions 


3.1 Inverse Circular Functions 


I fsin@ = х then@=sin_ x. If cos Ө = x, then 0 = cos! x. The quantities sin! х, cos! X, 


-1 1 


tan ^ x,...etc. are called inverse circular functions. Sometime ѕіп x can be written 


as ‘arc sin x’. 


-1 


x z (sin ху! as (sin ху! 


3.2 General and Principal Values of Inverse Circular 
Functions 


Among the values of 0 satisfying the equation 0 = sin! x, the value which is numerically 


the smallest one is called the principal value of sin! x. If 0 is the principal value of 


sin! x, then we must have -r /2 «0 € n /2.If x is zero, the principal value of sin! x is 0, 


if x is negative, the principal value of sin! x Нез between -n / 2 and 0; if x is positive, the 


principal value of sin! x lies between 0 апал /2. 
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If 0 is principal value of sin"! x, then all the angles given by ил + (-1)" Ө, where л is any 
integer, have their sines equal to x. The value лл + (—1)"0 is called general value of 


sin ! x and denoted by Sin x. Generally, if the first letter of an inverse circular function 
is small, we consider the principal value, while if the first letter is capital, it means the 


general value. 
For example: sin! (1/2) 21/6 while Sin! (1/2) = nx + (- 1)" с 
where is any integer. 


Sin-lx 2 nx + (- 1)” sin! x 


Similarly, we can write the relation in general value and principal value for other circular 


functions. 


Соз"! (x) =2пт + cos! x 


Tan Их 2 nx + tan! x 


Созес 1х = n + (- 1)" созес | х 


1 


ly =9nntsec! х 


Sec 


Cot! x = ид + cot! x 


where л is any integer, positive or zero. 


3.3 Relation between Inverse Functions 


Ї, We have sin"! х = созес | (1/x), cos! x = secl (1/ x) and tan! x = сос! (1/ x). 


We know sin@=x > @=sin! x 


and if sin@ =x, then созес 0 =1/х —9 = cosec™! (1/x) 


sin! x = cosec^! (1/ x) 


Similarly, we can show that cos (x) = ест! (1/х) and cot! (x) -tand (1/ x) 
2. From the definition of an inverse circular function, 


1 


we have Ө -sin^! (840) and x-sin(sin x) 


For, if sin 0 = x >90 =sin™! x = іп! (sin 0) 
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Similarly, Ө = cos"! (cos 0) and х = cos (cos x) 


Ө сал?! (tan) and x = tan (апт! х) etc. 


3. To express one inverse circular function in terms of the others. 
If x-sin0 20-sin!x 
Then cos 0 = 4! —sin? 0 = ү! -x 
Le; cos0 = 1-22 = 0 = соз 1 1—х^ 
sin Ө x = 
and tan 0 = = = 0 = (апт! 
cos 8 1-22 1-2 


-— E 5 х 
Hence, @=sin7! x = cos EE. = бап! : 
123" 


Also by principle of reciprocity, we have 


2 
1-х 
Ө = cosec ! (=) = sec! l = cot ! 
x l-x x 
Hence, sin ! x = cos! 4! —х° = апт! 2 
ү! -x 
5 
l-x* 
=cosec! (1/x)= sec! 1 = сос! 
4! -x T 
1 ПИ ГЕУ; | 141-22 
Similarly, cos x-sin  JI1—x^ = (ап - 
and tan! x =sin! : = cos l etc 
ү! tx ү! tx? 
4. To show that 
(i) sin! (- x)=- sin! x (ii) cos! (= х) =т – cos! х 
(iii) tan! (- x)=- tan! x. 
Proof: (i) Put -v=sin@ >0=sin! (-х) (1) 
Now, —x-sinO —x--sin0 =sin (- 0) 


-0-2sin!x or 0--sinx (2) 


Vos B.C.A.Mathematics-III 
ө/ 


Equating the values of 0 from (1) and (2), we get 


sin! (-x)=- sin! x 


(ii) Put -x2cos0 —0-cos (— x) ...(3) 
Now, —x2cos0 > x=- соз Ө = соѕ (n – Ө) 
п 0 =соѕ 1х ог 0=n-cos! (х) ...(4) 


Equating the values of 0 from (3) and (4), we get 
cos"! (-x)2mx- cos"! (x) 


(iii) By similar process, we can prove 


tan! (-x)=- tan! x 


3.4 Some Standard Results for Inverse Functions 


1. Complementary inverse functions: 
(i) sin! x + cos! x 2 n /2 (ii) tan! x + cot! x 2 1/2 
(iii) sec! x + cosec ! x =n /2. 
[B.C.A. (I.G.N.O.U.) 2012, 08, 05; B.C.A. (Bundelkhand) 2011, 08] 
Proof: (i) Let x = ѕіп Ө. Then 


sin! x + cos! x =sin7! (sin 0) 4 cos! (sin 0) 


-sin (sin Ө) + cos"! (cos л /2 – Ө) 
=0 + л /2 - Ө = п /2. 


(ii) Let x = tan Ө. Then 


tan! x + cot! x = tan! (tan 0) + cot! (tan Ө) 


шалаа?! (tan Ө) + cot! (cot (п /2 – Ө)) 


-0-7/2-0 


(11) Let x= sec"! x. Then 


1 


sec 1х + cosec х = sec! (secl х) + cosec ^! (ѕес x) 


= x + созес 1 (совес”! (n/2-x)2x*n/2-x-m/2. 
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2: To prove that 


(i) tan ! x + tan! y= tan! Е = 2) 


l- ху 
(ii) tan! x - tan! y= tan! d 
l+ xy 


5 2 2х 
iii) 2tan! x = tan! 
вн) 125) 


1 


(iv) хаах + tan! y+ tan! z = tan! | 


Proof: (i) We know 
tan A + tan B 


tan (A + B) = —————— 
l- tan A tan B 
Aa dcs tan А + tan B 
]- tan A tan B 
Let А = аһ х and В = (апт! 
> x=tan А and y=tanB 


Put these values in (1), we get 


+ 
tan! x tan y- tan | d 
1-х 


(ii) \УеКпом tan(A-B)- _tan A -tanB- 
l+ tan A tan B 
Авала! l tan A – tan В | 


1+ tan А tan B 


Let Ачаа”! 


Put these values in (2), we get 


tan! x - tan y- tan! i - z| 
1+ xy 


(iii) Put x = yin (1), we get 


-1 -1 -1| хх 
tan X + tan х = їап 


1-х.х 


= 2 хал?! х = tan f 2x } 


J 


[B.C.A. (I.G.N.O.U.) 2008] 


l- ху - yz —zx 
[B.C.A. (Bhopal) 2011, 06, 04] 


———— 


X —x-tanA and B -tanl y => у = (ап B 


To 


(iv) We have tan! x+ tan! y+tan z 


3: 


1 


= (ап 


1-х 


Put x = y =z, we get 


EN 
3 хал?! x = (апт! = 5, А 
1-3x 


To show that 


(i) cot х + cot! yz cot ! E = 1 
x+y 

(ii) cot ! x - coc! y= cot ! Е + J 
-x 


Proof: (i) We know that 


(ii) 


cot A cot B - 1 
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— дад! Tu 
“эр = ху – JZ -ZX 


[В.С.А. (Indraprastha) 2012, 08, 06] 


t(A + В) = 
ын cot A + cot B 
= А ЭЭ” eee 
cot A + cot B 
Let A = cot! x and B=cot! (y) = x=cotA, у= соё B 


Put these values in (1), we get 


ху-1 
cot! x+ cot! у= cot! EL 
x+y 


We know cot (А - В) = cot А cot B +1 


cot B – cot A 
т А-В=сос! cot A cot B +1 
Е cot B – cot A 
Let A-cot! 


cot! Х- cot! уз cot! zal 
у-х 


x =x=cotA and В=со y > y=cotB 
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——— Solved Examples 


Example 1: Prove that tan! (1/3) + tan! (1/5) + tan! (1/7) + tan! (1/8)2n/4. 
[B.C.A. (Meerut) 2000] 


Solution: Hence, 


L.H.S. = tan! (1/3) + tan! (1/5) + tan™ (1/7) + tan! (1/8) 


1375 d 1/7+1/8 


———————,‚ by the formula 
1-1/7.1/8 


[ ] 
|” tan! x + tan! уз tan! Е = d 
1-х 


= (ап! 4/74 tan! 3/11 


al 4/7437 
— ta на 
1-4/7.3/11 


=tan/1l=n/4=R.HS. 


Example 2: Prove that sin! 4 /5 + sin! 5 /13 + sin 116 /65 = п /2. 
[B.C.A. (I.G.N.O.U) 2010] 


Solution: Hence, 


L.H.S. =sin7! 4/5 +sin7! 5 /13 + sin ! 16/65 


(sin! 4/5 + sin! 5 /13) + sin! 16 /65 


вш! Е | - (5) +5 /13 | Е (3 | + sin! 16/65 


[i sin! x + sin! уз sin! (x yc - Я) + УУа- 12))] 


sin! [4 12 + 3 30 sin! 16/65 
[513 13 5 
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Example 3: Prove that 2 tan Рей tan~ = cos! Ваназа : 
a+b 2 a + b cos x 


[B.C.A. (Agra) 2005] 


a 
+ 
> 


so that даш tan 2 = (ап Ө (1) 
а+ р 2 


We have the L.H.S. = 20 = cos! (cos 20) 


a[l- tano] "S [1— (a — D) / (a + b)} tan? х/2 | 
[1+ tan? 6 | [1+ {(a—b) /(a + b)} tan? x /2 | 
[from (1)] 


-l [ (a+ b) cos? x /2 - (a — b) sin? x/2] 


= cos 
| (a + D) cos? x /2 + (a — b) sin? x/2 | 


= сові | a (cos x/2 — sin? х/2) + р (cos? х /2 + sin? х/2)| 
)| 


| a (cos? x /2 + sin? x /2) + b (cos? x /2 -sin x /2 


a+ bcos x 


Example 4: If cos! (x / а) + cos! (y / b) = о, prove that 


2 
x = 20 cosa + J = sin? a. 
a? ab b [B.C.A. (Lucknow) 2006] 
Solution: cos"! (x /a) + cos"! (y/b) =a 


[= cos! x + cos! y-cos! [sy - 41 - 2 0. - 3] 
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.41 
х, 
x? 2 2 
2 
2 шоу и кт. 
hn ab b) os ab 
x? n 2xy cos а 2 2 
— 2 ЕТТ ш Т^ a —sin* о, Proved. 


Example 5: If cos" х + соѕ7! у + cos"! z = n, prove that 


2 2 
х? + у? + 22 + Dayz =1. [B.C.A. (Meerut) 2004] 
Solution: We know that, 


cos! x + cos! y=cos! Гар - 41-22 1-21. 


І -1 -1 


> cos X-cCOS y+cos z-m 
> os”! [xy = y1- x? 1-7 п -со8 12 
> [y -41- 2 . l- y? | = cos (x - cos! z) 


> [ху ү! x 9] = cos cos! 2 
> [ху-үйї-х^.й- y^ ее 
=> ху+2= 41-22 .01- у” 


Taking square on both sides 


= (xy +z)? = (1-22) (I= y^). 

> ry +2 2xu-1-y)-x54 xy! 
2 2 E 

> X^ + y^ + 2ху2 =1 Proved. 


-1 1 
Example 6: Solve tan! = + tan = — -mn/4. 


цан xt [B.C.A. (Rohilkhand) 2006] 
х-1 Х +1 

Solution: tan + tan”! =7/4 
x-2 x+2 


[ ] 
tan ! x tan! y- tan с 
— ху 
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| x-1 x41 | 
> tan! ша NE E т /4 
1 х-11|х-1 
х-2)(х-42 
| 2 _ ] 
> tan ^! | 7 = d |-7/4 
[G5 -4)- G^ - I) | 
л 2x? -4 
> {ап — = 


= -3 =2x? -4 
m 2x? =1 
= х2 =1/2,x=+ 41/2. 


Example 7: Solve the equation 
cot! x + coc! (и? —х+1)= cot ! (n – 1). 


Solution: cot! x + cot! (2 -х-1)- cot! (n —1) 


E [x oÊ -x+1)-1] 


= ши | x+ -х+1 andi 
N хе -x4D)-1 | i 
x +1 
=> x(t -x41 -12GP +1) (n-1) 
=> x? -(? +1) x n(? -п+1) =0 
= (х-л) {x (и —n+1)}=0 -nx2ng-nal 


Hence, x =n, oÊ —n+ 1) are the solutions. 
Example 8: Solve sec! (x/a) - sec! (x /b)= sec ! b - secl a. 


[B.C.A (Lucknow) 2008] 


Solution: sec! (x /a) — sec! (x /b) = sec! b — sec™! a. 


> вес | (x /a) + sec la = sec! (x / b) + sec! р 


> cos! (a / x) + cos! (1/a) = cos! (b / x) + cos! (1/ b), 
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— 
2 
2 Е 
X x E X X р 
Taking square on both sides 
р 1 p 1 
E lem. (->)- en (1-2) 
| x? а? x? p? 
7 TON EN Od 
dox x L e e 
2 ] IP ow 
d op x x 
E х? (02-2) P-a) 
2р1 
> х2 = 
> х=+ар 
If we take x = — ab, the L.H.S. of the given equation 
ESI —1 
> sec (—b) -зес (-а) 
> (п secl b) - (x - secl а) 
=> sec l a- sec! b, 


which is not equal to the R.H.S. of the given equation. 


Example 9: Find all the positive integral solutions of 


1 1 


tan x+ cot” y= tan! 3. 


Solution: The given equation is 


tan! x + coc! у= tan! 3 


> tan! x + tan”! (1/ y) = tan 3 


> tan! eel -tan 3 
l-x/y 
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d 
E х+1/у 23 

1-х/у 
=> wt l=3y-3x 
> х (3+ у) =3у-1 
> 222751 4 URN (by division) 
3+y yt3 

> (3 - 10 /( y + 3)} should also be a positive integer. Obviously, 


(3 - 10 /( y + 3)} will be a positive integer if 


10 
yrs 


=] or 2 ie, if y=7 or 2 


and then x =2,or 1. 
Example 10: Solve sin! (5 /х) + sin! (12/x)2n/2. 
Solution: The given equation is 


> sin! (3/х)- 5 -sin (12 / x) 


= соз (12 / x), Ё cos ! х + sin™! х= п /2] 
1 1 12Y 1 14-32 

> ш (5 -sin jl1-|—| |, 22 ^ x-sin yl- 
ѕіп (5 /х) =sin | (=) | [/ cos х= іп Ж] 


5/x -40- (12 /х)”)) 


= 25 _ _ 144 
x? х2 

=> 1-1 or х= +13. 
x 


Example 11: Solve the equation 


tan! 1/4+2tan!1/5 + tan! 1/6 + tan? (1/x)2n/4. 


[B.C.A. (Bundelkhand) 2010, 08] 


Solution: The given equation is 


= (tan! 1/4 tan! 1/6) + (2 tan! 1/5) + tan! (1/x) -л:/4 
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> tan! ELA + tan! E + tan! (1/x) 2n/4 
1-1/4.1/6 i 2 
5 
E (tan! 10/23 + tan! 5 /12) + tan! (1/x) 2 x /4 
10/23 +5 /12 
> and LOL ы а + tan! (1/x) = tan! (1) 
1-10/23.5/12 
E tan (235 /226) + tan”! (1/x) = tan! (1) 
= tan! (1/x) = tan"! (І) - tan! (235 /226) 
> tan! (1/x) = ап! „= ше. 
1+1.235 /226 
> саа! (1/x) = апт! (-9 /461) 
Or 1/х--9/461 
> x = — 461/9 is the solution of the equation. 


Example 12: Prove that 


1 
(1/2) tan! x = cos! шаг | 
2 Ма + 2) [B.C.A. (Bhopal) 2008] 


/2 


Solution: Let x = tan 0,so that 


1/2 
1+ J 7 tan? | 


2 ya + tan? 9) 


1/2 
—1 |1+ sec8 Á 
= COS 
2 sec 0 


R.H.S. =cos7! | 


_1 |080-1 He 
ш008  4—— — 
2 


[ 2 12 
МЭ. cos шаа 
501 


= соз”! (cos 0/2) 20/2 = (1/2) tan! x 2 L.H.S. 
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Example 13: Prove that 
tan! (be / ar) + tan! (ca / br) + tan! (ab / cer) 2 n /2, 
2 2 
where +P +e =r. [B.C.A. (Purvanchal) 2008] 
Solution: LH.S. = (апт! bc / ar + tan™! ca /br) + tan! (ab / cr) 


P bc /ar + ca/ br 
= (а 


а + хап! (ар / сг) 
1-(bc/ar .ca/ br) 


2. ; 
= апт! —— + tan (ab /cr) 


DiS LE 
-tand | G ui. m tan! (ab / cr) ЇЕЧ rae +h + 2] 


ab (а +07) | 


1 


1 iF - 
=tan! 2 + a tan”! (ab / cr) 
ab 


= tan“! (cr / ab) + ab / cr 
i 1— {сг / ab .ab / cr} 


= tan! оо 
-tand (tan л /2) 
-n/2-R.H.S. 
Example 14: Prove that 
4tan 1 1/5 – tan! 1/70 + tan! 1/99 = x /4. 


Solution: L.H.S. -4tan 1/5 – tan ! 1/70 + tan! 1/99 


=2 (2 tan! 1/5) – tan! 1/70 + tan! 1/99 


-2.tan 


p 345 — . a 1/70-1/99 
1-1/25 1+1/70.1/99 


=2 tan 1 5/12 – tan! 29/6931 


1 2.5/12 


2235-1395 tan! 20/5951 
1-25 /144 


=tan 


= tan 1 120/119 — tan! 1/239 
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„-1 020/119 —1/239) 
(1+ 120/119 .1/239) 


= tan! (28561/28561) = tan ! 12 1 /4 = R.H.S. 


Example 15: Prove that 


ар +1 1 be +1 _j ca * 1 
cot  ——— + cot ———— + cot  ——— = (). 
a-b b-c с-а 
[В.С.А. (Avadh) 2008] 
ab 41 рс +1 cal 
Solution: L.H.S. = cot! —— + coc + coc! ——_ 
a-b -c с-а 
ш 4- -g b-c ш с-а 
= ќай ——+tan ——+tan 
1+ ab 1+ be 1+ са 


шаа” a- tan! p tan! p - tan! c + tan! с (апт! a 
-0-8.Н.5. 
Example 16: Prove that 


tan {2 tan! a} 22tan (tan! a + tan! o? ): 


Solution: L.H.S. = tan {2 tan! a} 


= 20 /1- o? 
R.H.S. =2 tan (апт! о + tan! o) 


1 (o. + 03) 


= 2 tan tan 4 


l-a 


_ 26 й+о) 
(1402) (l-02) 


=2а /1-o? 


L.H.S. - R.H.S. 
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Example 17: If sin (n cos Ө) = cos (л sin Ө), show that 


Ө = + (1/2) 57" 3/4). [B.C.A. (I.G.N.O.U.) 2007] 
Solution: We have sin (л cos Ө) = cos (л sin Ө) 
L6; sin (л cos Ө) = sin (= + л sin в] 
> п соѕзӨ = п /2 + л ѕіп Ө 
> cos 0 =1/2 + зт Ө 
> cos Ө + sin0 =1/2 


= Taking square on both sides 


> (cos Ө + sin Ө)? =1/4 

> cos? 0 + sin? 0 + 2 sin Ө cos Ө 21/4 
> l+ sin 20 =1/4 

> sin 20 =+3 /4 

= 20 =sin | (+3 /4) 

> 0=+1/2 sin! (3 /4). 


Example 18: Solve cot ! x + sin! 0/ 45) = л /4. 


Solution: We have cot} x + sin”! 1/45 =7/4 


: zji =] 1 
=. dis tan (1/x) + tan” — = ,— =1/4 
V(v5)7 -1 
> tan (1/x) + tan! 1/2 2 x /4 
1 1/2 
E tan! м 
1-1/x.1/2 
2 
> tan л /4 = = 
2x-1 
> 2х-1=2+х 
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Example 19: Solve tan! 1/ (2x+1)+ tan! 1/ (4х + 1) = tan! (2 Га? ). 


Solution: We have 


> tan! 1/(2х +1) + tan! 1/(4х +1) = tan 1 2/5? 


E | 1/(2x +1) +1/(4x +1) 
tan 


ee ш! 2 [x2 
1-1/Qx +1).1/(4х 41) 


m ДОАО ар 
(Ax +1) Qx 41) - 


> SH 

> х2 (3x +1) 282 +6x 

> Зх? + x? =8х^ + 6x 

= x (3x7 - 7x -6) =0 

> x (3x +2) (х-3) =0 

> х=0,-2 /3, 3 are the solutions. 


Example 20: Solve 


sin! 24/0 * a°) + sin! 2b / (1+ b?) =2 tan! x. 


Solution: Let а = tan а, р = {ап В, 
[о лапа | | 2tanp | 
=> sin — + sin! а P2 tan х 
[1+ ап о | [1 + tan“ В] 
> sin! sin 2a + sin! sin 2B =2 tan! x 
> 20 + 2p 22 tan! x 
> а + В = tan! x 
-1 -l. -1 
> tan a+ tan` b-tan x 
el at b 21 
= tan =tan x 
l-ab 
a+b 
> ex 
l-ab 


- gg x = (a + D) /(1 — ab) is the solution. 


Vc B.C.A.Mathematics-III 
eA 


Example 21: Solve tan! 1/(а-1) = tan! 1/ x + tan! 1/ (a2 = х + 1). 
[В.С.А. (Арга) 2008] 
Solution: We have 


Т 1 
1 1 21 а -х+1 
=> tan ——— = tan 
a-l icis l 
£ ЧЕ! 
— tan EN = сал?! (d -xtlex) 
а-1 (2 -х+1) х-1 
Р PNE 0 
a-l (2 -х+10)х-1 
N E. а +1 
a-l @х-х^+х-1 
=> Êx-x +x-l=@ чая -l 
> x? х (++ -e +a=0 
> (x? -2)-x(d +1) +a(a@ +1) =0 
= (х2 -@)-x(@ +1)+а(а^ +1) =0 
= (x a) (x-a) - (æ +1) (х-а) 20 
э (x-a) (х+а-а2 -1)=0 


Хай a — а + lare the solutions. 


Example 22: Prove that tan! x + tan! yt tan lz =n. [B.C.A. (Kanpur) 2008] 
Solution: Let tan! y= A, tan! у= В, tan! z=C 
> So that tan A = x, (ап В = у, ап С =z 


= Therefore, the given relation tan] x + tant yt tan! z=n 


> А-В-С-т 

> tan(A+B+C)=tant 

= tan А + tan В + tan C – tan А tan В tan C _ 
1— (ап A.tan B -tan B tan C -tan C.tan A — 

> tan А + tan B + tan C = tan A tan B tan C 


=> X + у+2=ху2. 
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® 51 
Ne 
OXACİSE 
Prove that 
=й a> b 21 b -¢ 21 =| 
tan  ——— + tan -tan a-tan c. 
1+ ab 1+ bc 
[B.C.A. (Rohilkhand) 2010] 
Prove that 
tan! x + coc (х-1)- сал! (x? +х+1). 
Prove that 


1 


tan! x 22 tan! [cosec (апт! X) — tan (cot! x)]. 


[B.C.A. (Kanpur) 2009] 


4. If sin! (х/а) + sin! ( y /D) =, prove that 


+ z COS Q + J =sin? ©. 
If tan! x + tan! yt tan! z=n /2, prove that 

xy yet zx =l. [B.C.A. (Avadh) 2010] 
If sin! x + sin! yt sin} z= п, prove that 

хү 1 х2) yya y?) | zy 1 г?) =2 xyz. 
Prove that 

2 tan! [tan (45? — à) tan B/2] = cos"! CERA 
Prove that 

cos | сал! {sin (cot! х)}] = cos [tan {sin (cot! x)}]. 
Prove that 

TUR 1 inside Lo gus 

|2 lta 144 | 


[B.C.A. (Meerut) 2006] 


V 


10. 


11. 


12. 


13. 


14. 


15. 


16. 


17. 


18. 


Prove that 
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2b/aztan (n /4 41/2 cos"! a/b) + tan (1/4 1/2 cos"! a/b). 


Solve the equation 


1 


tan! (х—1)+ {ап x + tan! (х+1) = ап! Зх. 


Solve the equation 


Solve 


Solve 


Solve 


Solve 


Show that 


х-1 x [B.C.A. (Agra) 2009] 


2 tan! (cos x) = tan! (2 cosec x). 


| ESI 
sin r-sin r/2-2m/4. [B.C.A. (Indore) 2009] 
2 
cp 224 =]. = - 2 
sin = =ta 
l+a 1+ 102 1-х? 


sin [2 cos”! cot (2 tan! x)] 20. 


(i) 3 sin! x =зїп (3x -4х7) 


(ii) 3 cos! x = cos! (222 - 1). 


Show that 


(i) 2 tan | x =sin7 
(ii) 2 tan! x = cos 


[ ] 
(їй) 2 tan! x = tan! 1 b. 
1-8 


plea 
2 


1+х 


2х 


x 
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19. 


20. 


21. 


22. 


23. 


[B.C.A. (Lucknow) 2008] 


Prove that 
tan“! (1/2 tan 2А) + {хап (cot A) + tan! (cot3 A) =0. 

Prove that 
2 tan! [tano./2 tan (1/4 – В/2)| = tan! ED 
sin B + cosa 

Prove that 


1- 3z- 
if ids 28 + E cos! a + I tan! B 2, 
2 1+ х 2 l+ у 3 1-32 


Prove that x + y + z = xyz. 


Solve the equation 


Prove that 


3 
c cosec? (5 гап”! "| + E ad (5 tan! d = (a4 b) (a2 + №). 
2 2 р 2 2 а 


[B.C.A. (Lucknow) 2006] 
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х= nn +1 /4. 


-26 + 242) means x? >lwhich is not possible because then sin! x will 


have no meaning. Thus, х? = c (5 + 242). 


OOO 


Cla ter 


Sequences 


4.1 Sequence 


[B.C.A. (Delhi) 2012, 09, 08; B.C.A. (Kanpur) 2011, 07; B.C.A. (Agra) 2010, 06, 04] 


| et S be any non-empty set. A function whose domain is the set N of natural numbers 


and whose range is a subset of S, is called a sequence in the set S. 
Or 


A sequence in а set S is a rule which assigns to each natural number a unique element of S. 


4.1.1 Real Sequence 


A sequence whose range is a subset of R is called a real sequence or a sequence of real 
number. A sequence is denoted by < s,» or {s}, where s,is the nth term of sequence. 


eg, The sequence < |, 8, 27, 64,...... m... >or<m>VneN. 


NOTE: 
The sequence can be denoted by Recursion formula. 


Let aq-2L24,4-3a,foralln21 


? 


Illustration 1: (=) is the sequence < |, 
n 


1 
2 


Illustration 2: 5 » 


) is the sequence « 
nl 


Illustration 3: Lets; 1l, s-lands,,9 = Spy * s,, Vn 21. 
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4.1.2 Range of Sequence [B.C.A. (Meerut) 2012, 09, 00] 


The set of all distinct terms of a sequence is called its range. 
The range of sequence <5„> = The set (sj, 52, 53..... } 


Illustration 1: The range of sequence < (-1)" > = (-11), a finite set. 


Illustration 2: 'The range of sequence ( = im :neN | is an infinite set. 


n+l n+l 


4.1.3 Constant Sequence [B.C.A. (Agra) 2011, 07] 


A sequence «5,» defined by s„=a, Vn є М is called a constant sequence. 


Thus, the sequence <s,>=<4, A, а,..... >is a constant sequence. The range of < s,» = a. 


4.1.4 Equality of Two Sequences 


Two sequences < 5,» and < t,» are said to be equal if s,=t,, Vn e М. 


4.1.5 Operations of Sequences 


Let «5,» and < t,» be two sequences. Then: 


1, Sum of sequences = <5,+ £47 
2. Difference of sequences = <s,,-t,> 
3; Product of sequence = «s, t,» 


| 5 
4. Quotient of sequences = (8) 


tn 


5. Reciprocal sequences of «s,» = (+) : 


n 


4.2 Sub-Sequences 


[B.C.A. (Kanpur) 2009, 07] 
Let «5,» be any sequence. If < n, m,1g,..mp....> be strictly increasing sequence of positive 
Ns ) is called a sub 


integer i.e, 1» / — n >л then the sequence Sez Sty > Sayre Sry? 


sequence of <s,,>. 


Illustration 1: Let <s,>=<1, 0, 1, 0, l, 0,...... > 


i.e., Я=Ь s2=0, 84-41, s4=0...... 


Sequences 5 
шини > 
хо 


If n zl, m=3, m=5,....Then<n,>is a sequence of positive integer such that 
п <M <M. : 


Hence “11 Лаа >is a sub sequence of «5,7. 


Illustration 2: The sequence < 72 32, 152, 112, 192,» is not a subsequence of the 


sequence. < р ‚2° ES ‚42 ЖО >: 


Here n =7, m=3, m=15, m=11)...... but <7, 3, 15,11, 19, ..... >is not strictly increasing 


sequence of positive integers. 


4.3 Bounded Sequences 
[B.C.A. (Meerut) 2003, 02] 


4.3.1 Bounded Above 
A sequence <s,,> is said to be bounded above if the range set of «s,» is bounded 


above i.e., if there exists a real number (Kj) such that 


Sy kh VneN 


The number Ris called an upper bound of the sequence <s,,>. 


4.3.2 Bounded Below 
A sequence < 547 is said to be bounded below if the range set of «s,» is bounded below 
i.e., if there exists а real number ky such that 


5, 2», Yne N 


The number ёо is called a lower bound of the sequence «5,2. 


4.3.3 Bounded Sequence 


[B.C.A. (Meerut) 2012, 08; B.C.A. (Lucknow) 2010, 04] 


A sequence «s,» is said to be bounded if the range set of <s,,>is both bounded above and 


bounded below i.e., if there exists two real numbers kj and ky such that 
№ <s Sh, VneN 
Or 
A sequence «s,» is bounded if and only if there exists а real number k > 0 such that 


|5, | 53, Үл є № 


It is not necessary that a sequence be bounded above ог bounded below. 
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4.4 Unbounded Sequence 


[B.C.A. (Purvanchal) 2012, 09, 07; B.C.A. (Meerut) 2011, 03] 
A sequence «5,» is said to be unbounded if it is either unbounded below or unbounded 


above. 


4.4.1 Supremum (Sup) or Least Upper Bound (l. u. b.) 
[B.C.A. (Bundelkhand) 2010; B.C.A. (Agra) 2009] 
The least number say M, if exists, of set of the upper bounds of <s,,> is called the least 


upper bound (/,u,b) or the supremum (sup) of the sequence «5,2. 


4.4.2 Infimum (inf) or Greatest Lower Bound (g. l.b.) 
[B.C.A. (Bundelkhand) 2010; B.C.A. (Agra) 2009] 


The greatest number say m, if it exists of the set of the lower bounds of «s,» is called the 
greatest lower bound (g./.b.) or the infimum (inf) of the sequence <s,,>. 


4.5 Finite and Infinite Sequence 


If the range of a sequence is finite, then it is called finite sequence. If the range of 
sequence is infinite then it is called infinite sequence. 


Illustration 1: The sequence (2) is bounded, since. E | <l, Улє №. 
п n 


Illustration 2: The sequence < i? > is bounded below by I but not bounded above. 
Illustration 3: The sequence «s,» = < (-1)"5 > is neither bounded below nor bounded. 


Illustration 4: The sequence «s,» 214 (-1)", Vn e М is bounded, since the range of the 


sequence is (0, 2) which is finite set. 


Illustration 5: The sequence (=) is bounded, since 3 < 21 <l, VneN. 
n+l 2 n+l 


= o Theorem ө———— 


Theorem 1: A sequence «c5,» is bounded iff, there exists m є №, le Капал > 0 
such that 

[5и- 1 <a, Vn2 m. [B.C.A. (Kashi) 2010, 07] 
Proof: Let «5,» be a bounded sequence. Then there exist two real numbers Лү, ky such 
that 

kh «s,«kb, Yne N ves) 


Sequences 


Subtracting шэн in (1) inequality 


5 А + ko 1 + ko 


k +k 
> № 2 X $4— 2 <k -4 2 


Vne N 


А-0 I 


QE VneN 
2 2 


=> -a<s,-l<a Үнс, where 12 578, „ША 
> [s-!|«« VneN 
> [5-1 <a \Уп> т, where т=1е М, ЕВ and а>0 
Conversely, Let there exist [ e К, а > 0 and m € N such that 
15-1 | «a, Vn2m 
= 1-а«5,«1-а Уп>т 
Select А = Min (sj, 59,....8,1,/-a} 
then А 55, Улс № 
Again select ky = Maxis, 89,.....8 1,1 + a) 
> s, Sl, VneN 
А SS) <А, VneN 


=> «sq» 15 bounded sequence. 


4.6 Convergent Sequences 


oM 


[B.C.A. (Meerut) 2012, 09, 07, 02] 


A sequence «8,» is said to converge to a number /, if for any given є > 0 there exists а 


positive integer m such that 


[5-1 «e Vn >т 


The number / is called the limit of the sequence <s,>. It can be represented as 


Lim s,=/or lims,=1 
пЭ co 


The positive integer m depends on e. 


| х-1|«є = lI-e«s, «Ice 


> 5,6]1- 61+є[. 
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Theorem 2: If < s,» is a sequence of non-negative numbers such that lim s,- l, 


then 


120. 


Proof: Suppose if possible /<0 2-120 


| : -1 : 
Since / = lim s,, then for every є = > > 0, there exists т є N such that 


(5-12, Ул > т 


1 


In particular, | Sm—l | < ES 
> TEETE NOS 
2 2 
1 
> 5n 59 or Sm<0, as [<0 


But s,, 2 0, which is contradiction so / 20. 


Theorem 3: A sequence cannot converge to more than one limit i.e., the limit of a 
sequence is unique. 


[B.C.A. (Meerut) 2012, 09, 08, 07, 05, 02, 01; B.C.A. (Agra) 2012, 09, 08, 06, 04; 
B.C.A. (Rohilkhand) 2012, 09; B.C.A. (Kanpur) 2010, 07] 


Proof: Let us consider the sequence «5,» converge to two different number / and д. 


Since / z 1, therefore | 1-1 | >0. 


Let e ==|I-h| then e>0 
2 


Since «5,» converges to / then for every є > О there exists mj e N such that 

| н-1| «є, Ул =m s) 
Again, since < 5,» converges to /| then for every €» 0 there exists m є N such that 

ЇЕ ЛЫН! |«e Vn 2 m ...(2) 
Let m = max(m,m)) then n 2 m for (1) and (2) 


|! hl = [Gs 1-(5„-1) || s. - 1| | s. д] 


<е+е=|1-1 | 


Thus | 1- 1| < | 1- 1| which is not possible so / =f, i.e., the limit of sequence is unique. 


Sequences 25 
———— > 
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Theorem 4: If «5,» converge to l, then any subsequence of «s,» also converge to І. 


Proof: Let «5,» be any subsequence of <s,>. Then by definition as subsequence 


Now n 215 n 2k (by induction) 

Since «5,» converge to l, so given є >0, there exist a positive integer m such that 
| -1| «e Vk 2m 

For К > т, ме have n 2k >m 


|S, -1| «e Yn, 2 т 


> «5,, > converge to Ё, 


Theorem 5: If the subsequences «s, > апа «буу» of the sequence «s,» converge 


to the same limit 1, then the sequence «5,» converge to І. [B.C.A. (Lucknow) 2012, 10] 
Proof: Let € >0 be given, then, since limit (s5,, р) = L there exists m є N such that 


D -I|« e Vn2m, 


Similarly lim $5, 21 

> [52-1 <е Ул > m 

Let т = max (m,m), 

Then DW -I|«e and [,-1| «e Vn2m 


| 5-1 | «e Уп>2т-1 
Hence, «5,» converges to /. 


Theorem 6: Every convergent sequence is bounded. 


[B.C.A. (Meerut) 2010, 08, 05, 04, 02, 00; B.C.A. (Rohilkhand) 2012, 09, 05, 00; 
B.C.A. (Agra) 2009] 


Or 


Show that every convergent sequence is bounded. Is converse true ? Give reasons 
for your answer. [B.C.A. (Kanpur) 2012, 08, 04, 01; B.C.A. (Meerut) 2008] 


Proof: Let «s,» Бе a sequence which converges to [. 


Let e =1>0, then there exists a positive integer m such 
| Sa-l | «LVn2m 


> 1—1<5„<1+1,Ул >т 
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Let k=min 48|, $,...55, j,1- D 
К = max {3}, 59,...54, ,,1 +1} 
k<s,<K, VneN 


Hence, the sequence < s,» is bounded. 


The converse of the above theorem need not be true. That is, a bounded sequence need 


not be convergent. For example, the sequence < (-1)" >is bounded but is not convergent. 


4.7 Null Sequence 


A sequence <s,,> is called null sequence if lim s,,=0. 


——————. Solved Examples ВЕ: 


3 
-2n«41 
Example 1: If s,— и , prove that lim s,=1. 
n+ 20-1 


[B.C.A. (Delhi) 2012, 10, 08, 06, 04; B.C.A. (Kashi) 2012; B.C.A. (Purvanchal) 2010] 


Solution: We have 118 the limit of s, if Lim s, 21 


И со 

14 li | 5-201 
im s, = Lim4—— —;— 
Hw ^ n 113 522 1] 


-24L 
= Lim B n 
n= со 421 
п т) 
1-2-0+0 
1-0-0 


4 
Example 2: If s,= ay =) , prove that lim s,= 3. 
(n° + 2) +1) [B.C.A. (Agra) 2008, 06] 


Solution: We know l is the limit of s, if Lim „= Г. 


JI оо 
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———————————————= 
Ме 


: | жы on -»| 
Lim s, = Lim 
JI co JI со |02 ч 2)( GP +1) 


12:22 
ЕЕ 


_3(-0) (1-0) 
~ (1+0) (1+0) 


І 
33 
1 
73. 


| 


23, 


m?-3n45 


Example 3: If s,= | ) then show «5,» converge to T 


202+ 5n47 
[B.C.A. (Rohilkhand) 2011, 08, 05, 02] 


Solution: We know l is the limit of s, if Lim s,- I. 


II оо 


: . i? 43245 
Lim s, = Lim4——;———— 
И со п со |222 +5n+7| 


m AE 23 


m Pie. 
2n 2) 


_ 1+0+0 
2(1+0+0) 


1 
2 


Example 4: Prove that the sequence «5,7 where 5,,- is convergent. 


n 
m «1 
[B.C.A. (Rohtak) 2012] 


Solution: The sequence converge to / if Lim 5,1. 
И oo 


Lim s, ха! 18 Limi — 


n 
II оо э со [i 1| Иэ оо г z) 


1+— 


№ 


Vc B.C.A.Mathematics-III 
eA 


Another Solution: By using the definition of the limit of a sequence we shall show the 
given sequence converge to zero. 


We have |s,-O|<e 

> |, |< 
n 

=> | |<є 


20 = z^ y «e, provided и 2: 


1 

If we take m e N such that > —, then | $40 | «e Vn2m. 
€ 
lim s, 20. 


Example 5: Show that the sequence < s,» where s,— has limit 3. 


1 
n+ 5n% 
[B.C.A. (Bundelkhand) 2012; B.C.A. (Meerut) 2010, 08, 06, 05] 


Solution: We know l is the limit of s, if Lim s,- 1. 
ИЭ оо 


Lim s, = Шт | 
эз Ж Ln+5n/ | 


: 3n 
= Lim а |е 
noe |л(1+ 5л ) 


5 
ИЭ оо Е 
vn 
"E 
1+0 


Another Solution: Let e >0 be given 


3n 


We have |83 | =r 
" "nm. 


-3 


3n-3n-1525 
"m 


1510 NEZ 


—— —— 
uen n 


Sequences 


“ыж” 


"A 


If we take 38, < e ie, if pee 


NA e 


dui rat 225 
If we choose a positive integer т > ——, then 


= 


| s,-3 | «e Vn 2m. 


> Lim s, =3 
Noo 
э Lim зп |3, 


цэн [л+5л# | 


Example 6: Show that the sequence < s,» where s, = 


Solution: We know lis the limit of s„, if lim s, = Г. 
Ti со 


We have | s,-1 | = ——- 


If we take : «e іе, п> 
i - 


Q+e 
2є 


and m> , then for all n 2 m. 


2n^-c 
21? 


On 


converge to 1. 


[B.C.A. (I.G.N.O.U. ) 2012, 10, 07] 
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[5и-1|<е Vn2m 


— lim s, =L 
Example 7: Show that sequence « 1 > has the limit 0. 
n 


Solution: We know l is the limit of s,, if lim s,,=/ 


ПЭ со 


: x d 
lim s, = lim — 20. 
JI оо noo И 


Another Solution: Let € > 0 be given 


1 o-: « Hees 
n n n 


We have | 54-0 | = 


l; 1 1 
When и > — Ш we take m » —: Then л >т. We Вауе | --0|<е Ун и. 
€ n n 


1 
=> « — » converge to 0. 
n 


Example 8: The sequence «s,» where s, = ES converges to 0. 
2^ [B.C.A. (Indore) 2008] 


Solution: We know l is the limit of s, = EN if Lim s, =1. 


П со 
Lim $, = Lim ES -€— 
п со noo 2" осо 
Another Solution : We have 
1 1 
|s,-O| = I5; Sgn 
1 | 1 
If we take эт <Е іе, Е > эт 
n l 
=> 2">— = nlog2 »108(У2) 
€ 
> n> i log(Y) 
log 2 Е 


loe(l 
Let us consider the positive integer т > 108679) , then 
о 


| 5. -0|<єе, Vn 2 m. 


Sequences 5 
Балаша -t 
хо 


Example 9: Find т є N such that 2п -2 I Vn > т. 
n+ 
Solution: We have EH E 
n+3 5 
| 2n-2n-6| 1 
> pe 
n+3 5 
=> i и. >n>27 


n+3 5 6 
If we take a positive integer т > 27, we have 


2n 
n+3 


-2 


ub Vn2m 
5 


Hence for e = E the required least value of m = 28. 


Example 10: Show that the sequence «s, > defined by s= Уп + 1 — Jn, Vn є М convergent. 
[B.C.A. (Rohtak) 2010, 08, 04; B.C.A. (Meerut) 2009, 07, 06] 


Solution: We have s, = Мп+1- Уп 


_ (n+ 1-4 уна 14-47) 
Е (Мл+1+ Ми) 


n+l-n 1 
++ Уи 


Lim s, = Lim | =0 


1 
ПЭ оо n» (/п+1+/л) © 
Hence, <s,,> converge to zero. 


Another Solution: Let €» 0 be given 


1 1 
We have s, = < 
"Аижан Уп 
[5,-0| «e 
3 dude 
vn 
Provided тэг yee 
€ E 


: 220 1 
If m is a positive integer greater than > then 
€ 


|s,-O|<e Vn2m 


Lim s, 2 0. 
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Example 11: Show that Lim пуп = 1. 
[B.C.A. (Lucknow) 2010, 08; B.C.A. (Kanpur) 2009, 06, 05] 


Solution: We have еу = (^s 
Taking log on both sides 
log 5, — 3 logn 
n 


и logn 


n 


Taking limit и > © on both sides 


lim log(s,,) = lim uud (3) forms 


ПЭ со noo И 


Then applying L Hospital rule 


1 
lim log(s;) = lim (=) = =0 
П-Э оо ne 1 со 


> lim s, = e 
ИЭ со 
= lim s, =1 
n— co 
> lim (9177 =1. 
ПЭ co 


Another Solution: Let (n/n =1+ h, where h, 20 


n=(1+h,)" =1+nh, + цах Ж +...... + 


n 
> 


ned) 12 for all n. 
1.2 


| hy | < — forn22 
n-l 
: 2 
Let € >0 be given then |, | < "ER 
n- 


1.6; 


— lig <= fornz2 


Sequences o 
e 69 
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2 
If we take m > сэрж ] then we have 
€ 


|a |< є Vn2zm 
|л/л-1|<є Vn2zm 
Lim nn =1. 


Example 12: Show that the sequence < $, > defined by s, = r” converge to zero if 
|r|<l. 
Solution: If |7 | <1 ел | |а, л> 0 
1+ л 


> й+у" = Ve nhe 25 D ju, у >1+ ий 


а F TET АС 


Моуу [5-0] 2|r"| = [7 = 


Let e >0 be given. Then | 5,-0| < eis «e 


l+nh 


1.6, zT 
€ 


If we take positive integer m > Е AJ h, Vn 2 m. 
€ 


[s,-0| «e, Vn2m 


=> «5,» converge to zero. 


-1 n-l 
Example 13: Show that the sequence < s,7, where s, =-— converge to О. 
n 


Solution: Let € > 0 be given 


n-l 
We have ls pee fe] 22 jeté Fast 
n n € 


1 
If we take m » —, then 
€ 


[s,-0|«e Vn2m 


Hence, «5,7 converges to zero. 
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Example 14: Prove that if x be any real number, then 


n 


n> (n)! [B.C.A. (Meerut) 2007] 
Solution: Let Sn = — 


If x =0, then s,=0 YneN and so lim s, 20. So let x #0 


| ES : 
Now we know that 15,550 for any папа lim 2. =/ where | | < 1, then lim s„=0 
Sn 
Now x +0 >s, 40, Vne М 
n+l 
5 x n! x 
We have m- аза 


sa (n+l)! x” ntl 


5 


. n+l . x 
lim —— = lim ——=0 
nc Sy noo n+) 
and [0] =0<1 then lims,=0. 


n 
Example 15: If s, = — , prove that < s, > —0. 
" f 2" 4 5 [B.C.A. (Indraprastha) 2012] 


Solution: Here Sn #0 VneN 


Also Зин +I) 2" Lr) 
2 "m 2 n 


Sn 


lim % = Jim ХҮС l О) and (с гї, 
2 2 2 


n>% Sy m% n) 2 


Then lim s, 20. 
И оо 
Example 16: Find the value of lim 3 + 2vn 
noc 4n [B.C.A. (Meerut) 2003] 
Solution: We have 
3 
Уп (2 + 2] 
lim 3+2vn = |і Уп 
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м 


3 
= lim | 22-42 
tim (Fe | 
=0+2 
шу: 


Example 17: Show that < s, > where s, = n "(п +1)" converges. Find its limit also. 


Solution: We have [B.C.A. (Garhwal) 2006; B.C.A. (Delhi) 2008] 


: р 8" (и+1)" 
lim 5, = lim и” (n 1)" = lim у 
ло пэ n>% n" 


. (=) 
= lim — 
non n 


n 
= lim 2-3) 
noo И n 


=0xe=0 


=> limit of the sequence < „> exists 


= <5,> is convergent. 


n+l 


Example 18: Show that ( an 
3n+ 


1) is a subsequence of (=) : 


[B.C.A. (Agra) 2009, 05; B.C.A. (Rohilkhand) 2011, 08, 00] 


Solution: We have (=) = 1 Жэ. 11:12:11 
n+l 234 
Also ( эн FG ЕЕК ) 
Зи+1 4 7 10 
In general the sequence, C) contains terms of every n є №, while | эн contains the 
n+ n+ 


terms obtained by putting number 3 n only multiple of 3. Hence the sequence (= ; 
n+ 


Е n 
contains $3,865 89....... terms of the sequence < s> = (=) . 
ИТ 


Example 19: Show that the sequence (5 i ) is subsequence of the sequence (+). 
n+ n 


[B.C.A. (Garhwal) 2005] 
Solution: We know that sequence < t,» is a subsequence of a sequence < s,» if there 


exists a sequence < ад» such that a,« apy and = 5, Уле №. 
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Vn e N. Then 


Here, let See 
n 2n- 


ЭЭ 1 
" 9н-1 


= 593] 754," Where й, =2и-1 VneN 


Now, a,-2n-l а =2(n+1)-1 =2n+1 > a, <a, Үл є М 


Thus, we have got a sequence < a,» such that a,€ N and a, < a, . 


) is a subsequence of the sequence (2). 


Therefore, the sequence ( 
n 


n- 


n 
Example 20: Show that the sequence < 8,» where s, = c» converges. 
n 
Solution: We have s, = : if nis even and s, = = if nis odd. The sequences < 52 „> and 
n n 
< 59 y_] > are subsequence of sequence < s,>. 
1111 
Мо «52:95 +}, ce 
И an b 4'6'8 | 
-1-1 
And e EM 
2n 
lim s2, = lim = ич lim (5) -0 
TI co noo Qn nooo 120 
eee : -1 


lim s = lim = = 
nre C жуш 2нН-1 зээ Onr 


lim s9, = lim 50,450 
JI оо JI оо 


But m EA 22 | and +—1, 21 а are subsequences of sequence 2 . Since < s,» and 
246 3 n 


«50,» both converge to the same limit О. Then the sequence < s,,> also converges to 0. 


Exercise 4.1 


1. Write the formula for the nth terms s, for each of the following sequences: 
(i) 1, 24,9, 216,25, —36,..... (11) 1,0,1,0,1, 0, ....... (iii) 1,3, 6,10,15, ...... 
2: Find whether the following sequences are bounded above or below: 


(i) < ыг » (ii) «27» (iii) «nl» 
n 
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3. Use the definition of the limit of a sequence to show that the limit of the sequence 
2n , 
<5, > where s, = is 2. 
n+ 
n 
4. Show that the sequence < s,» where s, = zr converges to 1. 
n+ 
5. Ifs, 2 4n«1- Jn, prove that lim s,, — 0. [B.C.A. (Kurukshetra) 2012] 
6 Ifs. = 2n А Ї : 
: Sy = NE that < s,» is convergent. 
п+4л/2 
п. 
7. Prove that the sequence < s; > where s; = POT. is convergent. 
] 
8. Define with examples: 
(i) Real sequence (ii) Range of sequence. [B.C.A. (Meerut) 2012, 05] 


Answers 4.1 


(ii) s,,= lif n is odd, s„= 0 if is even 


Bounded above as well as bounded below (ii) Bounded below but not above 


Bounded below but not above 


4.8 Divergent Sequences 


l. | Diverge to + œ. A sequence < s, >is said to diverge to (+) if for any given k >0 


(however large), there exists m є N such that s,» k, Vn >т. 
If < s,» diverges to infinity, we write s, ee as п со ог Lim 5„ = + оо. 


2. . Diverge to - œ. A sequence < s, > is said to diverge to — if for any given k «0 


(however small), there exists m e N, such that s,« k, Vn > m. 


If < s,» diverges to —ee, we write 


$,— —°°аз n— or lim s,2 — оо 
Illustration 1: <3,3,3°...... ЗИ oca > diverges to (+ оо). 
Illustration 2: <-2,-4,-6,...... —2л,........ > diverges to (- оо). 
а 3 n 


Illustration 3: «—x, -x^,—x"..... A sess >, x > 1 diverges to (- оо). 
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Theorem 7: If a sequence < s,» diverges to infinity then any sequence of < s,» 


also diverges to infinity. 
Proof: Let <и > be subsequence of the sequence <s,,>. Then by definition of a 
subsequence < M, m,- > iS a strictly increasing sequences of positive integers. 
> n 21-2 n =k (by induction) 
Take any given positive real number Лү. 
Now «5,» diverges to о > К »0 there exists m є № such that s,>h, Vnzm i.e, 
>Я Vn2m 
Fork 2 m, we haven >К 2mi.e., m 2m 
Sn, > k Vu. 2m 


< Snp > diverges to infinite. 


P 


Example 21: Prove that the sequence < п > where р > О diverges to infinity. 


[B.C.A. (Bhopal) 2008, 06] 


Solution: Let s,= iw. Then 5, >20 VneN and p>0 


1 1 : 
The sequence < — > = « -p > exists 
Sn n 


: 1 
Since we know that —р ә О as n ә 
n 


n? — œ as n> c 
Hence <n” > diverges to e». 


Example 22: Show that the sequence (los ©) diverge to — ce. 
n [B.C.A. (Indore) 2010] 


Solution: Let 54 = log (2) take any given k < 0. 
n 
Then 51 < k if log B <k Le,if-logn«k 
n 
i.e., if logn>-k ie ifn> et 


If we take m є N such that тэс”, then s, <А Vn2m 


Hence, Sy > -> às n> оо. 


Sequences 


Example 23: If < t,» diverges to o» and s, >t, Vn, then < s,» diverges 10 со. 


Solution: Let given К > 0 

Since < t,» diverge to ee, therefore for k > 0 there exists m є М such that 
t, »kVn2m 

— s,»kVn2m 

Hence, <5, > diverges to eo. 

Theorem 8: (Sandwich Theorem) 


И < s,>, < tj» and < ид» are three sequences such that 
(i) for some positive integer k, 5, < и, <t,,forn =k 
(1) lims, = Ша & then іти, = l. 

Proof: Let given є> 0 be given 


Since lim s,,= І, therefore, there exists m є N such that 
[s,- 1| « e; Үнэт 

> l-e < 5, <1+ є, Vn2m 

Again lim t, = I, therefore, there exists m є N such that 
[t,-1| < e Vn2m, 

> l- є <& </[+ є, Yn >т» 

Let т = maxim, mo. kj. Then, for n > m, we have 


l- € <s $ и, <1,<1+ є 


or l-e«u,«l-e 
Thus |и„—1| «e Vn2m 
Hence, lim uj, = 1. 


п, 
Example 24: Prove that the sequence < 8,» where 5„= — 1 is convergent. 
n+ 


n n 1 


Solution: Let S, =—— <— =L 
"+ м n 


Thus 0«s,«lZ, VneN 


n? 


Since Lim 0-0 and lim : =0, therefore by Sandwich theorem lim s,,=0. 


ПЭ со noo И ИЭ оо 


суу 
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Example 25: Show that the sequence < s„> defined by 


1 1 1 
+ 


[В.С.А. (Lucknow) 2011; B.C.A. (Kanpur) 2010; B.C.A. (Delhi) 2008, 06, 05, 03] 


converges to 1. 


Solution: For all n >l, we have, 


[upto л terms] 


[upto л terms] 


And, ES 


їл 
1 1 
Thus ———— <5, <, Vn»l 
( + =) ( + z) 
n p 
Let Uy = I sty = 1 
1+ B 1+ 2 
n E 
Uy < Sn < Én 
Since lim и, = lim -1 
И оо 1 o 
1-- 
n 
And, lim t, = lim zl 
п me 12 1 
т 
Therefore by Sandwich theorem lim s, 1. 
Nc 


Example 26: Prove that 
; | 1 1 1 | 1 
lim| ———— — + ————— +...... и | = —., 
|4202 +1 V2n +2 Уз? +п| v2 
Solution: Let S, = l + l Tos : 
. n =: ME ur wd -A OU... LU R— 
42:841 4232 +2 4232 +n 


Then for all л > 1, we have 


Sequences aN 
7) 
n 22 n 
—— еы 
+ 4241 
Let Uy = k ty = z 
П жеши. Ls RR 
4212 +n Узи? +1 
Uy < Su «ty, Vn»l 
Since lim uw, = gi Z \_ : 
n = бай al 
Ld пэ 427? -n] 42 
And, lim ЭРЭ E \_ о acto 
Ио ne | 2, +1) n= 24l E 


Therefore by Sandwich theorem lim $„= Es 


ИЭ оо 42: 


Theorem 9: (Cauchy's First Theorem on Limits) 


. IES +....+5 
If lim ѕ,= 1 еп lim 127 р, 
И со И со п 
Proof: Define a sequence < t,» such that 
Sn =l+ tp VneN 
lim t, 20 
SI $9 +.....+5 tj fo +....... +t 
And 1 2 14 ]1T42 n 201) 
n n 
hitio Tesresi tt 
In order to prove the theorem we have to show that lim Ux Z =0. 
Ji со n 


Let € >0 be given, since lim t,,=0, therefore, these exists a positive integer т, such that 


DULIIED: Vn2m ...(2) 


Also, since every convergent sequence is bounded, hence there exists a real number k > 0 
such that 


|t,|<kVn>eN ...(3) 


aoe ЖО ijs fj fo tee. tin j ан ы + NE +t 
n n n 
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n n 


mk n-m e 
— + — — 


< : [using (2) and (3)] 
n n 2 
а (4) 
n 2 
|o <n-m<n, => о<^—” <i] 
n 
If we take pk 25 Le., ifn> 2mk 
n 2 € 
Let us consider a positive integer p > AME oan 
€ 
'Then LS ae п>р 


n 


Let М = max (m, р}; from (4) and (5) we get 


ИБ... НЕ € є 
1227-2278 | Еее ун>т 
n 2 2 
+ fot+...... tt 
Thus lim 12 " 0) 
n 
СЕЧЕ 
> lim 1-2 п =]. 


Proof: Let us define а sequence < t,» such that &,= log Sp, for all n. 


Since lim s,,=/, therefore lim t, = log l. 


By Cauchy's first theorem on limits, we have 


EN lim log $ + log 52 +.....+ log s, й 
n 


> lim log (s59.....5,)!/" = log 


Hence, lim (sj, so ......... Sy 
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Theorem 11: If < s,» is a sequence such that s, > 0, Vn e М and ТЕЗ = 1, 
ЫГ 


then lim nf sy =l. 


Proof: Let us define a sequence < t,» such that 


D 5 5 
75, b =-2, ӊ=-®,..... t, = 
5] 52 55-1 
JENNI 
: 5nd 1 ЫГ : 
Also lim | 22-2] = lim =1 = lim (&)= 
Sn 58-1 


Since s, »0, Ул, Hence t, > 0, Vn 
Thus, we have a sequence < бу» such that £,2 0, Vn and lim t,- 1. 
Hence, by Cauchy's first theorem, we have 


lim (4, t9....t,) "2 1 


> lim (s,)!/" = 1. 


Theorem 12: (Cesaro's theorem). If lim 5„= Гапа lim t,- Г 


Then lim 515, + Sot, ] Wow +S yb} E 
n 


Proof: Let s, = 1+ x, and | х, |= X, Then lim x, 20 and hence lim X,,=0. Therefore by 


Cauchy's first theorem. We have 


бї (М + Хож... Ху) _ 


п 


li 


1 1 1 
Now 501 + 926+ ЗЭР t$) rit T +) + c Oin + 22+... 4%) 55205) 


By putting for sj, 50 ....... ;$5 
Now the sequence < t,,> is convergent and every convergent sequence is bounded. 
Therefore there exists a positive real number k such that 


| t, |< k Vn 
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Since k is fixed for all n. 


lim | (Xjt E ХЭ, pb xl) 20 (By Sandwich theorem) 
n 


Now, since lim t,,=/', we have by Cauchy's first theorem 


Then from (1) 


201 
lim I fy Sy be eee +5004) =I’. 
Example 27: Show that < s,» converges to e, where s, is 
1 n -n 
тү 1 1 
б (+1) ee a a(t)" 
[B.C.A. (Avadh) 2012; B.C.A. (Kurukshetra) 2011, 07, 05; B.C.A. (Rohilkhand) 2010] 


Solution: 


Ї nd Гү! 1 
(i) We have Sn = (1+ 1) = ( + 1) ( + =) 
n n n 


n 
But tim (1+ +) =e and lim (14+) =140 =1 


JI оо 


IY" 1 
lim s, = lim (1+ 1) . lim (1+ z) 
JI со ПЭ оо n ИЭ оо n 


lim s, 2 e.l- e. 
П со 
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1 nd 
ү ( с n+ ] 
(ii) We have = (1+ 4) = 


(iii) We have Sy -( - 

Е | 1 J 

= =| 1+ 

n-l п-1 
n-l 
- | (=) 
n-l n-l 
n-l 

lim s, = lim № = | = 


n=% ne n-l 1 п-1 
n-l 
- lim ( t >) lim z — 
71 co n-l Noo n-l 
zal 


n 
Example 28: Show that the sequence < s,7, where sy, = ( + z) converge to e. 
n 


[B.C.A. (Bundelkhand) 2008] 


2 n 1 л 1 n 
Solution: We have Sy = ( + 2| - ( + — [ + | 


n n+l n 
1 n+l n 
1+ — 1+ = 
- | n+ ) | :J 
m 215 
n+l 
n+l n 
( + l | + =) 
lim s, = lim E 1 Л 
ПЭ со ПЭ со (1+ | 
n+l 


Va B.C.A.Mathematics-III 
a 


Example 29: Show that lim i ( + : +...... + =] =0 
n n 


Solution: Let gy , then lim s,,= li 


1 m I -0 
2п—1 (2-1) 


By Cauchy's first theorem on limits 


| [S +%ю+.....+$ 
lim [iatt 2 в} =0 


TI со n 
Since 8-1, 5 =! s, = 1 
цагг илэн цар 
lima 685 ний : Р 
3 5 20-1 


Example 30: Prove that lim L (1+ (2 уг + зуг Sb are wave (ny) =: 
2 [B.C.A. (Meerut) 2003] 


Solution: Let s,=n A Then we know that lim (n) =] 
7I оо 


Hence, by Cauchy's first theorem on limits. 


7 lim 1 (1+ (2) + (3)8+......+ 09) =1. 

n 

2) (3 (49 ry T^ 
Example 31: Prove that lim (2) (2) (2) — =) EE. 
| 1/12/ 13 n | 
[В.С.А. (Meerut) 2008, 04] 
n n n 

Solution: Let $и = (= | - (+ =) . Then lim s, = lim (+ 1) =е 

n n ПЭ о ПЭ оо n 


S„ >O for all n. 


Then by Cauchy's second theorem, 


lim (sj,s9....... sp)! "=e 
ИЭ со 

Since 5 ыг 8 -(3) 8 -(4) 5 „(жт 
эг c d a dE 
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Example 32: Prove that lim нэн = Я 


Л © [B.C.A. (Rohtak) 2008; B.C.A. (Meerut) 2002] 


: n! 
Solution: Let Sn = —. Than з, 20 Уле N 
n 


we know that if s, > 0, Ул є М, then lim (s,) "= lim (>=) 
n 


We have [a)-e | Шин n” 2 
Sy (4-178 nl (n1? m 
n 
lim (+2) = lim d -1 
Sy ( 1 1) е 
n 
d /n 
Then lim (5,077 = lim E = L 
n e 


1/п 
! 
Example 33: Prove that lim E =27. 


ne | (п! 


[В.С.А. (Lucknow) 2010; B.C.A. (Kanpur) 2008; B.C.A. (Delhi) 2008; 
B.C.A. (Garhwal) 2007, 04] 


| 
Solution: Let Sy = - .Thens, >0 VneN, 
n! 


Now we know that if s, 2 0. Vr e N, then 


lim (s,)!!" = lim (+) 


Sn 


We have Sny _ (n3)! (и) P 
Sn ((n+1)!)° (Зл)! 
y 


lim 
n оо 


2) - 8308 708 су 
5 (14-0)? 


n 


3)! 1/п 
lim (s,)!/" = lim ын -27. 
(n!) 
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Example 34: Show that 


; : n 

(i) lim "T =e 

- ; Y 
(ii) lim [{(n + 1) (л + 2) T (n + п)} "| = Y . [В.С.А. (Rohilkhand) 2008] 
Solution: 

| | ий (n + pe 
(i) Шш сэг"! then s,,; = “Gane 

Sap Qe) 1 _ (s | _ (+ | 
Sy (n+l) ий n n 
n 
Then lim (5,777 = lim (+2) = lim (1+ =) =e 
n> co 5; n 

i.e lim 282 e 

©, n со (np! | 

ii) Let Sy = (л + (и + 2)...... n4 n) /n" 

n 
Then fo 2 Ger) — ЇЇ 
34 (1-1) n+l 
So that lim GES Sue. ! -4 122 
» ее 


(n4 1) (+ a 
n 


lim (s) = lim [{(n+ 1) (n4 2)....... (п+ n)" /n}] = Е 
е 


пЭ со 


4.9 Oscillatory Sequences 


[B.C.A. (Meerut) 2000] 
A sequence < 5,2» is said to be an oscillatory sequence if it is neither convergent nor 


divergent. 


Illustration 1: The sequence < (-1)"» oscillates finitely. 


Illustration 2: The sequence < (-1)" > oscillates infinitely. [B.C.A. (Meerut) 2000] 
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4.10 Monotonic Sequence 
[B.C.A. (Meerut) 2007] 


4.10.1 Definition 


1. А sequence < s,» is said to be monotonically increasing or non-decreasing, if 


n € Sm for all n < m. 


Sy < Spy for all n i.e, s 
2. А sequence «s,» is said to be monotonically strictly increasing if 


< VneN. 


3. А sequence < s,» is said to be monotonically decreasing or non-increasing, if 


8,285 Vn 


n = °ntl> 


Le, 8253 Vn«m. 


4. А ѕедиепсе «s,» is said to be strictly decreasing if s, > s,,j, Ул Є №. 


5. | А зедчепсе < s,,>is said to be monotonic if it is either monotonically increasing or 


monotonically decreasing. 


For Example: 
(1) The sequence <1,2,3,..... n,...>is strictly increasing. 


(ii) The sequence «2, 2, 4,4,6,6,...> is monotonically increasing. 
(iii) The sequence < 22 > is strictly increasing. 
n 


1 
2 


, 


TENE » is strictly decreasing. 


(iv) The sequence < D - 


(v) The sequence < - 2,2, —4,4,— 6,6...» is not monotonic. 
Theorem 13: Every bounded monotonically increasing sequence converges. 
[B.C.A. (Kanpur) 2011] 
Or 


Prove that a monotonically increasing and bounded sequence converge to its 
supremum. [B.C.A. (Meerut) 2010, 07; B.C.A. (Purvanchal) 2010, 07] 


Proof: Let «5,» be a bounded monotonically increasing sequence. Then we have to 


show «5,» converges to l. 


Let € >0 be given. Then /- є <l, so that l- Е is not an upper bound of S. Hence there 
exists a positive integer т such that s,, > [- є. Since «5,» is monotonically increasing, 
therefore 

Sn? Sm »l-e Vn2m (1) 
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Also, since / is the supremum of S, therefore 

s, <1<1+ є, VneN wi(2) 
From (1) and (2), we get l- e«s, < l+ e, Vn2m 
= [s,- 1| «e Vn2m 


> lim s, = [. 


Theorem 14: Every bounded monotonically decreasing sequence converges. 
Or 


A monotonic decreasing sequence is convergent iff it is bounded and converges to its 
infimum. [B.C.A. (Delhi) 2010, 06] 


NOTE: 


We can prove this result by taking infimum of the set S. 


Theorem 15: A non-decreasing sequence which is not bounded above diverges to 


infinity. 
Proof: Let « s,» be a non-decreasing sequence which is not bounded above. 
Let us consider any real number k > 0. 


Now «5,4» is not bounded above = there exist m є № such that s,,» k, also < s,» is 


non-decreasing 
> Sn È Sm, for nzm 
Sn È Sm >kforn>mors,>k forn>m 


Hence, < s,» diverges to (оо). 


Theorem 16: A non-increasing sequence which is not bounded below diverges to 


minus infinity. 
Proof: Let «s,» bea non-increasing sequence which is not bounded below. 
Let us consider real number k « 0 
Now <s,>is not bounded below = there exists т e Nsuch that s,, < k. 
Also <s, >is non-increasing > sj € sj, for n >т 
Sy € Sm «kforn» mors, < kforn»m 


Hence, «5,» diverges to (- оо). 
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Theorem 17: Every sequence has a monotonic subsequence. 


Proof: Let us consider the sequence. ду = «s,», Let a dy, a,..... 


denote the subsequence 


$55.89, ses 25 «$54:45 бб Дне >..... respectively. 


There are two different cases : 


1. Each of the sequences ay, aj, d ,...... has a greatest term. Let палаж be the 
greatest value of ду, aj, d,..... 
Then m € m < m....... and Зур 25 2 Sng 2...... 
Hence, < Sty > Sy Super > 15 a monotonically decreasing subsequence of < s,» . 

2. Atleast one of the sequences д), q, 4....... has no greatest term. Suppose a,,has no 


greatest term. Then each term of a,,that exceeds it. For if there is a term of a,,which 
exceeds all terms following it, then it can be exceeded by finitely many terms at the 
most and hence, буц must have a greatest term. Now s, is the first term of a,,. Let 


Зуу be the first term of a,,greater than s,,4), 27 the first term of a,, follows Sn and 
greater it, and so on. 
Thus, <, Sng? Sng Spec > is a monotonically increasing subsequence of 


<Sy>. 


4.11 Limit Points of Sequence 


A real number p is said to be a limit of a sequence «5,» if every neighbourhood of p 
contains infinite number of terms of the sequence, 
Or 


A real number р is a limit point of a sequence «5,» iff given e »0,5, €] p-&, p+e[ for 


infinitely many values of n. 
Illustration 1: The sequence < — > has only one limit point, i.e., 0 is only limit point. 
n 


Illustration 2: The sequence «1,2,3,.......... ан > Ваз no limit point. 
Solution: Let p є К, whatever e we take, the neighbourhood ] p-e, p+ £[ofp contains at 


the most a finite number of terms of this sequence. Hence p is not limit point. 


Illustration 3: The sequence < (-1)"> has 1 and -1 as limit points. Here s,2 —1, if nis 
odd and s, =] if n is even, any neighbourhood of -1 will contain all the odd terms of the 


sequence hence —1 is a limit point. 


Similarly any neighbourhood of 1 will contain all the even terms of the sequence. So,I is 


limit point. 


Vos B.C.A.Mathematics-III 
eA 


Theorem 18: 18118 а limit point of the range of a sequence < s,», then [ is a limit 


point of the sequence < s>. 


Proof: Let S be the range set of the sequence < s„>. Since / is the limit of s„ therefore, 


every neighbourhood (nbd) of | contains infinite number of distinct elements of the set S. 
But each element of the set S is a term of the sequence < 5,2. Hence every nbd of l contains 


infinite number of terms of the sequence < s,» . 
Then / is a limit point of the sequence <s,,>. 
Theorem 19: If s, 1, then lis the only limit point of < s,>. 


Proof: First of all we shall show that / is a limit point of <s,,>. Let e > 0 be given. Since 


54, 1, therefore, there exists a positive integer т such that 
[s,- Ц «e foralln2m 
i.e, |s,—/|<e for infinitely many values of n. 


This shows that / is limit point of < s„>. Next we shall show that if /' be any limit point of 


< 54», then we must have /' = [. 


Let € > 0 be given. Since / is the limit of <s,,>, therefore, there exists a positive integer p such 
that 


ЁС Vn2p ...(Т) 


Since /' is a limit point of <s,,>, therefore, there must exists a positive integer q > p such 


that 


Tie 442 
PEE (2) 


Substituting л = q in (1) we get 


[z 


“Цэг (3 
15, I<; ( ) 
11-11 -16,:-12-06:-01 SIEsq- Eb ss -Й 

z 5 " 1 [using (2), (3)] 
=> [1-Г| <= 


Since e is arbitrary, hence we must 


1-1| 203 1-0. 
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Theorem 20: (Bolzano-Weierstrass Theorem) Every bounded sequence has at 
least one limit point. [B.C.A. (Meerut) 2008] 


Proof: Let «s,» be a bounded sequence and S be its range set. Then S = {5„:л є №}. Since 
the sequence «5,» is bounded, therefore, S is bounded set. There are two possibilities. 


I. Let S be a finite set. Then for infinitely many indices л, s,,= p, where p is some real 
number. Then p is a limit point of <s,,>. 


2. Let S be an infinite set. Since S is bounded, by Bolzano-Weierstrass theorem for 
sets of real numbers. S has limit point say p. Hence every nbd of p contains 
infinitely many distinct point of S or every nbd of p contains infinitely many terms 
of the sequence «s, > апа hence p is a limit point of the sequence «5,2. 


NOTE: 


l. If F is a closed and bounded set of real numbers, then every sequence in F has a 
limit point in F. 


If I is a closed interval, then every sequence in I has a limit point in I. 


Theorem 21: If a sequence < s,» is bounded and has only one limit point, say J, 


then s, 1. 


Proof: Since «5,» is bounded, so it has at least one limit point. But / is the only limit 


point of «s,2. Hence, for any e >0,] l-e, l+ є [ contains s, for all except a finite 


number of values of n. 


Let Smp Sing rere Smp be the finite number of terms of the sequence «s, » that lie out side 
]!/-e [+= [. 
If m = max (m, m» ,....... My ) then 


s,e|ll-el-e[ | Vn2m 
Hence for any e >0, there exists m є N such that 
[s,- 1| «e Vnzm 
. the sequence < 5,» converges to І. 
Theorem 22: A real number р is a limit point of a sequence «s,» iff there exists а 


subsequence of «5,» converge to p. 


Proof: Let p be a limit point of a sequence <s,,>. We shall use the result that a real 


number p is limit point of a sequence «5,» if given any є > 0 and any positive integer т, 


there exists a positive integer k > т such that s; e] p- e p e[ 
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We consider є = 1 and m = І, there must exist positive integer и > І, such that 
| 5 — pl «I (1) 


: 1 : BE 
Again let e = 2” т =m, there must exist a positive integer m > п, such that 


1 
I5 - pl 2 ...(2) 


Continuing in this way, we can inductively define а sub-sequence < Suo Sn 
such that 


1 
| 55,7 P | < p 
In fact, if we assume that Snp Suy 5л has been obtained, by selecting. 
1 
Є = — , т= щ. 
k+l 


We can get a positive integer n4; > лу, such that 


21-02| < — 
| ska - Pl 141 


But 27 has already been obtained. Thus, the construction of < Sny? is complete by 
induction. We now claim that the sequence < Sg? > p. In fact, for any є >0, we can 


choose a positive integer j, such that 2 « €. For this choice of j, we get 
з= PI < Ai <e Уг) 


This shows that the sequence < $, > > p. 


К 
Conversely, let < Sn, > be a subsequence of « s,» converging to p, then to show p is limit 
point of < s,2. 

Since Sn? P therefore, given any є > 0 there exists positive integer such that 


| Sn pl «€ Уу К>] 


Thus, every neighbourhood of р contains infinitely many terms of < Sy, > then p is limit 


point of < s>. 
Theorem 23: The set of limit points of a bounded sequence is bounded. 


Proof: Let «s,» be a bounded sequence. Then there exists Ло € К such that 
k S 5,5 №, VneN 
i.e, Sn €] — 9» hand s, €] №, [| 


Hence if / € R and e]- «s А [o] А, |, then / is not a limit point of the sequence. 
Thus, И l € R is a limit point of the sequence, then / e [ А, №]. Hence the set of limit 


points of «5,7 is bounded. 
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Theorem 24: Every bounded sequence has the greatest and the least limit points. 


Proof: Let «5,» be bounded sequence. Then the set L of limit points of «5,» is 


bounded. 

If inf(L) 2uand sup (L) =», then we have to show that и, v € L. 

For e >0,] v-e, v+ e[ isanbd of v 

Since v = sup (L), therefore, there exists some x € L such that 
y-e«x&v«vcte 

> xelv-ervtrel 

> ] р- в у+Е[ 15 nbd of x 


Since x is a limit point of < s,,>, hence] v- є, v + € [contains infinite number of terms of 


the sequence. 
v is a limit point of the sequence < s,» 
veL 


Similarly ис. 


n 
Example 35: Show that the sequence < 57-2) is monotonic decreasing sequence. 
n)! 


Also show that it is bounded and find its limit. 
[B.C.A. (Delhi) 2010, 07, 04; B.C.A. (Meerut) 2004] 


Or 


n 
Is the sequence (z) a monotonic non-increasing sequence or non-decreasing sequence ? 
n): 


Find the bounds of this sequence. [B.C.A. (Meerut) 2008; B.C.A. (Garhwal) 2007] 


9" 9nd 
Solution: We have X, =— and x,y = ——— 
(n)! (1-1)! 


x, _ 2" (ntl)! _2"(n+)@)! 


Xd (n) | ` 2 n+l (n) 19" 9 


= 121 улем 
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x 
=> = >] or Xy È Xpy Vane N 
Xn+l 


= The given sequence is a monotonically decreasing sequence. 


Putting л =1,2,3,4,...... in х; = i , we get 
n)! 
21-21 
<х„>=({-——,-——,‚-——,-——,..... 
(I)! (2)! (3)! (4)! 


Hence, it is evident that < x, > 15 bounded above by 2. also each term x, > 0. 
>  «xgQ»is bounded above by 0 


> sequence < x, > convergent 


n 
Again lim Lus = lim лог epee =| 
nc (n)! пә=|п n-l 1 
= lim 2 йй“ inus lim 240 
n>% n nc 7-1 Nl со 


Example 36: Prove that the sequence 


<5и> where s, =2- converge. 


2 n-l 


[B.C.A. (Meerut) 2008; B.C.A. (Agra) 2007, 06, 04; B.C.A. (Rohilkhand) 2005] 


Solution: We have Sy =2- EN 
gil 
1 
=? $54] 72 э” 
1 1 
= 581 — $n E 23 (2 тт) 
БИ 1 
= 9n-l = эл 7 


=> < s„> is monotonically increasing 


1 


Again Sy =2-— > <2Vn ав 


9 n-l 9H 20 


= <s,,>is bounded and monotonically increasing sequence, therefore, it converges 


Now lim s, = lim E — =2-0=2 
gil 


JI оо ПЭ оо 
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Example 37: Find the bounds of the sequence < s,> 


_ 4п-1 
5n42. 
[B.C.A. (Garhwal) 2006; B.C.A. (Agra) 2005; B.C.A. (Meerut) 2003] 
4п-1 
sn = 5 
n+2 
4n43 
‘ин = Su 
— 4n43 B 4п-1 
MISA BERT ned 
(4n 3)(5n4 2) - (An- 1) (5n 7) 
(5n 7)(5n4 2) 


where 


Sn 


Solution: We have 


and 


20i? + 8n+15n+ 6-201? -28и+5и+7 
i (5n4- 7)(5n4 2) 


13 
о 
(5n+7)(5n+ 2) 


Therefore, the sequence is monotonic increase the lower bound is the first term (for n = 1) 


ie.,3/7 
1 
4и11--- 
4п-1 | 2 ij 


Now lim s, = lim RT lim 2 
Noo no ӘЙ + ПЭ со Зи (1+ =) 


n 


is upper bound 


These are respectively the greatest lower bound and the least upper bound of the 
sequence < 5,» 4/5. 
Example 38: Prove that the sequence < s,» , where 


_ 21-7 
3n+2 


to the limit (2) : 
3 


Sn is a monotonic increasing sequence. Further show that it is bounded and tends 


[B.C.A. (Rohilkhand) 2008, 00; B.C.A (Agra) 2006; 
B.C.A. (Meerut) 2006, 02, 00] 


Solution: We have Sy = 2 241) 
3п-2 
and 2(0+1)-7 2n-5 


5 =————є< = A 
НЕ nele2 3m45 vj 
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2 —- _ 21-7 2n-5 
dio 3442 3n+5 
"RES. "NE «0 
(3n 2)(31 45) 
> 5-5 <OVn e № 
=> Sn < Sny VneN 
=> < 5„> is monotonic increasing sequence. Again putting n =1,2,3,4,5....... in (1), 
-3 -1 1 3 
we get <sy>=( -] —,—,— ee 
8711714717’ 


It is evident that s, 2-1 Yne N 


Alsö ee 2n-7 _ (8л+2) (пч 2 n+9 <] 
3n+2 3n+2 3n+2 


i£ 8, «1VneN 


Hence, we find -1 < s, X1 Vn € М ie., the sequence < 5,216 bounded. Thus, we find that 


the sequence < s,» is monotonic increasing sequence bounded above, so it 


7 
2n-7 -ii 2112) 


is convergent. Also 


lim s, = lim 5615 im 2 2 
По n>» Sn+ пЭ о (1+2) З 
n 
> The sequence < s,» tends to 2 /3. 
Example 39: Prove that sequence 
47, 4612), Y 242492 y]... converges to 2 
Or 
Ifs = V2 and Sn = Ja ) for n > l, prove that s, 2. [B.C.A. (Meerut) 2005; 
B.C.A. (Delhi) 2008, 04, 01] 

Solution: We have s| = 2 = (272 


s = 2s = 242 > v2 


$9 > 5| 
Now we shall use the principal of induction. Suppose 


«s 


Sm m+l 
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Then 25 «2564 = 425, « 42554 


= Sm+ < $m42 


—«s,»is monotonically increasing. Now we have 


5 -42 <2 


Suppose Sn <2 > 25, <2.2 > 4235 «42? 
> и < 2 
> S„ «2, Vn 


= < s„> is monotonically increasing and bounded and hence converges 


Suppose, lim s, =l, then 549425, s = 25,_| 
И co 
> lim s? = lim 25,4 
JI оо n— оо 
> P =21 51-0 or 1=2 
But 42 € s, Vn = 1+0 and hence | -2 
— «s,» 2. 


Example 40: Prove that the sequence < ay» where ay = vi? -m-nis convergent. Also 


find its limit. [B.C.A. (Meerut) 2002] 
Solution: Now, a, »0VneN since Vie +m 2n 
(Wir +m+n) Ул? emen 
Also ард = £ 


(п+1)2 m (n4 1) 


But (n 12 +т + (и+ 1) >V +т+п 


т т 

> —— < ——————— 
(n p? Em (nl V emen 

> ад «av ne М 


=> < >is monotonic decreasing sequence and bounded below by 0 


= <a,> is convergent 


А : m 
Further, lim a, = lim ————— -0. 


fe И” Vir +mt+n 
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Example 41: If a, = Уп (Уп +1- Уп), then does < ад» converge? 
[B.C.A. (Rohilkhand) 2010, 00; B.C.A. (Lucknow) 2009, 06] 


Vn Snt) - Jn) (n1 Jn) 


Solution: We have a, = 
й (Мл+1+ Jn) 
|O4n(n-l-nm _ Ул 
(Ма+1+/л) Мижа 

o vnl 

Also Any = 
п+2+уп+1 

Уп+1 vn 

= йлн — Чи = 


n+2+Ē4nil 48513448 


_л+1+улул+1 Jndn42 -/пуп+1 
(Vni 2 +Ун+ 1) (ул+1+ Ми) 


n+1—Jn(n+2) 


Wn? +vn+1)(v¥n+14 Ул) 


ЯГ n+l) -vV +2n 
C ne] - 4n D (nl Ул) 


402 e 2021) - Ji? «2n 


Е n2 4n 1) (Уи+1+ Ул) 


> 0, for all и, as 


№ + 2и+1> 2 2n 


= а > а, > < а„> 15 monotonically increasing sequence. 
Уп Уп+1 
Also 1-а, =1- - 


0 
Уп+1+/п vn+l+vn 

>  a,«Lfor all n e N. 

>  «a,»isa monotonically increasing and bounded (above) sequence. 


= < M> converges. 


Further lim a, = lim =e lin —A A 
у haa O do Jn1l4 Jn ae IET 


= lim t l 


жээ (Мї+1/л+1) 2 


> <а„> converges to 1/2. 
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Example 42: Prove that the sequence < 8,» = (=) is monotonic increasing, bounded 


n 
below but not bounded above. [B.C.A. (Delhi) 2010, 07] 
n git 
Solution: We have 51 =— and spy = —— 
n n4l 
Sn е" nel (пи4111 IM 
——=—х— = -=|1+-|- 
ин # е n Је nje 
Sy | I. 
Or — «LVneN since e » 2 and 1+ — will have value at most 2 
8nd n 
Or Sy < Su Ул EN 
The sequence < s„> is monotonic increasing. Also putting n = 1,2,3,4........ we find that 
ggg 
< Sy > = X6 m, LT Lee >, where e >l 
234 
3 
: or : ” n 
The sequence < s,» is monotonic increasing and we know е 214 n+ Qi + B соло 
” J n R 
or — =- — + Ft 46 
n n (2)! (3)! 
е" 
Thus shows that as и increase s, = — — ©, so < s,» is not bounded above. 
n 


Example 43: Prove that the sequence < ху» defined by м = V7, хи = 47 + хи converges 


to the positive root of the equation 22 -х-7 =0. [B.C.A. (Lucknow) 2009, 05] 
Solution: We have x 247, x44 = V7 + xy aL) 


Putting л = п (1) we have 
or x) 247, іє, ху) >X ...(2) 
Now suppose хь > x, adding 7 to both the sides, we have 


T Xy] >7+Xy 


Taking square root of both sides 


VT хуар» 479 X, 9X3 > Хуа from (1) 


~ We find that Keg > Lp 2 X429 > Xl 
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Putting n = 1, we get X9 2X > X3 > X9 
Putting л —2, we get X3 > X9 > X4 > X3 
With the help of principle of induction, we conclude that 
Х| «X9 < X3 € X4 ...(3) 
i.e., the sequence < s,» is monotonic increasing. 


Also as x; = V7 given so from (3) the sequence < x,» is bounded below by V7. 
Again x = 47 (given) so x, <7 and from (1) 
X9 = (7+ = 7+ 7, LC, Хо <7 


Suppose х, « 7 then 7+ x, «7-7, additing 7 to both sides 


Or 0x) = 404 taking square roots of both sides 
or Xp =v14, бот (1) 
or хи < V49 as 14 <49 > x, <7 


Xy <T > Xay <7 
By mathematical induction, x, < 7, Ул e N. 
The sequence < x,» is bounded above by 7. 


Thus, we find that the sequence < x,» is monotonic increasing and bounded above and 


hence it is convergent. 


Let lim x, = I. Then from (1), we have хєл =7+ x 
И co 


So on taking limit as и > ©, we have 
Ё-7-1 or Ё-1-7=0 or Т= [1+ 29] 


But : [1- .29] « 0 and cannot be taken as the limit of x,, when и — eesince the sequence 


< xy» is bounded below Бу 47 and above by 7. 
1-51 29] 


which is the positive root of equation Ê -1-7=0. 
Hence the sequence < х„> converges to the positive root of the equation 


х^—-х-7=0 
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4.12 Cauchy's Sequences 


A sequence < s,» is said to be a Cauchy's sequence if given e > 0 there exists т є N such 


that 
| 85-36 |< e, Vn2m 
Or | 554p- $и| € є, Vn 2 mand every p 20 
Or | $p — $q [« e, Vp. q2m. [B.C.A. (Meerut) 2007, 03] 


Example 44: The sequence ( E ciet is a cauchy's sequence. 
n 


I 
a 


: ) 1 
Solution: Let the given sequence < s„>, where s, = — and e >0. If n > m, then 
n 


| 1 I m-n, n-m n-m 1 1l 
|5и-5т | =|--—[=| | а — 
n m mn mn n m m 
n-m 
[O<n-m<n SOS « 1] 
n 
| 1 
If we consider — < e, then 
m 
1 I 
| sy-S8|=|--—| < e Vn2m 
n m 


Hence, the given sequence is a Cauchy's sequence. 


Theorem 25: If «s,» is a Cauchy's sequence, then «5,» is bounded. 
[B.C.A. (Rohilkhand) 2012, 08, 00; B.C.A. (Agra) 2012, 09; 
B.C.A. (Kanpur) 2010, 05; B.C.A. (Meerut) 2009, 03, 00] 


Proof: Let «s,» be Cauchy's sequence. Then for every є» 0 i.e, let e =I, there exists 


m € N such that | 85-35 6| 1, Vnzm. 

= (5—1) «s, < (5+0), V n2m 

Let ky = min ЦОГ 89, 88, Sls Sm—U 
№ = max 48|, 52, 5з,.......... 59:15 Sm +D 


К 5,5)», VneN 


Hence, < s„> is bounded. 


NOTE: 


The converse of the above theorem need not be true. The sequences < (-1)"» is bounded 


but is not a Cauchy's sequence. 
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Theorem 26: A sequence converges if and only if it is a Cauchy's sequence. 
Or 
State and prove Cauchy's convergence criterion. 


[B.C.A. (Kurukshetra) 2012; B.C.A. (Avadh) 2010; B.C.A. (Meerut) 2010, 07, 06, 02; 
B.C.A. (Rohilkhand) 2003] 


Proof: The necessary condition: Let < s„> be a convergent sequence which converge 


to 1. Then show it is Cauchy's sequence. 
Since < 5,2» converge to І, then for every є > 0 there exists m є N such that 


[5 = | ES Vn2m 


In particular | 5 —1[| < > 
[5—5 | = | (S7) – (8-01 S [5-Й +[5т-И 
є є 
< =+==є 
2 2 
Thus $,-$5,|]«e Vn2m 
> «5,» is Cauchy's sequence. 


The sufficient condition : Let < s,» Cauchy's sequence then show < s,» is convergent 
sequence. Since < s,» is Cauchy's sequence. Then < s,» is bounded. 
= «s,» has limit point / 
Since «5,» is Cauchy's sequences then by definition of Cauchy's sequence 
[55754] < Vn2m 
Since / is limit point of < s„>, therefore every nbd of | contains infinite terms of the 
: | € € TER 
sequence < s,,>. In particular the interval | [- 3' 1+ 3 | contains infinite terms of <s,,>. 


Hence, there exists a positive integer k 2 m such that 


1-4 S% < ms 
3 3 


=> Is - 11 «94 
| 54-7 1| =| (55755) + (5—5) + (5K - D] 


< [5475 | + |556 | 1s - 1] 


Thus |5::-1| < € Vn2m 


«5,» converges to I. 
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> converges. 


Example 45: To show the sequence < s,» = « 
[B.C.A. (Rohilkhand) 2007, 00] 


z n+l 1 
Solution: Let s, = —— =1+- 
n n 


We shall show that the sequence «5s,» is Cauchy's sequence. 


Let € >0 be given and if n 2 m then 


1 1 1 1 m-n, n-m 
зэ == и 
n m n m mn nm 
п-т 1 1 т 
QUE X ee [0<n-m<n>0<4 2! <I] 
n m m n 


1 1 
If we take m>— or —« e then 
€ m 


| 85-52) | < є, VnZm 


Hence, the given series is Cauchy's sequence. 


Example 46: Show, by applying Cauchy's convergence criterion that the sequence < s> 


does not convergent. 


defined Бу sy- Ve = + =+ — + 


2n- 


Solution: We shall show the given sequences is not a Cauchy's sequence. For this we 


| 1 ( 22 
shall show that if we take є = 4 > 0, then there exist no positive integer m such that 
$,7s4| <E Vn2m 


Теи=2т+1> т 


TM 1 1 1 1 
5-9 | =| —+—+..... | +....+ 
"3 "m 2m-l1 2т-1 4т-1 


( 1 I 1 | 
-|1+—+—+.....+ 
3 5 2т-1 


1 1 1 
= + Toss + 
2т+ 2т-3 4т-1 
1 1 
» + ааа ай + upto (m + 1) terms 
Ат+1 4m-«l 
1 3 
_ mst qUmD*y 1 3 1 


= ы 
4т+1 4т-1 4 4(4т-1) 4 
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Thus, if we take e = FE then whatever positive integer m we take, we have 1 2 2m 1» m 


and | s,— Sm | = $9m4] 7 Sm > 4 


| 52-5. | > 6, Үнэт 
The given sequence is not Cauchy's sequence. 


=>  «s,»is not convergent by Cauchy's convergence criterion. 
Example 47: If < s,» be a sequence of positive number such that 
1 
82 (Snl + $4 2), for all n > 2. 
Then show that < s,» converges and find lim sy. 


Solution: In case $ = 59 = 5,= sj, therefore < s,» converge to sj. 


Now we consider the case $ + 52 


1 1 
| Sn Sn-l |=| о бн + 54-2) 7 Spal = 5! 51-17:5н-2 | 
= Es | 51-2 — 50-3 [= er Sn-2 7 Sn-3 | 
22 22 
1 
= gem Ме осна (1) 
Now for n 2 m, we have 
| Su- 8g | =| ($47 $5.1) sin (55.17 $542) Tees * (5,417 Sn) | 


<| Sn Sn-l | +| Sy-1— 55-2] Tess + | 5517 5m | 


1 1 1 | 
= — T 91-3 ERE да =) 52 -3| (using (1) 


1 
< ота 158:-41 ...(2) 


Let € >0 be given, we can choose a positive integer т such that 


1 
g»z 182-511 «€ 
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Then from (2) 
[s,-s4| «e Vn2m 
Hence < s,» is a Cauchy's sequence and therefore by Cauchy's convergence criterian it 


converges. 


Let lim „= /. Putting n = 3,4....k in the relation. 


1 
Sn = 2 (84-18 5-2) 


1 

$9 = j 62 ts) (3) 
1 

54 = 2 (83 + 52) 

| 1 

$1 = 2 (9-2 +563) 

8 EU +52) 

k= 5 Git 5-2) | 


Adding the corresponding sides the relation in (3), we find 
m +5 8-1 - (sj +2 52) 
Taking limit К ee on both sides 


lim sto di lim. SI. 125 (sj +2 59) 


К со 
1 
> 1+2 == (9 +259) 
2 
> (9+2 52) 
3 1 2^ 
Example 48: Let «ид, be a sequence and  s,- uj w5*....... tuy If 
t,2|] |+ |1 |+......... + | ид | for each n є N and < t,» is a Cauchy's sequence, then 


< 8,» is also Cauchy's sequence. 
Solution: Let € » 0 be given, since < t,» is a Cauchy's sequence, therefore, for given 


Е >0, there exists m e N such that 


ty—-tm |< e Vnzm 

> Una) | + [Ин |+... | <є л> т 

But Una | + | “дад |+ Huy > | ии + Изо +....... + Uyy | 
Una] + Haa +... и, |< Е п> т 

or Sy-Sm | < €Vn=m 


Hence, < s,» is a Cauchy's sequence. 
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Example 49: Show that the sequence < s,» defined by 


1 1 
$= + —— +... + , converges. 
"^ n+l n+2 ntn 5 
Solution: We have 
sah (15+ x Gg 23 
Edom i29 43.7 24439 n+l mn«2 7 "On 
= | кезк у A e e. ! > 0, for all n 
2п+1 2-2 n+l 2-1 2n+2 


Hence, the sequence < s,» is monotonically increasing 


1 1 1 1-1 1 
Now | Su | = Sn = — + Tees * <-+-+....+= 
n+] n+2 ntn n n n 
1 
=n.—=1 


n 


| 85 | <L for all n 
Hence, the sequence < 5,» is bounded. 
Since < s,» is bounded, monotonically increasing sequence, hence, it converges. 


n 
Example 50: Show that lim (1+ : exists and lies between 2 and 3. 


И оо n 


[B.C.A. (Aligarh) 2012, 08, 06; B.C.A. (Kashi) 2012; B.C.A. (Meerut) 2001] 


n 
Solution: Heres, — ( * =) > Я=2 
n 


By the binomial theorem, we find 


оа ! eee) 24 220 ! 
n 2! "£g 3! n п" 


zu «i-o тэг 
“1-1 1-2) — 1-2 ши 


1 Y*.4 1 2 
siesta ge +... 
Зян zl | | ==) | — 


3 
ru (1-4) (1-2) " (1-4) 
(п+1)! n+l n+l n+l 


Similarly 


Sequences ly 
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Spa] > Sy, YnEN 
Hence, the sequence «5,7 is monotonically increasing 
Sy 25, =2 VneN 


From (1) we see that 


царай аг ses — 
3! п! 
1+1 хэ 
=1#1+—=+Ф—-+ ы т 
m" 
n 
=1+ 2 eint e for all и 
1 1 
1-- 1-- 
2 2 


Thus, 2 < 8, <3, for ай 
Hence, the sequence < s,» is bounded. 
Since < s„> is a bounded, monotonically increasing sequence, 


= lim s, exists and lim s, = sup < s,» 
ПЭ со 


Now 2 < s, <3 forall n 22 < lim 5, <3 
ПЭ со 


= The limit lies between 2 and 3. 


Example 51: Discuss the convergence of the sequence < 23 S 
3n [B.C.A. (Meerut) 2004] 


Solution: For the convergence the given sequence, first we check that whether the given 


sequence isa Cauchy's sequence or not. 


: 1 Teds ol 
Given sequence <= >= +--+—+——+....... + — 
3n 3 6. 9 12 3n 
| 1 1 I =) 
=—|1+—+—+—+....... += 
3 2 3 4 n 


Let us choose a very small positive quantity e >0 
Such that | 55-55 | «e Vn2 m 
where m is a positive integer, if we take n 22m 


| 557 $m | =| 82m — $m | 


1 1 
-Izz--z-l 


3.2m 3m 
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111 
3 2m m 
1 E 1. 
зэ | 22225512: т+1 m 
3 m«-«l т-2 2m 1 р 1 
т+2 т 
l, I 1 
>—|— + — +...... + т terms | 
32m 2m 
zl as 
3 2m 6 


If e =—, then for any positive integer т, we have л = 2m > m and 


1 
6 
| Sy- Sin | 1 $2475 ise 
поэт 2m ^ эт 6 


1 
| $5— Sml aoe € 


6 
Thus there is no positive integer m such that 
[54754| <€ Vnzm 


So given sequence is not a Cauchy's sequence and that is why it is not convergent (By 


Cauchy's convergent criterion). 


Example 52: Show that the sequence < s,> defined by 


2 1 
Я = i. $44] = Snt vn e Nis convergent. Also find its limit. 
3 [B.C.A. (Delhi) 2007] 
Solution: Wehave 8 =l ий ew! VneN 2213) 
1 2 n+l 


By mathematical induction we shall show that 
881 > Sn VneN 
When л=11п (1) 


I 
21-141 
25 +1 BE 2 
=> $9 = ee 


3 gd оз 
$9 >S) 
Suppose that и > Sg 
Then 881 95, => 2544] 225; 


> 25 +1 >25,41 
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254,1 +1 > 2s„+1 
3 3 


> $142 > Sny 

Thus s) > 5) and sp4] > Sm then s$,,9 > $441 

Hence 5 > s, Ул є N 

Thus, the sequence < s„> is monotonic increasing 


Now, we shall show that the sequence < s,» is also bounded above 


Now 881 >S, VneN 
28,41 

> B eh VneN 
3 

=> 2s,+1>3s, VneN 

=> Sy<l VneN 


the sequence < 5,» is bounded above by 1 


Since the sequence «5,» is monotonic increasing and bounded above, therefore by 


monotone convergence theorem < Sn? converges to its supremum. 


Let lim s, 2I. Then lim spy =/. 
П со П со 

2s,+1 2s,+1 
Now Spi = Stu ium Sa = lim mi dim 
= I= 2 lim 8,41 

3 

21+1 

> l= 
3 

> 1-1 


Hence s, > l, we have inf «s,» =Я == 
and sup <s,>=lims,=1. 


Example 53: A sequence < $, > of positive terms is defined by 


3 + 2s, 


, VneN 
2+ Sy 


Я =А>О0: Snail = 


Show that the sequence converges to a limit independent of К and find the limit. 


Solution: We have sı =k >0 and s, = 2 ас , VneN 


+ Sy 


Then s) >0, s3 20 and so on 
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Therefore the terms of the sequence are all positive, then by mathematical induction we 
shall show that 


881 > Sn VneN 


342g. 3628, 3-Ю. 


we have $9 а. 15751 k 221 0 
if 0«k«43 
Thus s > sj if 0«k«43 
Suppose 511 > Sy (Г) 
Then 5142 — Spay Se ‹ 
$54] —5 
то) о ФУ 
Sn+2 > nd 


Thus 52 >Я and $444 > s, then we have also 5142 > Spy 


by induction 54 >s, VaeN 


3425, 342s, _ 


> —>s, > 8, >0 
2-5, 2-5, 
3-52 

=> п х0 = 3-s2 >0 = s2«3 
2-8, 

=> и «43 VneN 


< s,7 is bounded above by 43 


Thus «5,» is bounded monotonically increasing sequence. 


Hence it is convergent. 


Let lim s,,=/,Then lim syy =! 


+25 3+25 
Now и = “= lim (s = lim —— 
de 2-5, fim бн) n>% 2 +8 
3+2 lim s, 
> lim (s,4)) НН ш 
me лш 54 
= Тс SP on es 
2+1 


But / cannot be negative because the terms of the sequence < 5,» are all positive. 


Hence | = ¥3 18 independent of k. 
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Example 54: Show that the sequence <s,> defined ру $ = land Spy} = 42 + s, Мп є № 


is monotonically increasing and bounded. Also find its limit. [В.С.А. (Delhi) 2010, 08, 02] 


Solution: We have я =lLand ($, y =2 +s, VneN 
$9 = 48, $9 =¥(2 3:53), 

Now 1443 = 8| € $9 

Let us suppose that 5 < 5, then VEE sm) < JOP sma) 

= Smt < Sint2 


Hence by mathematical induction, we have 
Sn < Spy VneN 
i.e., < sy» is monotonically increasing 
Again, Sp] 2 Sy — (2 54) > 
=> 24+5,- 52 >0 
= (2-5„)(+5„)>0 
=> (2-s,)>0 
=> s,<2, VneN 
Hence « s,» is bounded. 
Thus < s,» is a monotonically increasing sequence bounded above by 2. = it converges. 


Let lim s, = 1. Then lim ($) =/ 


Now $44] 742 +S, = lim (spu) = lim J(2 + sp) 
E 1-42-1 => P-I-220 

> (1+1) (1-2) =0 

> 12-1122 


But / z-1, then l 22 
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4.13 Limit Superior and Limit Inferior of a Sequence 


Let «54» be a sequence which is bounded above. Then, for each fixed ne №, the set 


TiS } is bounded above and hence it must have a supremum. Let 
= SUP {Sy 5 T }. 
Since (5,,4,55,45.....) is a subset of {Sy Sm- } therefore, it is obvious that $, 25,4). 


Thus the sequence < 5,» is a monotonically decreasing sequence and consequently, it 


either converges or else it diverges to —ee. 


Similarly, if the sequence < s,» is bounded below, then the set (s,,5,,4........ ) has an 
infimum. Let з= infís;, s, ],........ } then the sequence < $, > is monotonically increasing 


and hence it either converges or diverges to ee. 


Keeping these notations in mind we now define limit superior and limit inferior these 


notations in mind we now define limit superior and limit inferior. 


4.13.1 Definition 1 


Let «s,» be a sequence of real number which is bounded above and let 


5, = SUP {Sm Spa]; дом 


If <s,,> converges we define the limit superior of < s,» by 


lim sups, = lim 5, 
n со И оо 


If <s,,> diverges to —ee, we write lim sups, = —ee [B.C.A. (Agra) 2007] 
n— со 


If a sequence « s,» is not bounded above, we write 


lim sups, = © B.C.A. (Delhi) 2008, 04, 02 
P$ 
И оо 


4.13.2 Definition 2 


Let < s,» be a sequence of real number which is bouned below and let s,, = inf{s,,,5,,4).....} 


If <s, > converges we define the limit inferior of < s,» by 


lim infs, = lim s, 


n— со Ano — 
If < s,» diverges to ee, we write lim inf s,, = оо, [B.C.A. (Rohilkhand) 2003] 
= ПЭ оо 


If а sequence < s,» is not bounded below, we write 


lim infs, = – © [В.С.А. (Meerut) 2003] 
п co 
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NOTE: 


The notations lim s, and lim s, are also used for lim sup s, and lim inf s, 


respectively. In future, we shall use these notations. 


The limit superior and the limit inferior are also called the upper limit and the 


lower limit of < s,» respectively. 


We have lim s, = inftsj, $5, 


and lim s, = sup (5559, 


4.13.3 Illustrations 
I. Let «5,» be the sequence defined by s, = (- I)" Vn e М. 


It is bounded above by 1 and bounded below by -1. For this sequence, 5, = 1 and 
$47 -1 ЮгаП ие М. 


Hence lim s, 2 1 and lim ѕ,= –1. 


2 Let < s,» be sequence defined by s,, = -n V n є N.It is bounded above by -1 but it is 


not bounded below. 


5, = supi-n-n- L...... }=-n 


Since 5, > — œ% as n — œ. Hence lim 5, = —%. Also since < s,» is not bounded below, 
by definition lim s, = —ee. Thus in this sequence both the limit superior and the 


limit inferior are — oo. 


3. Let <s,,> be the sequence defined by s,2 п Vn € М. It is bounded below but not 


bounded above. 
8, =inf{n,n+],..... }=и 
Since $4 cc. as n — ce, hence lim s,, = оо, 


Also, since «s,» is not bounded above, by definition lim s,2 ©. Thus in this 


sequence both the limit superior and the limit inferior are ee. 


4.  Let«s,» be the sequence defined by 8,5 ео: + =) 


n 


Then <3 meo. —. 2, 2 bf ы 
3 4 56 
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In this case сс ЭЭ mcis 
2 2 4 4 


and я = 25 = 5.93 = Duc et. 


Theorem 27: If < s,» is a convergent sequence of real numbers and if lim s, = l, 


then lims, = lim s, = l. Conversely, if 
lims,-lims, =l € R 


then < s,» is convergent and lim s, = [. 
n өө 


Proof: First suppose that the sequence < s,» converges with lim s; = Г. Let £ 2 0 be 


given. Since s„ > l, therefore, we can find a positive integer m, such that 
[s,- I| « e for alln 2 m 
Less l-e<s, «146 forall п> т 


This inequality shows that for all n > m,/+ £ is an upper bound of {8,,5,,4)....} and [- £ is 


not an upper bound of (5,,s,,,.....). 
Since s, = sup (5,,5,,,......? it follows that 
l-e<s,<l+enzm 
Taking limits as л ee, we get 
1-=< lim 5,</l+e 
n со 
Since ғ is arbitrary, it follows that lim 5, = 7 


Similarly, we can show that lim s, = 


Thus lim s, =lims,=1 
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Conversely, let lim s, = lim s, =1 


Since/- lim Уу, given any e > 0, there exists m є N such that. 
n со 
I - | <е for n>m ie, [-#<5, <1+= forn2 m 
The definition of s, then gives that 
su <l+e fornzm ssl) 
Similarly, since / = lim s,, there exists m є N such that 
ПЭ о — 
EMI <= for n 2 m 
which implies as above that s„ >1-= forn 2 m ...(2) 
Let m = max, {m , m }. Then from (1) and (2) we find that 
15-1] «£gforn2m 
This proves that the sequence < 5,» converges and that 
lim s, =/ 
n oo 


Similar results hold good for divergent sequences. Below we state them without proof. 


Illustration 1: А A sequence < s,» diverges to + со iff lim s, = lim s, =~. 
Illustration 2: A sequence < s,» diverges to —ee iff lim s, = lim s, = оо. 


Theorem 28: If < s,» and < t,» are bounded sequences of real numbers such that 


Sn <, for all n М, then lims, < limt, and lim s, < lim t,. 


Proof: Since s„< t,, therefore it is easy to see that 


$, €t, and ES tn 
Where 5,,£,,5,, t, have their usual meansings as deined earlier. 
lim $, € lim £, and lim s, <lim t, 


Or lim 5, € lim ё, and lim s, < li 


tn 
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Theorem 29: If « s,» and < t,» axe bounded sequences of real number, then 
@ бмв) 
(i) lim (s, +) > lim s, + limt,. 


Proof: Let $, =supt{sy, 54 p... }, and i= suptt, В -ь.....} 


Then Sp S Sp (k =n), ty < Ey, (k > п) 
Sy fi ES, t, for kzn 
Thus $, + £, is an upper bound for (s, + Ё, + Ё... J 
Hence (Snt tn) = suptsy + fj, Spl + б S Sn + n 
lim (s,+6,) <lim(,,  £,) = lim $, + lim £, 


i.e., lim (sj, + В) € lim s + lim t, 


Thus the result (i) has been proved. Similarly (ii) can be proved. 
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10. 


IL 


12. 


13. 


14. 


15. 


16. 


Exercise 4.2 


If s, =k (e К) is constant sequence, then lim s; К. 


Show that the sequence < s,» where s,,=sin 110 and Ө is a rational number such 
that 0 «0 «1 is not convergent. 


Prove that the sequence « л 


> where p > diverges to infinity. 
Show that the sequence < logt > diverge to (— о). 
n 


If < t,» diverges to œ and s, >t, Vn, then < s„> diverge to со, 


Show that the sequence < s,» defined by the relation s; 22 


s ellc оо + І (n = 2) converges. 
И 2! (n-1)! 


1 


Prove that < s,» is convergent where s, 22 - ——. 
7 7 gil 


Show that the sequence < 5,» defined by я = 42, Sm = 42), converge to 2. 


Я 4+3 : 
Show that the sequence < s,» defined Буя-41, Spy = 3 А , лє № is convergent 
+283 
and find its limit. [B.C.A. (Lucknow) 2011] 
: 1 1 Ї 
Show that the sequence < 5„> defined by s, 2 1 + 2 шээс + — does not converge. 
n 


oT 1 
If < s„> be a sequence of positive numbers such that 5„ = 7 (5,4 + 5,9), for all n > 2, 
then show that < s,» converges and find lim (s,,). 


If » 0, show that (г) = 1. 


2 
If p >0 and c is real, then find lim PEN 


(L p)" 
The usual definition of e is given by е = У - Show that e is irrational. 
n! 
n=0 


If s,=— h 0 
Sy = эл” prove that < s,» > U. [B.C.A. (Meerut) 2004] 


Show that lim m X 
| ( п+1)^ ET (2n) | 
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L7. 


18. 


19. 


20. 


21. 


22. 


23. 


24. 


25. 


26. 


A sequence < s, > is defined as follows: 


Я =a>0, Spy = tap? 52) / (a 1), b»a, п>]. 


Show that < s,» is a bounded monotonically increasing sequence and lim „=. 


Its; Smet. prove that < s„ > is increasing and bounded. 
3n+2 [B.C.A. (Agra) 2006] 
1 1 1 m : 
If s, 2—-——-——4esc , prove that «s,» is increasing and 
1.2 2.3 3.4 n(n+ 1) 
convergent. 


n+l 
Prove that the sequence < s,» where s„= — converges. 
n [B.C.A. (Kashi) 2012] 


Ifs =1+=+ 3 esi + i. log л, prove that < s,» is decreasing and bounded. 
n 


Define with examples: 

(i) Real sequence 

(ii) Range of sequence [B.C.A. (Meerut) 2010, 05] 
Define monotonic sequence with example. [B.C.A. (Meerut) 2010, 07, 03, 02] 


Define monotonically increasing and decreasing sequence, give examples in your 
support. [B.C.A. (Delhi) 2012, 04, 01] 


Define Cauchy's sequence with examples. [B.C.A. (Lucknow) 2011] 


Define Cauchy's sequence, if < s,» is Cauchy's sequence, then < s,» is bounded. Is 
converse true then give example in support. [B.C.A. (Delhi) 2007, 05, 03] 


Answers 4.2 


OOO 


Infinite Series 


5.1 Definition 
мэн “An expression of the form uj + № +... Fut... in which every term is followed by 


another term by some definite rule is called series". 


For example: 


Т. 1+3 +5 +7+...... is a series. 
2. аав а 15 а ѕегіеѕ. 
3. 1424748411412 +......... is not a series. 


Because every term is not followed by another term by a definite rule. 


5.2 Finite Series 


Aseries in which numbers of terms are finite is called finite series. It may be expressed as 


5.3 Infinite Series 


Aseries in which numbers of terms are infinite is called infinite series. It may be expressed 


аѕщ +1 -......... +Ин+......... or У иң or simply by Y иң , where u, is called general terms 


n-l 


or nth term of the sequence. 
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In this chapter, we shall deal with the techniques of testing the infinite series as regards 


the given series is convergent, divergent or an oscillatory. 


5.3.1 Behaviour of an Infinite Series 


If Zu, = 4 tw... Ho be as infinite series such that S, is the sum of its first n 
terms. 
l. Convergent Series: A series > иң is said to be convergent if the sum of its first и 


terms 5, can not exceed numerically a finite quantity however n large may be i.e., 5, 


tends to a finite and unique limit as n tends to infinity. Therefore, bi и is convergent. 


If lim S, = finite unique number. 
Ji оо 
2. Divergent Series: A series bà и is said to be divergent if the sum of its first и terms 


tends to + e» or — ee as и terms to infinity. 


3. Oscillatory Series: The oscillatory series are of two types : 
(i) A series У и, is said to oscillates finitely if the sum of its first n terms S,tends 


to a finite number but not unique limit as и tends to infinity i.e., 
> u,oscillates finitely. 


If lim S, = finite number but not unique. 
Ис 


(ii) А series » i, is said to oscillates infinitely if the sum of its first n terms S, 18 


+ ео and – e» both as n tends to infinity i.e., > и, oscillates infinitely. 


If lim S, = + e» and – both. 
n оо 


— o Solved Examples ө --- 


Examplel: Test the convergence of the following series: 


O л, =1+ +57 + oy — 


(v) У ид =1-2+3-4+5-6+...... 


: : 1 l 1 А | D mE 
Solution : (i) > Uy =1+ 2 + 2 + Эй тээн is a geometric series with common ratio 2 «1 


Infinite Series 


-2-0271-50- 7 
1/2 


lim S, = lim2 | x] ( xj ( 1|-2 
n со n өө 2" 2^ со 


which is finite unique quantity. Hence, the series is convergent. 


(ii) У ш=1+2 3434. 


S =1+2+3-+4 +...... + n= Sum of first n natural numbers = - и(п-1) 


lim S,, = lim 277015) ээ X 00 X (00 + I) = о 
1 со n> өө 2 


Hence, the series is divergent and diverges to о. 
(iii) 2 u, 7 -1-2-3-4-..... 


5,3--1-2-3-4-.... п=-(1+2+3-+...... +n) 


=- (Sum of first of natural numbers) 
1 
| : 1 1 
lim S, = lim begraben =— оо 
П со noo | 2 2 


Hence, the series is divergent and diverges to –. 
(iv) У =1-1+1-1+1-.... 


О, if n is even 
ШЕ І, if nis odd 


lim S, = lim 
n— со n— со 


0, ifn is even 
1, if nis odd 
=0 if nis even and l if nis odd. 


ic, lim S, is finite but no unique. 
ПЭ оо 


Hence, b» i, oscillates finitely. 


(v) $ = 1-2 +3-4+5-...... 


$ 21S, 2-1, $4 =2,S4 =-2, 55 23,8 =-3 
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o. : 
“9° if n is even 


Thus = 
1 5, n+l... 
‚ Ши isodd 
: , n T 
lim S, = lim (- z) = —%, if nis even 
ИЭ со ПЭ со 2 
: : n+l T" 
lim S, = lim (=) = eo, if nis odd 
ИЭ со 19V 2 
Lb. lim S, 2 —e» and ә 
n со 


Hence, > i, oscillates infinitely. 


Example 2: Discuss the convergence of a geometric series. 
[B.C.A. (Kurukshetra) 2012, 10; B.C.A. (Meerut) 2010, 07] 


Solution : Consider a geometric series with first terms a and common ratio x i.e., 


У =а+ах+ах? +ах?+..... 


We shall discuss the convergence of the series for all real number x. 


ie., -]«x«LxzlLx--Lx»landx«-1 


(i) | When-I«x«l or |х|<1 


We know that lim x" 20, when x «1 ог|х|<1 


n оо 
2 J n-l 
Now S, = a ax + AX" +.....+ах 
= Sum of terms of geometric series when x <1 or |x|« 1 
a(1— x") 
1-х 
| 20 Jad-x" a . a a 
lim S, = lim с желе. Е 1- lim хр ——(1-0) 2 — 
пә = noo} l-x x ПЭ оо 1-х 1-х 


ic, lim S, is finite and unique number and therefore, 1 иң is convergent. 
пЭ со 


(ii) | When x 2 1, then > Uy = A+ t at... 


S, = ла 
> lim S, = lim na = exa = ee 
ПЭ со noo 


1.6), У i, is divergent and diverges to +оо, 
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(iii) When х= –1, then 25 -а-ажа-аж.... 


О, if n is even 
= S А 
! a, if nis odd 


lim S, = lim 0 20, if nis even 


1— со 1— со 
lim S, = lim 1=1, if is odd 
ИЭ со ПЭ со 


ic, lim S, 15 finite but not unique and therefore, У и, oscillates finitely. 
ПЭ oo 


(iv) Whenr»l 


We know that lim х" = оо whenx»l 
n— со 


5, =а+ах+ ax? + —— tax 


= Sum ofn terms of a geometric series when common ratio 


х» 
_ a(x" - 1) 
х-1 
n 
: . ax -I a : 
lim 5, = lim HE SE at р 5. 
n> co noo x-l х ПЭ оо 
а : 
= —— (%-l) =e if a>0 
х-1 
and lim S, =-% if a4 «0 
п со 
Lb. lim 5, = + оо or – ee and therefore, > ил is divergent. 
ПЭ со 
(v) When x<-lor -х>1 
Taking r =—x, so if -x > l > r > l and therefore lim r” = оо 
ПЭ со 
Now, S, = a+ AN + ax? s... tax"! 


ll 


Sum of л terms of the geometric series when x < -1 


a(1— х") 
1-х 


а{1— Cr)" 
Li) 


OF S, = , because r = -x > x = -r 
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— „п 
й г) , if nis even 
= +r 
z ал 
s Г a if n is odd 
Lr 
yh 
lim 5, = lim aa") (+) l- lim r” 
ПЭ оо n>» lr l+r пә өө 
go (1— оо) = —ee, if nis even 
1-7 
pl 
lim S, = lim a =(=) 1+ lim r” 
ПЭ co noo l+r l+r пә ce 
mI ee = co, Ши is odd. 
+r 
Là lim S, =- and ee according as л is even and odd (if a > 0). 


n— оо 


Also lim S, = + о and —ee according as nis even and odd (if a < 0). 
п—› со 


EA whether a > 0 or a <0, we have lim 5, is – e» and ee or ee and — o. 
n со 


Hence, > i, oscillates infinitely. 


5.3.2 Sequence of Partial Sums 


If У Uy = Uy + Uy + Wg + +..... 15 an infinite series. Now consider the sums 
Si = щ 
S) =u + 


53 ЕМ +19 + № 


S, =И +1 +....... uu 


The sequence < $,» = <51,52,53.......... Sio >is called sequence of partial sums. 


5.3.3 Behaviour of an Infinite Series in the Form of Partial Sums 

1. | Convergent Series: The series Хи, is said to be convergent, if the sequence < S,» 
of partial sums of Хи, is convergent. 

2. Divergent Series: The series Xu, is said to be divergent, if the sequence < S,» of 
partial sums of È u, is divergent. 

3. Oscillatory Series: The series Xu, is said to oscillate finitely or infinitely, if the 


sequence < 5,» of partial sums of Xu, oscillates finitely or infinitely. 
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Example 3: Show that the series X (-1)""2 oscillates. 


Solution: X (-1) 12 =2-2+2-2+2-..... 


$ 22,5) 20,54 22,5, =0 


Sequence of partial sums «5,» =< S,,S9,S3,..... > =< 2,0,2,0........ > is an oscillatory 


sequence and oscillate finitely. 
Hence, the series È u, oscillates finitely. 
Example 4: Show that the series X и, = У(—1) п is not convergent. 


Solution: Х(1/и--1-2-3-4-54..... 


$ LS 2-142 2154 =-142-3 2-2 


54 =-1+2 -3 +4 =2,55 =-1+2-3+4-5=-3........ 


Sequence of partial sums = «5,» =<51,52,53,54,95,..... > 


= <-11-2,2,-3...... >is not convergent 


and therefore, Xu, is not convergent. 


| . nT, 
Example 5: Show that the series Xu, = idi is not convergent. 


mm x43 43.6 УЗ 43,9,33 43, 


Solution: Xu, = Zsin В +... 
2 um» 2 2 2 2 


Sequence of partial sums =< 5,» =<5],50,93....... > 


lim S, = УЗ and lim S, =0 


п со п— оо 
i.e., lim S, # lim S, 
n> оо ИЭ со 


Therefore, < S,» is not convergent and hence X и, is not convergent. 


5.3.4 Necessary Condition for Convergence 


Theorem 1: Ifa series У u, is convergent, the lim и, = О but the converse is not true. 
n со 


Proof: If S, denote the mth partial sum of the series Xu, which is convergent and 


therefore, the sequence < S,,> of partial sums is also convergent. 


i.e., lim S, =/ (say), then lim S, у =! 
n со 


п со 
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We have Sy = + № +....... Uy] Ug 
and Sp Sy eese Uy] 
Now, Sn- Sn- = Ид 
= lim S,- lim S,) = lim и 

ПЭ oo п со n со 
= 1-1- lim ид 

n— со 
= lim u, =0 
п оо 


The converse of the above theorem is not always true. We shall give an example of a series 


У и, such that lim и, =0, but the series is not convergent. 


n— со 
I.1 1 З : : 
Хи, =1+-+=+......+- +..... is a divergent series. 
2 3 n 
: zo 1 
But lim ш = lim —-0. 
И со no n 
Remember: 
JE Xu, convergent > lim 5,20. 
и> со 
2. lim 4,20 = Хи, may or may not be convergent. 
И со 
Э; lim и, #0 = Хи, is not convergent. 
И со 


Example 6: Discuss the convergence of the series 


: 1-1 
Solution: Хи, = 3 + 2m +—+..... 


: : : : 201 | 1 
is a geometric series with common ratio 3 < l, so Zu, is convergent and ид = —. 


NOTE: 


1, If lim 1,20, then we cannot say anything about the behaviour of the series. 
n оо 


If lim 1,20, then definitely X и, does not converse. 
ПЭ оо 
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Example 7: Prove that the series X uy, = X does not converse. 
n 


Solution: We have 


n 1 2 3 
Хи, = шээж»... 
n+] 2 3 4 
" n 1l 
" ntl 1 І 
+ — 


=1+0=1+0 


So, Xu, does not converse. 


Example 8: Prove that the series X. п is not convergent. 
2(n +1) [B.C.A. (Avadh) 2008, 06] 
1 n 
Solution: Let Xu, = —+ Е +..... 
2(и+ a 4 Z 2(n+ 1) 


к=” d 
о 1 
um ia „= lim Js ан a 


Hence, the given series does not converse. 


| 1 
Example 9: Show that the series Xcos — does not converse. 


n 
: 1 
Solution: Let È u, = Ў cos — 
n 
1 
> Uy = COS — 
n 
: А 1 1 
> lim и, = lim cos - = cos — 
n— со ПЭ оо n ын 
-с080-120 


I. 
Hence, X cos — is not convergent. 
n 


оо 


1/n 
Example 10: Show that the series 1 B does not converse. 
n 
n=l 


1 1/п 
Solution: Let t= (=) 
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log 1- log n log n 
> log m = 8—78" ---35 


lim logu, = lim (- log "| from — 


ИЭ со И со 


Applying L-Hospitals rule 


lim log um =- lim Um. lim ын (0) 20 
П co n | п c П 
1.е., lim 109и, =0 
И оо 
> ed lim 2 -0 
П co 
> lim u, = =1#0 
пЭ со 
Hence, Х и, is not convergent. 
Example 11: Show that the series 
loge 2 + lo a лыг — - zig (21) is divergent. 
2 3 n [B.C.A. (Purvanchal) 2011] 


Solution: Let 


ntl 2 3 4 
= log, =+ log, =+ log, —+......+ log, —— +... 
1 1 2 3 n 


34 
"3 РР | = log,(n+ 1) 


lim S, = lim 10 (741) = log œ = ә 
ПЭ со ПЭ оо 


Hence, Х и, is divergent. 


5.3.5 Cauchy's General Principle of Convergence for Series 
Theorem 2: The necessary and sufficient condition for the infinite series È u, to 


converse is that given => 0, however small, there exist a positive integer т such that 
CRE erret -uy «e Vn > т. 


Proof: The series X и, is convergent iff the sequence of partial sums < S,» is convergent. 


By Cauchy's general principle of convergence for sequence, the sequence < S,» is 


convergent iff for each €» 0, there exist a positive integer m such that 
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[5,- Sml <E Vn»m 
> | цар F Uy 42 + ga +... <е V n»m 


Hence the result. 


Example 12: Prove with the help of Cauchy's general principle of convergence that the 


series 


does not converge. 


Solution: Suppose, the given series is convergent. Then, the sequence < 5,» of partial 
sums of the given series is convergent. By Cauchy's general principle for sequences, for 


1 : 
e- 2” there exist m є N such that 


15,-5,| zi n2m 


Or ihe ы NUN I odd (rez uiis +4) uo abs (1) 
2 m т+1 т-2 n 2 m 2 
Or | + ! "ЭР: «— Vn2m 
m+] т-2 n 
1 1 
or + +...... +-<-— YV п > т because m = N 
m+l т-2 n 
Taking л =2m, we get 
1 1 1 
+ ES In 
m-l т-2 mm 
: l +... i l =m Р. Vn-2m»m 
2m 2m 2m 2m n 
те, ict +...... ыг 2) 
m+] т-2 n 2 


Since (1) and (2) are contradictory statements, the given series does not converge. 


5.3.6 Series of Positive Terms 


An infinite series all of whose terms are positive is called sexies of positive terms. 
i.e., X u, is a series of positive terms, и, 20 V n eN. 


We have S, = щ +1 +.....+и, and 


Ra B.C.A. Mathematics-IlI 
a 
eA 


5,4| = 4 +1 +..... gt uy 


> S54 = Sn + И 
= Sn —Sn = >0 Yne N 
1.е., Sm -Sa >20 Үл є N 


So that sequence of partial sums < S,» of Xu, is monotonically increasing ie, the 


sequence < 5$,» is monotonic. 


We know that every monotonic sequence is either convergent or divergent but can not be 


an oscillatory sequence. 
Some fundamental result for series of positive terms. 


Theorem 3: A series of positive terms X ил is convergent iff its sequence < S,,> of 
partial sums is bounded above. 
or 


A series of positive terms Хи, converges iff 


S, = Щщ +№-...... tu, < К Vn e N, where К e Кү. 
Proof: First suppose that S, = ц +19 +.....+и, < К Vn e М. 


ic, «S,» is bounded above. Since the series Xu, is of positive terms, then < S,» is 
monotonically increasing sequence which is bounded above, therefore by monotone 


convergence theorem for sequence < 5,» is converge and hence Хи, is convergent. 


Conversely, let us suppose that Zujis convergent. Then sequence of partial sums < S,» of 


Xu, is also convergent. We know that every convergent sequence is bounded, therefore 
«S,» is bounded i.e., k < S, < К Vn e N. Now taking S, < К Vne М i.e., 


S, -u +10 +... +U < К Yne N 


NOTE: 


In order to prove that the series of positive terms У u, is divergent, we have to show that 


the sequence of partial sums < S,» of X u, is not bounded. 


Theorem 4: An infinite series of positive terms is divergent, if each terms after a 


fixed stage is greater than some fixed positive quantity. 
Proof: Let Xu, be a series of positive terms such that и„> k Vn > m, where k is a fixed 
positive quantity. 


> esl sgg cce are all >К 
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Now, и +1 +......+ ил = Sum of a finite number of positive terms of Ун, = a fixed, finite 


positive quantity = M (say) 


Let S, = (И tuus FU tee Ug) 

= (ib esso Hg) + (ии + Ин tee иң) 

= M + (и + Ugg tee ty) > М+Ё+4-+........ +k 

(n — m) times 
> S, > М + (n- m)k 
> lim 5,» lim [M+ (n-m)k] = M + (%-m)k = © 
ПЭ co n— со 

> Xu, is divergent. 


Theorem 5: The nature of a series remain unaltered if the sign of all the terms of 


series are all together changed. 


Proof: Let Хи =и +19 +..... ut... be an infinite series, then 


S, =U + yt... Hg, 


If the signs of all the terms of the given series are all together changed, then series will 


become 


Uy — Uy — Ug... № -....... 


Let S,/ be sum of first и terms of this series, then 


S, =-=И = № —..... иң = (ц +0+..... Ug) 


> Sy = -Sy 
= lim 5/-- lim S, ах) 
n со n оо 


From (1) it is quite clear that if lim S, is finite and unique, then lim S,' will also be a 
п со n оо 


finite and unique quantity i.e., if the given series is convergent, then the new series is 


convergent. 


Again, if lim S, 24e» or -ee, then 
п со 


lim S',2—e or +o 
П со 


i.e., if the given series is divergent, then the new series is also divergent. 


Lastly, if lim S,, oscillates then, lim Sj, will also oscillate and therefore, if the given series 
n— со n co 


is an oscillatory, then the new series will be oscillatory. 
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Theorem 6: The nature of an infinite series remain unaltered by the addition or 


removal of a finite number of terms. 
Proof: Let Xu, = ц +1 +.....4Uyt...... be a given series, and let a+ и +1 +....+и+....... be 


a series obtained by adding one more term to it. Let S, be the sum of first n terms of the series 


Xu, and S,/ be the sum of first terms of the new series , then 


S, =u +1 +.....+и, and 


S, =А+И +1 +....... + Uy} 
= Sy =а+ 5,1 
> lim S,'=a+ lim 561 . (1) 
n оо noo 


If lim S,2S , then lim S,, =S,so from (1), we have lim S,'2a- S. 
n— со пЭ со П со 


If S is finite and unique i.e., Х и, is convergent, then lim S'=a+S is also finite and 


П оо 
unique and therefore, the new series will also be convergent, if lim S, 2e» or lim S, 
П со n оо 
= co, then from (1), we have lim S,'= a+ e» = e». This shows that if X и, is divergent, then 
ПЭ co 


the new series will also be divergent. 


If Xu, oscillates, then lim S, will also oscillate also lim S,'=a+S will also oscillate 
n— оо П со 


and therefore, the new series will also oscillate. 
Similarly, we can show that for the removal of finite number of terms also. 


Theorem 7: If each term of a given series is multiplied or divided by a fixed 
non-zero number, then the new series so obtained will remain convergent or 


divergent according as it was originally convergent or divergent. 
Proof: Let the given series be 
Хил =W +1 +... ut... 


and S, = Uy +1 +......+иИ 


Let the series be multiplied by a fixed non-zero number, say X. Then, the series will 


become 
Aag + Аю +... y. 
If 5„ be the sum of first л terms of the new series. Then, 
S, = Ли + Mh +..... FAM, = A (и ++... жи) 
> Sy = А5, 


> lim S,'=A lim 5, XL) 


П со n— со 
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It is quite obvious from (1), that lim 5, is finite and unique, + œ and – and oscillates 
ПЭ со 


according as lim S, is finite and unique, + e» and — and oscillates. Hence, the nature of 
n со 


the new series will remain the same as that of the original series. 


: 1 Ses 
Again, let à =—, where m is finite and non-zero, then from (1), we have 
m 


lim S,'= lim (AS,,) ээ lim 5, 


И со П со mM n» со 
With the same reasoning as discussed above we can prove that the nature of the series in 


this case even will remain the same as that of the original series. 


Theorem 8: If two infinite series are given, then the series formed by their sum 
will be: 
(i) Convergent, if both the series are convergent 


(ii) Divergent, if any one of them is divergent. 


Proof: Let Xu, and Xv, be the two given series. Then, the series formed by their sum 
=È u, + È vy, = (ии + Vy) 


= (м * vj + (№ + %)+...... (uy + Vy_)t..... 
Let 5,5 and S,'' be the sum of first n terms of the series Xu, Ev, and X(u,- Vy) 
respectively, then 


= (и +1 +.... Ни) + (11 ++... жр) = 5, + SS 


lim S,'- lim S, + lim S, (1) 
n со n со И со 


(i) _ If Zu, and Ур, both are convergent, then lim 5, and lim 5, both are finite and 
definite numbers and sum of Байера пробе is aoa finite-definite number 
therefore from (1), we have lim S,''is a finite definite-number. Hence, X(u, + р) 
is also convergent. С 


(ii) If any one of the given series (say first series) is divergent, then lim S, will be 


п co 
infinite which when added to finite-definite quantity | lim 3 will result into an 


И оо 
infinite quantity. 
Hence, X(u, + р) is also divergent. 
Theorem 9: If each terms of a series Xu, positive terms does not exceed the 
corresponding terms of a convergent series Унд of positive terms, then Xu, is convergent. 


If on the contrary, each terms of Ун, exceeds (or equals) the corresponding term of 


a divergent series of positive terms, then Zu, is divergent. 
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Proof: Let the given series are Хи, and Ур,, then let 


S, = щ +1 +.....+и, and S, 2 vj +1 +...... Y 


We have Uy E V, VneN, then 
и+№-....... + Uy SY t vo +...... хал 
> Sa < S, 


But we have X v, is convergent series of positive terms, 


therefore, lim S,/ = finite-definite number = S' (say). 
ПЭ оо 

It follows that S,€5, жо" 

> 5,455" VneN 


We have Хр, is divergent i.e., lim 5, = e» or— ee. 
n— со 


Hence, lim S, will be e» or —ee. So Xr, is divergent. 
n— со 


1 
5.3.7 Hyper Harmonic Series or p-series > — 


n 
: : : 1 1 1 1 1 : 
The infinite series E — = — + — + — 4... — +....... converges if p »1 and 
n" 1р 2P 3P n? 
diverges if p < 1. [B.C.A. (I.G.N.O-U.) 2012, 09; B.C.A. (Meerut) 2012, 07, 00; 


B.C.A. (Lucknow) 2011, 08, 06; B.C.A. (Agra) 2011, 06, 02] 


Proof: Case I: When p>1 


dou 

Ро 

1 1 1 1 2 1 1 

ap faa Saw гҮ “су = туст [because — < | 

2Р 3P 2P 25 25 2р 3P N 

1 1 1 1 1 1 1 1 4 1 1 

— + — + — + — KH а =? 

4P 5P 6P 79 4P 4P 4P АР АР 471 (grJy 
1 ] T 1 1 1 

because — < —,— <— and — < — 

59 4P 6P 4P 7P АР 


Similarly, the sum of next eight terms 


l I 1 1 I 1 8 1 1 
Е eus —— < + +... +— =— =— = 
89 9р 159 # 8e AE LN LI. 
and so on. 
Now ga EQ. ee oor ЕЯ (1) 
n” |Р 2р Зр пр 
1 Е =| Е 1 I >) G 1 г.) 
=— H || + Jt] oto... tt... 
P \2Р 3P) (P 5P бР mP g" 9r 15? 
1 1 


< "ari gr gr Sere 542) 
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This is a geometric series whose common ratio is E < land therefore (2) is convergent. 
РГЕ 


Їл 
Hence, X -8 convergent. 
n 


Case П: When p «I 


zle I. US е9 
n” n 
1 
We have алаг 
1-1 1] ] 211 
—+—>—+—=—=— 
3 4 4 4 4 2 
111111114 1 
(—— ————— = > 
5 6 7 8 8 8 8 8 8 2 
and so on. 
Now ete goa vibe’ "n T 
n 2 3 4 n 
1 Ї | (2 1.1 d 
=1+—+|—+—|+|—+—+—+-— {+...... 
2 13 4 5 6 7 8 
>1+—+—+—+........ 
> а ыу жээ 
n 2 
5, =1+ (1-1) „= Sum of first terms of the series emer 
: : 1 
> lim S, = lim 51+ (и- =} = о 
n— со n— оо 2 
: 1.1.1 2 
i.e., 1+—+—+—+........ is divergent. 
2. 2 2 


From (3), we have X I is divergent because 
n 


1 1 (s =) Ё 1 I Ч 
ХЕ + |+ >+ |+...... 
n 2 43 4 5.6 78 


is term by greater than a divergent series 5 + s + 5 +..... 
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Case III: When p «1 


If р<1= Р asl Vn=2,3,4,...... 
n n 
> в. 
ИР n 

1 1 

—+——+— +... >1+—+—+—+...... 

№ 2P Зр 
| 1, : . 1.1.1] 
Le,X T is term by term greater than the divergent series 1+ 2 + 2 + 2 +..... 

7 


Ш 
Hence, 237 is divergent. 
n 


5.3.8 Comparison Tests 
Theorem 10: If Xu, and £r, are series of positive terms and Xr, is convergent and 
there is a positive constant К such that и, < kv, Vn e №, then Уи, is also 


convergent. 
Proof: Let Sy =щ +10 +.....+и, and 5, =и+1+..... НР 
We have и, € kv, Vn e №, therefore 
Sy = щ +1 +..... uy € kr] + kvo +......+Кә = (И + vo +... жр) = KSy 
i.e., Sn < 5, (1) 


If Xv, is convergent, then the sequence of partial series < S,» of Xv,is convergent and 


hence bounded. 


There exist a positive integer k such that 


5, <ko Үл є N 
From (1) S, < К5/, < kko VneN 
> S, « X Уп є №, where ДК = X 


This shows that < S, > is bounded and therefore bounded above where < S,» is the 


sequence of partial sums of £ и, which is monotonically increasing. 
Thus, we have < S,,>is monotonically increasing and bounded above, so it is convergent. 


If < S,» is convergent, then ХУ uis also convergent. 
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Theorem 11: If X и, and X v, are series of positive terms and Zr, is divergent and 


there is a positive constant k such that u,, 2 kv, Vn є М, then > и, is also divergent. 


Proof: Let S, = щ +1 +......+и„ and Si, = vj +1 +..... НР 

We have Uy > kv, VneN 

> Up bc... Fu, > Ки + kvo +...... + kv, = K(vj + v9 *...-vy) 

> 5,255,  VneN sall) 


We have X v, is divergent, therefore < S; > the sequence of partial sums of X v, is also 


divergent. 

= For each positive number ky however large, there exist a positive interger m such that 
5, > ko Vn»m 

> S, >À Vn > m, where kk, = А 


This shows that «5,» the sequence of partial sums of È u, is divergent and hence, X и, is 


divergent. 


Theorem 12: If X ид and > v, are series of positive terms and = v, is convergent 


and there is a positive constant k such that и, < kv, Vn >m, then X u, is also 


convergent. 

Proof: Let Sa =цщ +ш+....+и and Si =v +v... + v, 
We have Uy € kv, Vn»m 

— Uns) S Vinay 


Uns © Кузо 


Uy € Ку, 


Adding, ит + 02+... Ни S Kop + ао +.) 


= (5-5) SK(Sy- Sin) Vn >m 
=> S, < k Sh + (Sy — 5) Vn»m 
> Sy ©К5 + Vn»m (l) 


where < 57 > the sequence of partial sums of X v, is also convergent and hence bounded 


above. 
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From (1), we have < S,» is bounded above and also < S,» is monotonically increasing 


because X и, is the series of positive terms. 


Now < S,,> the sequence of partial sums of Хи, is monotonically increasing and bounded 
above, therefore by monotone convergence theorem for sequence < S,» is convergent and 
hence, Xu, is convergent. 

Theorem 13: If Xu, and Zr, are two series of positive terms and Xv, is divergent 


and there is a positive constant К such that и, > kv, Vn > m, then X и, is also 


divergent. 

Proof: Let S,-utwt..-w4 and S,zwvp +0) +.....+р 
It is give that uy, > kv, Vn»m 

= ya] > Kv 


Un42 > т +2 


Uy > КР, 


Adding, ии + ито... > (Ри + Рио +...) 


> Sa- Sin > (5-5) 

> S, > k Sh + (5 = К5,,) 

> 5,255 Үл» т (1) 
where, S,-kS,-pu 


We have Ур, is divergent, therefore < 55», the sequence of partial sums of È р, is also 


divergent. 

= For each positive integer А, however large, there exist a positive integer т such that 
Р Vn»m 

Let mo = max{m.m }, then 


Si > р Ул 


From (1), we have Sy, > kkh +u Yn > m 
= S, >h Yn>m, where kk +y =h 
> < S„> is divergent. 


=» и, is divergent because < S,» be the sequence of partial sums of X ид, 
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Theorem 14: If и, and Ур; are two series of positive terms and there exist two 


positive constants H and k (independent of n) and a positive integer m such that 


u 
Н < & <k Vn>m, 
Vy 


then the two series Xu, and Xv, converge or diverge together. 


Proof: We have Ур, is a series of positive terms i.e., 


у, >0 VneN 


n ? 


D 
H< ey Vn»m 
Yn 


> Hv, <и < kv, Vn» m (1) 


Case I: When È v, is convergent then from (1), we have 


Uy < kv Vn»m 
From theorem (3), we have if u, < kv, Vn > mand Ур, is convergent, then У uis convergent. 


Case П: When È v, is divergent, then from (1), we have и, > Hv, Vn» т and È v, is 


divergent, there from theorem (4) we have X и, is divergent. 


Case Ш: When Хи, is convergent. 
From (1) , we have Hv, < Uy Vn»m 
1 
> Vy < H ии Vn»m 
If и, is convergent, then from theorem (3) we have È v, is convergent. 
Case IV: When X и, is divergent. 
From (1), we have kv,» u, | Vn»m 
1 

> Vy > i ии Vn»m 
If X и, is divergent, then from theorem (4), we have X v, is divergent. 

Theorem 15: If Хи, and > v, be the two series of positive terms such that 
lim “ =1 (finite and non-zero), then Xu, and > v, both converge or diverge 


n>» Vy 


together. 
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Proof: If X и, and X v, be the series of positive terms, 


u, 
then и, >0 and v, 20 Vn e М, апа therefore 4>0 VneN. 
Vy 


If lim In =] then 120 but we have l #0, sol» 0. 
n> оо Vy 


If lim Mna 1,< 2. > converges to l i.e., for any e» 0. There exist m e M such that 
n> со Vy Va 


Шш _1| «є Vn»m 
Vn 
> l- e<” che Vn»m 
Vy 
> (I- є) (v) < u, < (l+ e)(v,) Vn» m 


Let €» 0 be so chosen that l- e» 0. 
Taking l- e= Н апа , [+ є= К, then from (1), we have 
Hv,«u,«kv, Vn»m 
Now, if У р, is convergent, then X kv, is also convergent. From (2), we have 


> Xu < ХА, 


i.c, Xu, is term by term less than a convergent series È kv, except possibly for a finite 


number of terms. 
Therefore, X u, is also convergent. 
Again if X v, is divergent, then X Hv, is also divergent. 


From (2), we have X Hv, < uy. 


=» È Hv, < Eu, i.e., Xu, is term by term greater than a divergent series X Hv, except 


possibly for a finite number of terms. Therefore, Хи, is also divergent. Hence, the series 


У и, and X р, converge or diverge together. 


NOTE: 


This theorem is important from the point of view of application to the solution of 


problems. 
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Theorem 16: If X и, and У v, be the series of positive terms. 


G) f > —"_ \“п > тапа X v, is convergent, then X u, is also convergent. 
Hg] PnH 
11 и V : : : А 
(i) jg." <n vn s mand = v, is divergent, then X u, is also divergent. 
Hg] PnH 
: р 
Proof: (i) u >" vns m then 


(ii) 


Uy] Vn] 


Ит+1 > Ут+1 


Un+2 Vm42 


И, р 
m-+2 > m2. 


Un+3 Yint3 


Un+3 > Vn+3 
Un+d Ута 
Uy] Yu] 
Uy Vy 


Multiplying the corresponding sides of the above inequalities, we have 


р 
Hyg] > ml Vn»m 
Ид Vn 
u 
> Un < ь Vn»m 
Vint 


Hy] +]; 


Vna] 


> и, <и Vn»m,wherek- is a fixed positive quantity. 


Ур, is convergent > X kr, is convergent and hence, Xu, is convergent. 


| р 
Using ne vum 


Ин Ун 


Now proceeding as in part (i), we have 


и р 
m+l < “n+l Yn >m 
Un Vy 
> Uy) > >( | Мп>т 
Ут 
> Uy > АР Vn»m 2401) 


Hyg] 


where k = is a fixed positive quantity. We have Хр, is divergent. 


Vint 
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=> Ур, is also divergent, therefore from (1) we have Xu, is divergent. 


Working rule for applying the comparison test given into the form of 
theorem 6. 


А : - ipso OW 
The theorem 6 states that if и, and X v, be the two series of positive terms and if lim — =], 


п өө Vg 
where / is finite and non-zero, then the two series converge or diverge together. 


ШУ и, = щ + Wt... AUyt...... be the series of positive terms, where nth term of the series и, 
contains the powers of n only which may be positive or negative, integral or fractional. Let 


an 4 bn ls... 
Uy = ea E EN 
оиР+ Bn! ^ +....... 


ЕА 22 
E: hee SE ‚кы 
Р Р-4 
n мл Мо? n gaba A 
n n 


where p and q are the highest indices of n in the denominator and numerator of и, 
respectively. 


Now taking v„ = v ‚Шеп £ v, =z — is convergent if p- q > 1 and divergent if p- q <1. 


b 
а+- +..... 
: и, : а 
Now lim “= lim | |=“. 
E пэ») р M a 
n 
а... 
If — is finite and non-zero, then 
a. 
1, У u, is convergent, if X v, is convergent and 


2. Zu, is divergent, if X v, is divergent. 


1 
и 


n = т, then u, can be written as 
ол? + BrP + 


7 0 


a PETS 
от + Ви + 


1 
=— and we have 
nl 


Vy 


: u : 
lim — = lim 
n> оо Vy n— oo 
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Example 13: Test each of the following series for convergence : [B.C.A. (Meerut) 2006] 
(i) — — — 

1.2.3 2.3.4 3.4.5 
(ii) ! + : + pu +..... 

42443. /3-/2 М.Б [B.C.A. (Rohilkhand) 2012] 
(HE VEL Ne Os... 

4.6 6.8 810 
(55:22:52 „1, 1. 

3.7 4.9 5.11 6-13 [B.C.A. (Rohilkhand) 2011, 07] 
Solution: (i) Let Хи, = EE + E + 2- +...... 


1.2.3 2.3.4 3.4.5 


If и, be the nth term of the given series X u, then numerator of umis the mth term of the 
progression 1,3,5..... by the formula а+ (п–1) 4, we get mth term is (2-1) of the 
numerator. The denominator of и, = (mth term of I, 2, 3....) х (mth term of 2, 3,4......) х 
(nth term of 3, 4, 5,....)2 n (n+1)(n+ 2). 


n E - 1) 2- 1 
2п-1 п п 
Therefore, и; = УРЕТРА 11 205 "an mW 
mee 52) т 1-2) ZU _|\1+ = 
n n n 
: г. Ты З 
Taking, Vy = 2 Ley Жү > т is a convergent series and 
7 


: Uy, 
lim — = lim 


n> өө Vy n со ++] 
n n 


which is finite and non-zero. Therefore, by comparison test X u, is convergent. 


- 1 1 1 
ii У u, = ————— Ч....... 
Е "лБ 
(nth term of 1,1,1,..... ) 


= (nth term of 42,43, 4, 221 db term 05У3,44,4/5, п ) 


oa DEN 
н. п+2 
le t 142 = 
n 
: І. 
Такіпо yy = Е Le, Xv, У тре "т is divergent and 
lim “t= lim 


n> өө Vy n> со 
Ie d ыг 


which is finite and non-zero. Therefore, by comparison test È и, is divergent. 
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(iii) 


(nth term of УТ, 43, J5,..... ) 
И — EEE 
л (nth term of 4,6,8,..... ) + (nth term of 6,8,10,...... ) 


J2n-1 Ул 42-1/п 
(2n+2)(2n+4) ye 2+2)(2+1) 


1 n 


773m 
n (2 + z) (2 + “| 
п п 


А 1 i : 
Taking р, = 3m then we have X v,-2X 37 is a convergent series and 
7 
и, 42 -1/n 


lim == lim 


n> c Vy n> оо an (2+2) 
n n 


42 


4 


which is finite and non-zero. Therefore, by comparison test X и, is convergent. 


(nth term of 1,1,1,..... ) 


ыг (nth term of 3,4,5,6,..... )x(nth term of 7,9,11,13,...... ) 


1 1 
стт 


п п 


: 1 1-: : 
Taking „= rem we have X v, = — 15 a convergent series and 
) 


т 


lim In = lim NC SM 
n> co Vg 7053] 
n n 


1 TN 
= 2 which is finite and non-zero. 


By comparison test У и, is convergent. 
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Example 14: Test the convergence of the series whose nth term is : 


уУп+1-уп-1 п+1-Уп 1 dl 
.. ... ЕЭ 1 2 Jn 
@ п (1) Уп + Уп +1 цас i [B.C.A. (Meerut) 2009, 04] 


(iv) Ма «1-48. (о) Jit sieve? (vi) [08 1) — n] paca. (Meerut) 2008] 
(vii) > шин 


[B.C.A. (Meerut) 2009, 08] 


Solution: (i) We have 
_ул+1-ул-1 _vntl-vn-l n+l+vn-l 


Uy = = pile нш 
n n n-c-lc-4n-l 


[ | 


_(и+1)-(и—1)_ (n-1 
Ия - FÉ ШИЕ am 
n n 


| 1 1. : 
Taking v, = seen У рр = У 37 is a convergent series and 
7 ) 


Un _ 


lim 
n> со Vy Mrs оо 
[i+ (1-5 - 
3 4] 


which is finite and non-zero. 


By comparison test X и, is convergent series. 


ii Цр = ———— ———— 
= "o /л+уп+1 n (1+4) 


| 1 1 : А 
Taking v, 2 —,so that Хр, = X Ju is divergent series and 


vn 
[ ] 
lim Zu = lim ne 21 
пә æ Vy n>% 1+ m 
n 
which is finite and non-zero. 


By comparison test X и, is a divergent series. 
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iii Uy -4nl- 
( ) n XS кат к 
[ ] 
2 (и+)-и 1. 1 
Jn-l-4n vn 1 
1+—+1 
п 
Taking v, = = so that р, = Х m is divergent series and 
[ ] 
Uy 1 1 


lim = lim ЕС 
пә сор n со 
а 1+-+1 

n 


which is finite and non-zero. 


By comparison test X и, is divergent series. 


[gui i ЕЕ „уш ee i 


(iv) 
um a “Te +1+ 481448 
= аг. -1- 1 
fe m +1+ TE nl 2812 E 
(ан 
Taking v, = =y, then Z z- : d 
aking v, = 5371 , then È v, = 372 is а convergent series an 
lim И = lim -——— l 
пә c Vy п о RUE 2 
n 
which is finite and non-zero. 
By comparison test X u, is convergent series. 
(v) Uy = =й +1 -Vê = n+l кыы йау 


ae 


иж 
—| 


шэн —- _ -5 1 
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: 1 l | 
Taking v, = =, then Хр, => — is a convergent series and 
) ) 


which is finite and non-zero. 


By comparison test X и, is convergent series. 


1/3 
(vi) Uy) = (и? + p =n= 1 + - - | 


n 


= "(i + = - E. +..... | - | using binomial theorem 


015-153 ) (5-55 | 
Зл m 7 w\3 өг > 


' 1 1. : 
Taking v, = 2 then Xv, = У 2 is a convergent series and 
) 7 


тээ” . 1 1 1 
lim = lim нна == 
n> c Vy n>o\3 On 3 
which is finite and non-zero. 


By comparison test X и, is convergent series. 


Jn1- Jn 


(vii) We have Uy = 
п? 


Multiplying numerator and a denominator Бу (Ул+1 + ул), ме get 


(Мп+1 —Ул)(Уп+1+ Ул) _ п+1-л 
ын (Qn 124 Jr)! (Уп+1 (Ул+1+ улул? 


— — 
1 

223 '"- 1) 
n 


1 
Let Vy ——]7,then 
n 


nP +2) 
lim Æ = lim ———————- =1#0 


З CD 
n 
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Then by comparison test both series converge or divergent together, but we have to 
test 


l 
= 
п рН 


will be convergent if p+ - >lor p> - and divergent if p+ - <lorps - , 
Hence, given series X m,will be convergent if р > - and divergent if p < > 


Example 15: Test for the convergence the series 
(1) X siat 
n [B.C.A. (Kanpur) 2010] 
(й) X са tan I 
n 


vn 


[B.C.A. (Kanpur) 2010] 


Solution: (i) Let Xu, = У ѕіп 1 
n 


2271 
We have Uy, = sin = 
n 


А І ИЙ : 
Taking v, =—,then Ур, =Х- 15 a convergent series and 
n n 


Un _ 


lim == lim 


n> e» Vy n> со 1 
n 


which is finite and non-zero. 


By comparison test X и, is convergent series. 


(1) Let Xu,= 2 L tan 3 then и, = ES tan r 


vn n Jn n 


1 1 
Taking р, = —=, then È v, = X у is a convergent series and 
8 Vn e n pe 8 


E tan : тап B 
lim = вл li шин 


ndn 


which is finite and non-zero. 


By comparison test È и, is convergent series. 
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Gay Wee | ee ur (92 — (1-2) 
n p og n) nP n 
: 1 1. А : : 
Taking v, = 0 then Zv,2 X гіз convergent і p—1 > land divergent if p-1 <1. 
n n 


: u А І 
lim == lim ЦЭ -1 
n> e Vy n>% n 
which is finite and non-zero. 


By comparison test X и, is convergent series if p—1 > І and divergent p-I <1. 


: 1 1 
(iv) Let X Uy = 21 di j then Up= | 1 | =T 
1+— = = 
po" ps ^ n.n” 
Taking v, = — hem Zv, = У 14 is a divergent series and 
n 
lim “= lim ee 
noc Vy, noon!” Ши 1 
ИЭ со 
which is finite and non-zero. 
By comparison test У и, is divergent series. 
Example 16: Test the convergence of the series 
42-1, 43-1, 44-1, 
l al od o | [B.C.A. (Agra) 2008] 


[ т T a | 
+ — — — 
Solution: _уп+1-1 = Уп Mon ми. 


| 2 1 
1+ = -= 
n n 
i Уп __1 L. | 
Taking v, = = = theni r =F is a convergent series and 
в pe n= 572 8 
| TEN 
lim “= tim JV a vn | +00 | 
n>» Vg п ә ( = 1 (1+0)? -0 
1+= --р 
л n 


which is finite and non-zero. 


By comparison test X и, is convergent series. 
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Example 17: Show that the series 
1-2 3-4 5.6 
32.42 52.62 72.82 


1-2 3-4 5-6 


Solution: Let Eu, = —— + —— 4+ Ss 
d Nu. 


_ (nth term of 1,3,5,..... ) x (nth term of 2,4,6........ ) 
(nth term of 3,5,7,..... y x (nth term of 4, 6, 8,...... y 


1 


(2n-D2n ad | -2р 


we wt | | 


; 7 1 I : 
Taking v, = т =, then Xp, = У 2 is a convergent series and 
) 


ji we 
(2-1)2 
ш a ut 
4 


lim == lim ын — r 
п о Vy n>n (2+5) (2+2) 


n 


which is finite and non-zero. 


By comparison test X и, is a convergent series. 


оо 


Example 18: Test for convergence the series У; Не for all positive values of 
+x 


3” 


x. (i.e.,x > 0). 
Solution: Clearly 3" + x » 3", because x >0 


> че <= VneN. 
+x 


I; : . : E | 
Now, ECT is a geometric series with common ratio 3 <l is convergent. Hence by 
comparison test, the given series is convergent for all x > 0. 


: 212 ар . 
Example 19: Let X a, be а series of positive terms, prove that X. — is convergent. 
n 


Solution: We have a, > 0 Vn and let X a, is convergent. 


Therefore, lim a, =0. It follows that Юг Е = 1, there exist m є N 
n oo 


Such that |a, - 0| «1Vn2 m 
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> 0«a,«lVn2m-a «a, Vn2m 
=> хад < XayVn2m 


By comparison test, we have Ул? is convergent. 


2 
Now, (8-2 20 Ун 2d +152 "AL 
n № 


or msi шил TEON 


n n 


But хад and x both are convergent, 95 = TIE =| is convergent and therefore by 
7 


comparison test, we have zÍ — 15 convergent. 
n 


Example 20: If Xa, be the series of positive terms which is convergent, then У —"— is 
+ Ay 


convergent. 


Solution: We have a, >0 =1+а, >l VneN. 


: : ay: 
Now Х a, is convergent, therefore by comparison test X —+~ is convergent. 
+ dg 


Example 21: Prove that the series ! + : asses + 1 а is divergent. 
log2 1053 log 
Solution: We have log n «n Vn»1 
> 1 » | Vn22 
logn n 
su d 1 20023 
The series = + —+........ +- +....... is divergent. 
2 3 n 
By comparison test X is divergent. 
2 logn 
| 1 1 1 . 
Example 22: Show that the series 1+ 2 + 33 +...... ++... is convergent. 
n 
Solution: We know that л" > 2" v n»2 
— ас « = Vn>2 
n 
: 1 ИГ 1 1 | : | : 21 
The series £ — =— ae ee is a geometric series with common ratio — <1 so 
27 2 27 2 5 


: l. 
convergent. By comparison test X m 1S convergent. 
n 
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Example 23: Examine the following series for convergence. 
1 


2 — щи. 
(log ny 98" 


Solution: We have lim log(log n) = e» 
n оо 


We can find n so large that log (log n) > 2 


=> (log л) {log(log n)} > 2 log n 
> log(log nS” > log we 
> (log и)987 > у^ 
ЭР 1 1 


a сн 
(log nos" ",? 


: I... : 
The series X — is convergent, therefore by comparison test X 


2-1 is convergent. 
7 (log n) 98" 


Example 24: Test for convergence the series 


У vn 
FESTE [B.C.A. (Kashi) 2011, 07; 
B.C.A. (Meerut) 2010, 06, 05] 
Solution: Here, we have и, = Ул 
n+l 
1 
Let us take pc Ул = —372 
) n 
Now, lim Ми | lim Ул P 
п о (0р) noc "E 
= lim т 
n2 |r +1 
[ ] 
! 1 
= lim j;[7l 
И оо 1 
1- (2) 
n 
which is finite and non-zero. 
Then by comparison test both series converge or diverge together.But X v, = X 3m is 


convergent as p 23 /2 >l, therefore by comparison test the given series Xu, is also 


convergent. 
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Exercise 5.1 


Test each of the following series for convergence: 


1. 
n=] 
3 y : Vx » 0. 4 
Ё-- 27”-х 
E TI I o] 
= + 
5. 2, b "ra " 
7 == В ЕБЕР Е 8 
° 1.3.5 2.4.6 3.5.7 7 ! 
ELETE n 10 
ЖУУП | | 
а 
11. ЇР 9р 3P va d е 12; 
l p 2 3 ; 
13. 1-42 14243 143¥4 " ша 
1 1 1 1 
15. 537100331100 441/100 + 16. 
v. 2, (1+4 ыг 
n=l [B.C.A. (Kashi) 2009] 
19. >, ‹ "Pu +1 у -1). 20. 
21 »3 dc 22 
` Z | | 
Ч 1 
23. 2. by 24. 
n=l (=) 
n 


2 om 2 


——+-—_ 
1+23 


1 2 B 44 
t+ + — $+ H... 
7 9 Il 
1 1 1 1 
+ + + +... 
43-4 X5 5-6 46-7 
1-2 (14243, 1+2+3+4 
23 33 43 
ilb gods 
22 39 4% 5 77 
42 І v3 1 44-1 
35.1 4] 5721 ~~ 
[B.C.A. (Agra) 2010] 
Or ep 


Qn eines)? 


Wie +1 +1 —n) 


x [B.C.A. (Rohtak) 2012, 09] 


[B.C.A. (Meerut) 2011] 


27. 


29. 


30. 


ЗІ. 


33. 


34. 


35. 


36. 
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152 
._/ 
T n 
у 1 Е + 2 | 26 1 | 2 | 3 П 
: иЗ (n+3) ` “Ла! 12295 jpa 7 
n-l [B.C.A. (Kanpur) 2009] 
pou Л ` 1 
——sin-|. COS —. 
> (+ ] 28. 2 n 
n-l n-l [B.C.A. (Bundelkhand) 2009] 


Ifa, 20 Vn М and X a, converges, then show that У ЕЗ converges. 
n 


24 


Show that the series e" converges. 


| Hint : е? ЭЭГ" og se P Улє №]. 
4 та 7 


е 


оо 


У Е з2. У, а [В.С.А. (Lucknow) 2007] 
= Z log n oe (n) 


ye 


n=] 


If X 2 and X v2 converge, prove that У и, v, is convergent. 


ІЁХ и, is convergent, prove that X 


(ил 1) is convergent. 
- Uy 


Examine the convergence of the series 


43 4 


. 3 
i) ++ 
(i) 5 ao РЕТ 


(ii) а+р+а2 +? +43 +03 +... 


[Hint: Sum of two convergent series is convergent]. 


(iii) > tan! 2 (iv) у cot 12 


n-l n-l [B.C.A. (Lucknow) 2012] 


n-l n-l [B.C.A. (Meerut) 2008, 03] 


Infinite Series 57 
Шон эээ 


ыг 


Answers 5. 1 


Divergent. . Divergent. . Convergent. 
Convergent. . Convergent. . Divergent. 
Convergent. . Divergent. . Convergent. 


Divergent. . Convergent if p>2 and . Divergent. 
divergent if p <2. 


Divergent. . Convergent. . Convergent. 


Divergent. . Convergent if p-q+1<0 . Divergent. 
and divergent if p- 44120. 


Convergent. . Divergent. 21. Convergent. 


Divergent. . Convergent if a > І апа divergent 24. Convergent. 
ifaxl. 


Convergent. . Divergent. . Convergent. 


Divergent. . Convergent. . Convergent. 
Convergent. 


(i) Convergent (ii) Convergent only when |а| and | | are <1. 


(iii) Divergent (iv) Convergent (v) Convergent (vi) Convergent. 


5.3.9 Cauchy's Root Test (or Cauchy's Radical Test) 


Let X u, be a series of positive terms such that 


lim (u,)!/" = I, Then, 


n— со 


1. Хи, converges if «1 2. Lu, diverges if 121 


3. Test fails [=1. 


a В.С.А.Мапетайс$-Ш 
(у — 
eA 


Proof: Case I: When/ <1 


We can take => 0 such that /+ є« Тогос <1, where [+ є = о 


If lim (u,)!/" = 1, then 


И co 
1/п 
|) ^" -I|«e Vn2m ...(Т) 
> l-e«(u)"zlre  Vn2m 2) 
Consider (u,) " <1 + € or (uj) " <a Vn2 m 
=> и <(0)” . Vn2m 
Now Х(0)7 =o xe Фа, а is а geometric series with common ratio a <l, so 


convergent. By comparison test Xu, is also convergent. 
Case II : When / >1 
We can take є> 0 such that l- e» 1or В >1, where В = /– є 


If lim (u,)!/"=1, then 


П со 


| иу77-1 «є Vn2m 
> l- e< (u)! ” <l+e nem 
Consider B < (m)! <а Yn > m, where В »1 
5 Bea," vu2m 
= B" <u, 
Now Ep" =B+ p + p Eus being geometric series with common ratio В > І, so divergent. 


By comparison test Хи, is also divergent. 
Case Ш: When 1-1 
We shall give example of two series : One convergent and the other divergent, but both 


satisfying lim (u,)!"— 1. So, Cauchy root test fails. 
n— со 


| : ls as 
Consider the series X и, = Zi — is divergent and 
n 


Infinite Series c. 
st!) 


1/ 1/п 1 1 
lim (1,) ^" = lim (=) = lim ===] 
(us) PERT (qu) /" 1 


Again, consider the series X и, = Bo is convergent, but 
, 
1/п 
1 1 1 
lim И — Jim (=) = lim ===]. 
п 0 06) пэ е (у п e (и)? 1 


Example 25: Test the convergence of the following series : 
[B.C.A. (Meerut) 2011, 04, 03, 02, 00] 


| п n 1 HN т х! 
(1) X 1 or У|1+— (1) Ух [B.C.A. (I.G.N.O.U.) 2010] 
n+ n n 
(iii) У T F (iv) Xx'm"(x»0) 
n=2 
2 
n n 
(v) 155) л) >“ > 
2n (п +1)" 
[B.C.A. (Bundelkhand) 2008] 
1 -п3??. 
(vii) хат -1 (vii) X ( + X) [B.C.A. (Kanpur) 2009] 
n 
: Эн, 1 
(ix) У. L (x) X a [B.C.A. (Purvanchal) 2011] 
n=l 
(xi) x27-€D"' 
9 /n 
Solution: (i) Let u 21 then (1 1283) | 
| n= n+l) ' ^ Ч n4l | 
Ё БЭ) Е (ey. | 
n+l) Хи i | | 
1+— 
п 
1 1 


lim m= lim ———— = ——————--«l 
n oo П оо 1 л А 1 Там, 
1-- lim |14-- 
л n оо n 


By Cauchy's root test, the given series X и, is convergent . 


V) 


(ii) 


(iii) 


(vii) 


(viii) 


(ix) 


Hint: lim (m) "= lim ==0 <1 
n— оо noo И 


Hint: lim (u)! "= lim н 0 «I 
пЭ co пэ logn = 


Hint: lim (1m)! = lim nx 251 
n со noo 


Hint: lim (u,)!/" = lim шиг Ч (ee 


пә co nc ЗИ noe\3S п 
Hint: Similar to part (i) 
и = (1 1)" => (m) = -1 
lim (1,)" = lim (1/10) = lim л/”—1 
n о пә о лә со 


=1-1=0<1 


Hence, by Cauchy's root test, the given series converges. 


2 | 
We have Uy = z z) = гүйн 
1+— 
шал 
l/n _ 1 
= (Uy = : m 
1+—= 
л) 
: l/n _ 1 _1 
2 (№) i 1 vn [4 i» 
lim |1+— 
i» ( Л) 


Hence, by Cauchy's root test, the given series converges. 


1/n3 
We have Uy = ын => (u,)!/" 2 (n = ) 
3 
[im 2 А 
СЕР saj 
lim (am) — -i 


Hence, by Cauchy's root test, the given series converges. 


В.С.А. Майетайс$-Ш 


(Ans. Convergent) 


(Ans. Convergent) 


(Ans. Divergent) 


(Ans. Convergent) 


Infinite Series A 
C -———— 5 
ые 


1 1 
(x) | We have № = т => (и) = 
lim (m) "2 lim 22 —20«1 
п со noon eo 


So, the given series converges. 


(xi) We have "ЭЭ маш caben = -———  — 
" 9n«-D" оп" 
Now, (и) = ы 
2 эс” 
n 
lim (u,)!/" = : a Ч «1 [ ЫГ o) 
n оо = nv N 
lim 2 л 
n—- со 


Hence, by Cauchy's root test, the given series converges. 


Example 26: Examine the convergence of the series 


-1 -2 -3 
Je 2 3 3 44 4 
ЗЭ. = 1 + no ээн 2 + 54 мэн 3 + ..... . 
Ї 2 3 [B.C.A. (Delhi) 2012; 


B.C.A. (Bhopal) 2012; B.C.A. (Meerut) 2008] 


Solution: 


n 


Л” = (227 n+ 1 
L 


| | 
lim (и) = | lim (1+ =) lim (1+ d - lim (1+ | 
n оо Шин ny nee n ПЭ оо n 


sej з Кыл (-е>22е-1219 <1) 
e-l 1 


wa В.С.А.Мапетайс$-Ш 
(тт 
.-7 


Example 27: Test the convergence of series 
2 3 
zs E (©) sas 
2 3 4 5 [B.C.A. (Indore) 2011] 


Solution: Neglecting the first term which do not effect the nature of the series, let the 


given series be denoted by X и,. Then, 


на 
l/n “| F 
= = x 
ш) E 142 
n 
1+- 
lim (u,)!/"= lim 5 xm 
ПЭ со п со = 


Hence, by Cauchy's root test, the given series will be convergent if x < І and divergent if x > 1. 


Also the test fails if x =1. 


Now, when 


0” 


. I Та: 
Taking v, = = so LY, = ET is divergent. 
7 


. u : 
lim — = lim == =- 


neo Vy П оо эү! e [4 
1+= 


which is finite and non-zero. 


By comparison test X и, is divergent, when х = 1. 


Infinite Series 


Exercise 5.2 


Test the convergence of the following series: 


со | n dh 1 г 
1-- - 
1 2, | r) 2 2, ЕЗ | 3 
= n= 
52 йн со Г T 
1 
22 > log|1+— 
4 2 ( =) 5 == | 1| 3l 6 
n-l n-l 
7 Ре, цаг 
—+—+— -+.... l^ 
2 32 43 8. 1 i^ 9. 
= n" 2 cep 
M g7-C1) 
200 2 
10. 9 п)! 11. = 12. 
ш п 
x 
13. У n) 
n-1 


1 
Hint: lim (m)! = lim = lim |-— 
| ПЭ oo (Hn) П со (n1) /7 кее эг n | 


ml/n , ml/n 
lim (и) X (и) 


пэ = (n1)?! n E VII n>% n 


series converges. | 


Answers 5.2 


Divergent. 2. Divergent. 3o 


Convergent. 7. 


Convergent. 6. 


Divergent. 10. Divergent. JUL 


Convergent. 


Convergent. 
Convergent. 


Convergent. 


(11 — log л)" 


эл! 
п=1 


[B.C.A. (Meerut) 2007] 


[B.C.A. (Meerut) 2002] 


lim Ž=ex0=0< 1, By Cauchy root test, the given 


4. Convergent. 
8. Divergent. 


12. Convergent. 


us B.C. A. Mathematics-III 
°\|\— шаага: 
eA 


5.3.10 D' Alembert's Ratio Test 


If Xu, is a series of positive terms such that 


; Mn+] 
no Ид 


= І, then the series 


Ї: Converges, 11 «1 2. Diverges, if / » land 


3. The test fails, if l 21 (i.e., the series may converge, it may diverge if / = 1). 


"EL Ш 
Proof: We have Z и, =ц + Wy t... gy] + Um + Uny tere and if lim 4L =], then for 


пЭ ео И 
any €» 0, however small, there exist m є № such that 
и 
Ml |е Vn2m 
ил 
> [-є< ri <l+e Ynəm (1) 
Un 
l. When [<1 
Let us choose => 0 such that / < [+ e«1 
If /+ є= r,thenr «1 
u 
From (1), we have 2H. < l+ e2r — Vn2m 
Un 
u 
or nil <r Vn2m 
Un 
> ир] < ГИ Vn2m 
Putting n= m,m -* l,m- 2..... ‚ме get 
Un+ < ТИт (1) 
2 
Um42 < Tum > Ung <T (Um) = Un 2) 
[using (1)] 
box 2 3 
Similarly, ИЗ € Uy 42 > цуз <1 Un) = T Un x3) 


[using (3)] and so on. 


Adding the above inequalities, we get 


ЭГ: 
Ин + a2 + Haa +...... «(rt r^r...) 


Infinite Series d 
Ee 
ые 


= | Each term of the given series У и, after leaving the first и terms (i.e., a finite 
number of terms) is less than the corresponding terms of a geometric series 
which is convergent (1 its common ratio г < I). Hence, the given series Х u, is 
also convergent. 


2. When!»1 


Let us choose €» 0 such that /- e> l and put l- e= К. Therefore, К > 1. 


u u 
Now from (1) , we have 1- є« - or R <= 


Uy Uy 

Und 

=> Z= >р Уи>т 
Uy, 

> ид > Ru, —Vn2m 
Putting n=m,m+1,m+2,..... , we get 

Uns > Кит set T) 

2 : 

Un 42 > Киза] = Um42 > R un [using (1)] 

Similarly, из > Ru Зэ? and so on. 


Adding the above inequalities, we get 


2 3 
iua] dean T a ose >(К + Ке +К°+...... Un 


> Each term of the given series X и, after leaving the first m terms (i.e.,a finite 
number of terms) is greater than the corresponding term of a geometric 
series which is divergent (~ its common ratio R »1). Hence, the given 
series Xu, is also divergent. 


3. When l=], the test fails to give any definite information about convergence or 
divergence of the series. We shall give example of two series : One convergent and 


the other divergent but both satisfying. 


n>» Uy 


А Iz. 
The series Xu, = X — is divergent, but 
n 


lim m lim = lim L. =] 


nc Uy, noontl noe 1+1 


Тос В.С.А.Мапетайс$-Ш 
oom 
eA 


: I 
The series Хи, = 2 is convergent, but 
) 


lim Ман 2 lim s = lim l =] 


nc Uy ИЭ En +] n>% TEN 


п? 


Remark 1: Another equivalent form of Ratio Test is as follows : 


If X и, is the series of positive terms such that 


| 7 
lim SALE then 
пЭ ә И 


(1) Xu, is convergent if / > І 

(ii) Хи, is divergent if / < l and 

(iii) The test fails if 7 2 I. 

Remark 2: If X и, be the series of positive terms such that 


| u 
lim —— 


= co, then X u, is convergent. 
n9 Ир] 


. u u . : 
Proof: If lim —* = ә, then the sequence < — > diverges to ee. So, there exist a 


п со Hyg] Hyg] 


positive integer m such that 


—— 22 Vn2m 


и u 
> "um lea: -5»-- \л>т 
ИА] 2 Hyg] Uy] 


1 : ЯН Sd саа 
where X и, = X — be a geometric series with common ratio > < lis convergent. Hence, by 
2 
comparison test, X и, is convergent. 


Remark 3: If X и, is a series of positive terms such that 


о 
lim “tl 


=0, then Хи, is convergent. 
nc И 


Infinite Series c. 
€—————————————— M M (163) 


Remark 4: If X и, is a series of positive terms such that 


: 7 
lim “L 
n>oo Uy 


= oo, then X u, is divergent. 


Remark 5: Another form of D' Alembert's Ratio Test. The ratio test can also be stated in 


the form given below. 
If X u, is a series of positive terms such that: 


Ин 


(i) If from and after some fixed term <r «1, 


Uy, 


where r is fixed number, then the series X u, is convergent and 


Und 
Uy 


(ii) [f from and after some fixed term “И > |, then the series E ил is divergent. 


Proof: (i) We know that the convergence or divergence of a series is not affected by 
ignoring a finite number of terms. Thus by ignoring a finite number of terms (if needed), 


the series is 4 + u9 + 1 *..... 


ug из u4 


and let —<r,—<rj—<vn....... where r <1, then 
uy ug из 
и и 
UjtUgtUugtugt...... =u] [42359 4 ave 
ир и Uy 


=u] jpn Me uod Lo» 
uy ug И из ug Ш 


=u (erar? er — j< [^r <1] 


which is a finite quantity. 


Hence, the given series X u, is convergent. 


(ii) Let the series after some particular fixed term be 


иү+ и2+ из+ ид+...... and let “ul > >1 VneN 
1 


Then ио» uj,u3? Мо» и]... 
Then иү+ и2+ u3- ид+.....+и„> пир Le, S,» пир. 


Now taking и sufficiently large, nų can be made greater than any finite number, 
however large. 


Hence, the series У u, is divergent. 


То В.С.А.Мапетайс$-Ш 
(Ce 
eA 


Example 28: Test for convergence the series 


l 1 1 1 
X ar + «ond 4 oed ..... 
2 9:2^ 3:9* 4:2 [B.C.A. (L.G.N.O.U.) 2010, 07] 


Solution: Тһе series can be written as 


lp tg ME E 
12 222 323 438 7 
1 
M, >? MM 
(nth term of 1, 2, 3, ,........ )(nth term of 2, 2^ 2°,....... ) 
_ 1 
n.2" 
"mE 
ЭН 7 n+ 27 
n+l n 
2^2 
lim + = lim l ЗЕЛА lim (29) — =2 lim (1+ 1)=2 >1 
пЭ И noon 2” 1 nV n 9" H— co n 


By ratio test, the given series converges. 
Example 29: Test for convergence the series 


=| +|=—]| + Pastas Boss 
3 3.5 3.5.7 


[B.C.A. (Kurukshetra) 2010] 


Solution: We have и, 4 5 


dp 7 08. 
WIS FN Qn 1)2n«3) 


2 


2 
ЗЭР” їе EA 3.5.7......(2и+1)(2и+3) | 


ШИ 
nc Uys] пә | З-5-7....(2151) DE ns Qn | 1-2.3.....n(n* I) 


= lim 


ПЭ со 


Ej И 


By ratio test, the given series converges. 


Infinite Series N^ 
ДїнїеЗэм2 00---------------0) 
Noe 


Example 30: Test for convergence the series 


П "E 271 
0) 2, 7-10......3n+4) e 2, 3741 
i= = 
1-2-3.....я 
5 1 ti : 1 L, =e 
ees (1) тос биа) 


1-2-3.....n(n* I) 


И  ———— 
"H^ 7-10......(3n+4)(3n+ 7) 
lim = lim ]1-2.3.....n „7-10 жээ (3n+4)(3n+7) 
п о Up] пә 7:10...... (3n+4) 1-2-3.....n(n* 1) 
7 
3+- 
21 3n+7 _ N35] 
1 nl >> | 1 
n 
By ratio test, the given series converges. 
N 91-1 эл 
(ii) ид “зл p ЯЗ 
ЭН” ЕУ. gmks] 
lim — = lim ——— x———— 
noc Up] noo 3" 4] 2^ 
| E «i "T 
lim (=| 1 =— lim 1 =>>] 
1912-2 "(14 5) хай 2 
: 1 
Because lim —=0 
n 3" 
By ratio test, the given series is convergent. 
Example 31: Test for convergence the series 
22.22 22.32 32.42 
——+——+——-+..... 1 
1! 2! 3! [B.C.A. (Meerut) 2008] 


T of 2 2? ,32..... T, of 27 32 42... 
Solution: Un 2 ӨЕ ай. Jg of 2f 34; ) 
T, of 1,253. 


af (ntl)? 
Е п! 


То В.С.А.Мапетайс$-Ш 
0 мІ 
eA 


(n+ 1? (n+ 2) 
Wy] ELI EET E 
(n 4 1)! 
Е ти 1? (п+1)2 (0+1)! 


пЭ = И] noe nl! (n+ D^ (n+ 2y 


4 (л+ Пи! 


= lim X 
n> (п+ 2) n! 
А 1 : 
= lim ——y Ша(141)-1хо-о»1 


n> оо 2 n оо 
1-- 


Hence, the series converges. 


оо 


n 
; r | гү 
Example 32: Test for convergence the series 1 zn where r is any positive number. 


n! 
n-l 
r” pitt 
Solution: We have Un = — Ha] = 
n! ((n 1)! 
n 
: u ЭР: п+1)1 ,. l(n+Dn! 
lim —+ = lim Шин! 2 = lim даа 
пЭ ә Ш] noe п! р" nocr п! 


m lim luce ees 
Y noo F 


By ratio test, the given series converges. 


n 
: ИМ: 
Example 33: Test for convergence the series whose nth term is зэ» 0. 


[B.C.A. (Delhi) 2012, 11, 07] 


pa [UH 
Solution: We have Up= — Mya] = 
n’ n (n+ p 


E UR n+l n 
r (n+l) =, Ян (n 4 1) (n4 1) 


: и | 
lim — = lim : 
n [LU 


nec lH] noe И 


Г п œ n T noo n} noo 


n n 
zt lim (1+ a (n4 1) zt lim ЦЭ lim (141) 


= хех = œ>] 
y 


By ratio test, the given series converges. 


Infinite Series 5 
| 
Ne 


: n! 
Example 34: Test for convergence the series —. 
n 
n-l 
: n! (n+l)! 
Solution: We have Un = 5 = "VI 
А и, 0 nb (nel 00 (ne "(n+ Dn! 
lim = lim "EL = lim x 
noo ИН noon (ntl)! noe  n'(n-l)! 
1 л 
= lim (+) =е>1 
ИЭ оо n 


By ratio test, the given series converges. 


Example 35: Test for convergence the series 


i 3b toa 
5 3^ 5 54 7 [B.C.A. (Garhwal) 2007] 
: n! (1-1) 
Solution: ил = 1 and и BS 
p 2x. ЗЭЭ. аас. ЭМЭЭ 


lim — = lim — = lim —— — 
n>% Ша] пэ 5" (n+l)! п>=5”(и+1)п! 


=5 lim fhe) ыу ушл] 
no N+ оо 
By ratio test, the given series diverges. 
Example 36: Test for convergence the series [B.C.A. (Meerut) 2005] 
3 4 
ф EQ Е esd 
1.3 2.4 3-5 4 
3 
(ii) м, "T" (x » 0) 
243 344 4/5 [B.C.A. (Agra) 2007] 
п al 
Solution: (i - d EE o 
ВИША 0) eed) (л+1(л+3) 
n 7 
lim Lt. = lim хо (n+ + 3) 
n> Up] noo И(И+2) x" 


То B.C.A. Mathematics-III 
(eym 
.-7 


By ratio test, 7 u,converges if 5 >11.е., х <1 апа È и, diverges if l <lie,x>1. 
x х 


The test fails for х = І. 


[ | 


Now, for x = 1, we have u, = 21 = 4. l- 
nn-2) і ( | 


122 
л 


Taking v, = ES and Хр; = Х 2 converges. 
т т 


HE : 1 IR Eee : : 
lim “4 = lim — =1 which is finite and non-zero. So by comparison test У и, is 


п—› оо Vy noo 2 


n 
convergent for x = 1. 


Hence, the given series converges for x < l and diverges for x > 1. 


n y 


х 
li u, = — —— and и ee 
(1) T (n+ l)v¥n+2 qe (п+2)ул+3 
и, x^ (n 2)4n 3 


lim — = lim 
nc Ил лә (п+1)Ҹи+2 Fale 


By ratio test, the series converges if = >lor x «land diverges if 5 <lorx>1.The 
x X 


test fails for x = 1. 


For x =1, we have Uy = 


1 
(1л-1)/(--2) 
| 1 


1 1 
Taking v, =-— and Хи = Х 5 converges. 
5 n и? /2 n и? /2 5 


lim “= lim — + — -1 
n>% Vy 714 1+2 


Infinite Series 


° суу 


which is finite and non-zero. Therefore Бу comparison test, the given series 


converges for x =1. 


Hence, the series converges for x < 1 and diverges for x >1. 


Example 37: Test for the convergence the series 


3 
X x 
i — + == + шоо х»0 
в) 45 V7 | ) [B.C.A. (Rohilkhand) 2009] 
3 4 
(ii) Ye it, — (x » 0) 


[B.C.A. (Agra) 2008] 


(iii) --0--ы- + >= t... (x>0) 
243 344 4/5 [B.C.A. (Kanpur) 2010] 
yl 
Solution: (i) We have и, = — 
M " J2n+3 
1 Up 21 Jne5 a | 
lim — = lim A e edipi <= 
n>% lH ne 42n43 x^ noo (243 x 


А [2 +5/n 1 1 
= lim == 
noe V243/n x2 x 


: | „ОЙ : | 221 
By ratio test, X и, is convergent if = > lie, x? «lor x «land divergent if = < 1 
х х 


i.e., х2 >1огх>1. 


The test fails if J -lorx-l 
х 
For х = 1, we have TC -——— — ке 
| аЗ 3| " Jn 
| 2+2 
n 


Taking 


lim “= lim 21 E 
п өө Vy аа 2 


which is finite and non-zero. So by ratio test Хи, diverges if x =1. 


Hence , the given series is convergent if х < І and divergent if x 21. 


(ii) Ме have 


yr 792 


И Е =-————— 
^ (n4 Уи эн (п+2)ул+1 
Un . ut (+2) Ул+2 


lim — = lim 
1n—c U] noe (N+ Gala” ENT 


a В.С.А.Мапетайс$-Ш 
oom 
eA 


(n-2).4n-2 1 : 1 
= lim —————‚—=— lim == 
n>% (ntl)vn x х n>% (1+1) х 
n 
By ratio test, the given series converges if = > lor x «land divergent if 
x 
1 "X 
—«lorx»l. The test fails if —21 or x=l1. 
X X 
[ ] 
1 1 1 
For x =1, we have и„=——=—=— 
"o (neLD4n w° ( J 
+ — 
n 
Taki 22 hen Xp, == 1 
aking v, =a en Lv, = 3n converges. 
Now lim m- lim : = 1 which is finite and non-zero. 
n> со Vy n— со ЦЭ 
n 
So by comparison test, the given series converges. 
Hence, the given series converges if x < 1 and diverges if x > 1. 
©. vied х" 1 
iii e have ba i gf eS 22a 
SM 3 (n D4n4 2 он (n+2)V¥n+3 
1+ =) 1+ 3 
: Uy : (п+2)ул+3. Lodo n n l 
lim = lim — lim 2———————--— 


пэ Wy] лэ (ntl) vn+2 x 1457 2 х 
n 


By ratio test, the given series is converge if — > l i.e., x < l and divergent if 
X 


l <l ie., x >l. The test fails fl -lorxzl. 
X X 


— 
амар | 


For x =1, we have u 21-11 l 1 


"o (nr n2 la 1 


converges. 


Taking >, = шуу then Хр = ХУ е 


Infinite Series c. 
Tt!) 


[ ] 


lim Mn- lim = = | which is finite and non-zero. 


ИЭ ә V, поо 1 2 
а ( + 1) 1+2 

n n 

So by comparison test, the given series converges. 


Hence, the given series converges if x < 1 and diverges if x > 1. 


Example 38: Test for convergence the series 


(1) | x * 0 —..... (x » 0) 


3! 5! [B.C.A. (Lucknow) 2004] 
т e y 
(ii) E uq ^9 
n-l [B.C.A. (Meerut) 2010, 08] 
Solution: 
21 yore 
i We have = —, => 
0) Ve "7 (06-01 "Ч (24-01) 
2n-l 1 
lim “ = lim Š цэ. 
noc И и (2и-1! x4!" 
_1,  @n+l2nQn-)! 


=— lim 
X^ п о (2n-1)! 


Е А 


=— lim 2n(2n41)- Зүхээээ 
X" noo x? 


Hence, by ratio test, the given series converges. 


n.n n+l „n+l 
" nx n-l" x 
(ii) We have и, = and ид о 
n! (n 4 1)! 
n.n 
: ИЖ nl 
lim “ = lim = o 
пэ Ш] n>% n! (ntl) x" 
Ш (ии l, l _1 
xc п!(п+1)(и+1)” x n>% ( 2 ex 
+ = 
п 


: : р 21 1 : : 
By ratio test, the given series converges if — > l or x < - and diverges if 
ex e 


о The test fails cct 
ex е ex e 
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„п п nd n+l 
For x = 1 ‚ we have и, -51 “Ил ОГТ 
e nlXe (n1)! Ve 


n 
А 1 | n" l n+l)! 
lim E — lim — — +D! „ш 
n+l 


n>% И пә п! е" (nal) 


n" (n4 l)n! 


© пә nYn4 Die D" 


: ё ee 
= lim =-.-=- =] 
ПЭ co lv’ ее 
1+ = 
n 


So, the given series diverges if x =]. Hence, the given series converges if x «1 and 


diverges if x 21. 


Example 39: Test the series 


А дб 
l+ — + — + — +... (х > 0) for convergence. 
gy T ( fe gi 


Solution: Ignoring the first term of the series, we have 


2 xt xê 
У u, = + tet... 
2 4 6 


2n 
; u : Х 2n+2 = 1 1 
lim —L-z lim хо 7 к lim Шэн 
п о И] nee 2n X тв X^ п оо n X 


: pl 
By ratio test, У и, converges if — 21 = x?«l or x «1 
х 


and X и, diverges if ES «125512 х>1, 
х 


The test fails when E =lor х=1. 
Ж 
1 
For x =1 we have ир = —. 
2n 


Taking v, = B or Ly, == 2 diverges. 
n n 


Infinite Series c. 
ж— |l 


lim “= lim ee 


п Vy noo 2 2 
which is finite and non-zero. So, Xu, diverges for x =1. 
Hence, the given series converges if x < І and diverges if x 21. 


Example 40: Test for convergence the series 


x x x” 
ЕРЕ —À XI paras (x > 0) 
y y 
Solution: We have, i= and u, = 
dm "C oy +1 
Eun og. GU. CH I lu, А 
пЭ Up] пә map o xt X n eo Ы. ae 
1+ і + 2 
—— lim Е і = 1 
X n oo Tx L. X 


: : : PS е Л 
By ratio test, the given series converges if — > lor x < l and diverges if — < l or x > 1. 
x X 


The test fails if x = І. 


1 
For x =1, we have Uy = > = > 


Taking v, = ж, so Ly, =z 23 converges. 
їл т 


Now lim Mn- lim | 


=1 which is finite and non zero and so by comparison 
По, П оо 


1-1/э8 


test, the given series converges if x = І. 


Hence, the given series converges if x < І and diverges if x > 1. 


Example 41: Test for convergence the series with nth term 

Уих” " п-1 
(i) |” 

4n +1 n +1 

vn Ул» И! 


Solution: (i) u, = —— x" and и = 


FI Job 


(i) . x" (x > 0). 


us B.C. A.M athematics-IlI 
фам 
eA 


1+—+—- 
: i lax Ул Vit +2nt2 1. п É 1 
lim —+ == lim — 1А20222202-12 На Е 
n>% Hy] X пә 2 +1 vnt+l X n> œ l 1 Хх 


By ratio test, the given series converges if E >lor x «land diverges if 1 «lorx»l. 
X x 
The test fails if x = 1. 


[ ] 
vı мл 1 


If x =1, then we have i= 
4,2 +1 n 1+ 1 
т? 
Tienes 4 ета 
a ang Vy = E = Tr en 2Vy = PA IVerges. 
lim Pit = lim =] which is finite and non-zero. So by comparison test, 


nv V n со 
n 1 
+—— 


т? 


the given series diverges. 


Hence, the given series converges if x « І and diverges if x 21. 


n-l n n nd 
х" and uy = | 


ИЗ +1 (n1? +1 
| 3 
lim = lim 1 Eas (n1) +1 
пЭ о Hy] n>% X Yr +1 n 
l, 1-1/n [0+1 +17 1 
=— lim 37 = — 
X n>% |Д141/и І x 


: : : T : zr 
By ratio test, the given series converges if — > Lor x < l and diverges if — < l or x > 1. 
X х 


(1) m= 


The test fails if l- or x=l. 
X 
1/2 
> 
For x =1, we have и, = Hed. om n 
n +1 иЗ TRA 


Taking v, = = - ‚Чеп È v, = zl diverges. 


Infinite Series c. 
ЕЕЕ 


1/2 
1 
и ны. 
Now lim — = lim n =], which is finite and non-zero. Therefore Бу 
nc Vy ПӘ ә LL 
NE 


comparison test, the series diverges. Hence, the given series converges for x < land 


diverges for x 21. 


1 3 n . : : 
Example 42: Show that Pp + ЭР + ЗР Tos n; +...... converges if p > 2 and diverges if 


p <2. [B.C.A. (Meerut) 2004] 


Solution: The given series is У 5 E "У т — which converges if p—1>li.e., p>2 
- nP = wt 


and diverges if p-1 <1 ie., ps2 


Example 43: Test for convergence the series 


2P 4P 6P | [В.С.А. (Meerut) 2002] 


Solution: Ignoring the first terms of the given series, 


х2" 2192 
the mth term is и, = and и 2 ———— 
(2n)P (2n4 2)" 
р р 
lim. ^ -— lin = == lim 14) Ses 
пэ ИН x aN п n x x 


: : : ig ol | : 
By ratio test, the given series converges if — >l orx? «12 |х| «1 and diverges if 
х 


гс) 2x51 or |x|» 1. The test fails if 4p - lor rel 


X X 


1 
Qu? Pn 


For x 21 or x? = we have Uy = 
1 Г. : : : 

Let v, = —, then È v, = E — is convergent if p > І and diverges if p <1. 
P ne 


: 7 : 1 | TRE 
lim a lim — = — which is finite and non-zero. 
n>% Vy nec 2 2P 


By comparison test, the given series converges for p > І апа diverges if p < l for x =1. 


Hence, the given series for x = 1 converges if p > І and diverges if p <1. 
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Example 44: Test for convergence the series 


2P 3P 4P 


l+ — + — + 
21 3! 4! 


[B.C.A. (Meerut) 2006, 05] 


P P P 
Solution: We have u, = 2 = z) and и ы 
n! ! 


lim = lim ne (n+)! _ Їл n” (п+ и! 
nc Up] пә N! (nel! n>% ГР 
nin? |14-— 


n 


: n+l 
= lim 


ПЭ со ( " =) 
n 


шоо» 
р 


By ratio test X и, is convergent. 


Example 45: Test for convergence the series 


i PRU аг. ЭТТ? : 
5 9 17 33 [B.C.A. (Lucknow) 2006] 


Solution: Ignoring the first term, we have 


1 2 
9n -9 gik 29 =й 


gre 


n 
= х" and ин = 
2"H +] +1 


TN (9787.19) (25554) үл _ (2.27-2)(4.2^ 41) 1 
I] Qe. 1) qne uy у yl (2 pum 1)(4 EET r 


2 1 
2-— dup 1 
41-22 2” |1 
2-5 E * 


| Uy, (20120) 1 
lim — =| —— == 
no И 1240/(4-0/х x 
By ratio test, the given series converges if l >lor x< land diverges if 
x 


Lo ical The test fails Шарх 
X X 


Bu 08-5 а 


For х = 1, we have =з о лл 
mT] 292941 5,1 


Infinite Series 5 
ШОШ. ээл 


lim uy, = 6 #0, so X и, diverges for x = 1 
п co 240 


Hence, the given series is convergent if x < І and divergent if x 21. 


NOTE: 


Cauchy's root test so more general than D' Alembert's ratio test. 


This is so because: 


TE : ЭЭЖ 
lim Dr. exists — lim (и) exists and lim “+l = lim (up) 


п ео И n= со п о Uy т со 


1/п 


Therefore, whenever ratio test applicable, so is the root test. 


Р . и 
lim (u,)!/" exists need not imply lim In. exists, 


ПЭ оо n>» Ид 


. и | | . 
ie., lim = may not exist. So when the ratio test fails, the root test succeeds. 
ПЭ со Uy 


Hence, the root test is more general than ratio test. 


Example 46: Show that Cauchy's root test establishes the convergence of the series Уил, 


where 


2-5 if n is odd 


и, = 
n 9" +2 


if n is even [B.C.A. (I.G.N.O.U.) 2012] 


While D' Alembert's ratio test fails to do so. 


Solution: When nis odd lim (mọ)! "= lim (27”)!/” 


n со И со 


= lim 27! = lim 15 


n со n со 
When nis even, lim (u,)!/"= lim (277*2)!/" 
ПЭ оо n co 
= lim 271?/" = lim (32) аЛ эб 1ш] 
n өө n> 12 2 
ie., lim (u,)!/" = Tob waeven огойа 
n оо 2 


Therefore by Cauchy's root test, X и, is convergent. 
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Rooms 
eA 


Now, when nis odd (so that n+ 1) is even 


ed _ 2 —(и+1)+2 


=n 
Un 2 


А И, 
lim 2 =2 >] 
n>% Uy 


When nis even (so that n+ 11$ odd) 


—(и+1) 


И _ 2 29-3 — 1 
Ж 9-2 
: и 1 
lim == <] 
ne» Uy 


Therefore, D' Alembert's ratio test is inconclusive. 


Example 47: Test of convergence the series 2 + = x+ 1 х2 + 2 ХЭВ... со, 


4 
where x > 0. [B.C.A. (Meerut) 2005] 
Solution: Let Хи,-2- 3 x+ - х + 2 X durs со 
2 3 4 
Here, Uy = (+2) х" 
(n4 1) 
(1-3) ny 
and ин = (112) Бий 
: : А Uy А (n+ Эр 1-1 
Applying ratio test, we get lim = lim ————_ -== 


п æ Wy] пә (и+1(и+3)х x 


1 — 221 "e шал 
If — 21 or x < 1 the series is convergent, if — < lor x > l, then series is divergent, if — = lor 
х X X 


x =], then test fails. 


А п+ 2 
Put x = 1іп Uy, = —— 
n+l 
2 
42 (1+2) 
n : 
lim uw, = lim = lim ——“ =1 #0 
ПЭ оо nc N+ i оо | | 
п|1+— 
п 


Therefore, У и, is divergent if x 21. 


Thus, if x > I convergent and divergent if x € I. 


Infinite Series 5 
C ——— 5$ 
Мы 
Exercise 5.3 


Test for convergence the series: 


1 12 1.2.3 
++ dios Le 45» 
1 3 3.5 3.5.7 2. 2-4 м. 
[B.C.A. (Meerut) 2010 (К)] 
21,91, р. 1+—+ p 
3 3132 1 33 37 sess 4 А” 
п+2 1 2! 3! 
5 п б. d tp ase eu 
24 2"+5 2 33 
21 | 5 Y 57 
7 к т а Tess (x >0) 8. = 245 
2 3 4 а 
9 2 — m T _ 10. 1+3х+5х2 +7х?+.......(х>0). 
- 1 — a" 
11. № "T 12. У gag 
n-l n-l [ B.C.A. (Meerut) 2005] 
Eoo Se 
' ЭЛ 3/2 4/3 544 —— | 
i а ши Е 
5 10 17 +l [B.C.A. (Avadh) 2008] 
2 3 n 
3x^ 4х (n4 1)х 
2х+——+——+...... + +...... х>0). 
15. 29—405 E (x 20) 
2 p үй 
16. ++... (x >0). [B.C.A. (Rohtak) 2010] 
241 342 443 
2 3 
X X X 
— LI... x »0). 
Wi. Gogg gare 
Зп-1 
18. X y] [B.C.A. (Kurukshetra) 2010] 
m 
19. X 


Ws B.C. A. Mathematics-IlI 
oom 
eA 


20. Show that the series 


atl, (412041), (0 +1)(20+1) (30+) 


1---- 
"Bel (680089) (860860(388-1 


converges if В > о » 0 and diverges if a >В >0, where a > 0,В »0. 
[B.C.A. (Kanpur) 2009] 


Answew 5.3 


Convergent. 

Convergent. 

Divergent. 

Divergent. 

Convergent. 

Divergent. 

Divergent. 

Divergent. 

Convergent for x < І and Divergent for x > 1. 
Convergent for x < 1 and Divergent for x 21. 
Convergent if x > lor x «Land Divergent if x =1. 
Convergent if х > а and Divergent if x <a. 
Convergent if x X1 and Divergent if x > 1. 
Convergent if x <l and Divergent x 21. 
Convergent if x < l and Divergent x >1. 
Convergent if x < l and Divergent x >1. 


Convergent if x < 1 and Divergent if x >1. 


Convergent. 


Convergent if x <l and Divergent x 21. 
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5.3.11 Raabe's Test [B.C.A. (Meerut) 2005] 


Ио Ир] 


if / » land divergent if / < 1. The test fails if 7 = 1. 


ТЕХ и, is a series of positive terms and lim | - 4| =l, then the series is convergent 


Proof: Case I: If/>1, we choose a number p so that 1 < p < l. Now, compare the given 


series Хи, with the auxiliary series Xv, DE This series is convergent if p>L 
n 


Therefore, by comparison test, X и, will be convergent if from and after some particular 


terms 

Prt Mtl or Un. Vn 

Vy Un Hyg] ШҮҮН 
1 

| и ИР n41y гү 
Le., агаа | ZUR 

yg] 1 n n 

(n4 ПР 


Now using binomial theorem, we have 


Pe tng Ра I, NM 
m п (2)! № 
> [a-re o 
ин n (2)! 7 
= er) REL — 
Uns] Qn 


Taking limit of both sides, as л > ee, we get 


lim h 4j > p and we have [> р> 1, therefore 


1— oo иу] 


lim DI -1»1 
лан Hyg] 


Le., È u, is convergent if lim M 4 >1 


уез Ип +1 


Case П: If! <1, we choose p such that / < p < 1. Therefore, the auxiliary series X v, = X L 
n 


is divergent. 


Now by comparison test, X и, will be divergent if from and after some particular terms 


То В.С.А.Мапетайс$-Ш 
0 oom 
eA 


Vy Un 
Yn Md 
1 
UP р 
2 > tn op (MALY ш. 
ин л ШТЭЭ 
(n4 ПР 
р 
or ( + : » mr 
n Hyg] 
Using binomial theorem, we get 
1+ i АРЕ тэн n 
n (2)! » иа] 
1 p(p-) 1 Un -1 
Ш 2! т Hyg] 
-1 
> РР DUM "T 4|-25:4 
2! n ya] 


Taking limit as и ee, we get 


But we have [< p < l, therefore 


ie., X u, is divergent if lim He - | «I 


Case ПІ: If lim de - | = 1, then test fails. For example, consider the two series X i 


7—89 Und n 
and к, The series X I is divergent and the series I у is convergent but 
n(log n) n n(log n) 
lim (= - | = 1 for both the series. 
П со Wu] 


Remark: Raabe's Test is stronger than Ratio Test. 


When Ratio test fails ie., lim „Иж. 1, Raabe's test may be applied. 
И со ИА 
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Example 48: Test for convergence the series 


Y 13.5....(2n-1) 1 
2.4.6....2п ‘п. 
n- [B.C.A. (I.G.N.O.U.) 2007, 04] 


Solution: We have 


13555. (21-1) 1 
"^ 23.4.6..2n ^n 


1.3:5....(2и-1)(2и+1) 1 
2-4-6....2n(2n+2) n+] 


242 2 
ъ= „@л+2)ш+)_\ UA w 
Uy Фи = (2+1) 


Uny = 


n 


| u : . 
lim шэг 1 means that ratio test fails. 


1 c Ир] 


Now, we apply Raabe's test. We have 


2 
34— 
| Up =) [@л+2)(л+1) ,] _3и+2 Ed" 


(2n+ l)n “2841 5,1 
lim Аи] —“— - o 
ПЭ со ии -1 2 


Hence, by Raabe's test, the given series converges. 


Example 49: Test for convergence the series 


(i) Е. [В.С.А. (Rohilkhand) 2009] 
1:355, (2n +1) 
n-l 
(ii) Fs у [В.С.А. (Lucknow) 2007] 
Z4 7.10 .13...... (3n+4) 
an NO 2.4.6.....(2п +2) E | 
бык ы LM Ee ДШ >0 B.C.A. (Rohilkhand) 2008 
n 2,357 туун xim 7793 Баахан 
Solution: (i) и 2-4-6.... 2n 


„= an 
1-3-5.....(2141) 


Ra В.С.А.Мапетайс$-Ш 
мыд І 
eA 


2-4-6....2n(2n+ 2) 


И m — — 2 
өч 713.5... (2n* D2n«3) 
3 
и, mes “КУ 
Ha] 2n-2 242. 
n 
13), 
lim — = lim 5 ээ) 
пэ иа] пэеә 2 | 2 
n 
So ratio test fails. 
Now, "RE, =n (S31) = 
Uys] 2n+2 2п-1 241 


n 


(ii) ие 3.6...... 3n i cad 
7-10...... (3n4 4) 


3:6.....(81) (3143) nd 
Ul — тү oy ANON 
7.10...... (3n+4)(3n+7) 


T 
Un - (377) -1 Ш” 
x\3n+3 


By ratio test, У и, converges if L >l ie., х <l апа diverges if 1 <Il ie,x»l The 
х Ж 


ratio test fails if x 2 I. We shall now apply Raabe's test. 
n 3n+7 
Ид Эп+3З 
ө) (82 1)- 4n _ 2. 
3n+3 3n+3 34 


Uy] ыг 
л 


For x =], 
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Ne 


By Raabe's test, X и, converges for x =1. 


Hence, the given series converges for x € І and diverges for x >1. 


(8) "E 2-4......@я+2) і 


3-5......(2n+3) 
2-4.....(2n+2)(2n+4) , 
ил = — ——— 3 
Е REDO aS) 
5 
" A) id 
и X\Qn+4) x 244 
n 
5 
2+= 
lim a l iim ж 


ne Ц] X n œ 244 X 


: 221 | : 221 : : 
By ratio test, X и, converges if — > li e. x < l and diverges if — «1 i.e, x » 1. The ratio 
X х 


test fails if x = 1. 


For x =1, we have m Mm л 
Ha] 2044 
| Uy | — | n I 
ир] 2n+4 2+4 g2 


Ву Raabe's test, X и, diverges for x =1. 
Hence, the given series converges for x < l diverges for x 21. 


Example 50: Test for convergence the series 


[Hint: Similar to example 49 (ii)]. 


wa B.C.A. Mathematics-Ill 
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Example 51: Examine the convergence of the following series: 


| NS L3:5.....Qn-1) i2" 
алаасы ‚ («>0 
@ У, 2.4-б. ап mal ^ 9 
n=l [B.C.A. (Rohilkhand) 2005] 


25 n 

(ii) Y П ыды (4n-5)(4n-3) x ‘tes 
DITE NN (4n - 4)(4п -2) 4n 

n-l [B.C.A. (Kanpur) 2010] 
т 1-3-5.....(2n-1) n 
Gi) иен” 

n=l [B.C.A. (Agra) 2006] 
| 2n! n ч (п! n 
(iv) ne , (x >0) (v) У 5! 

n=] n=l 


Solution: (i) Wehave, и, = `2-4-+6......2п 2841 
-4-6...... n n+ 


o eh Se Qn-DOn 1) х2793 
"IC 9.4.6... 2n2n+2) `2п+З 


ТА _ 1 Qn«*2)2n43) 1 (2+2) (2+2) 


ua x^ Qn«D)Qnel x an an 


2 и, 
n> Wy] Х 


: T | : : 
By ratio test, У и, converges if = >lie, x <lorx<l (as x >O ) and diverges if 
x 


1 
nx ie,x?»lorx»l 
X 


The test fails if x = I. 


For x = l, we have In _ 2n+2)(2n+3) 


Uy] (2n )? 
Now n E PES =n ee = 
Hyg] (2n4 1) (2n 4 1) 


By Raabe's test X и, converges for x «1. 


Hence, the given series converges for x € І and diverges for x >1. 
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Ee 
Na 


т ЇЕ хэс 4и-3) x?” 
(ii) Un = ( . 
2.4......(4n-2) Ап 


L3...(4n-3)4n«1] 42"? 


"nl 754... (4n-2)4n*2) (4n+4) 


_ 1 (4n+2)(4n+4) 
Ups] x? 4n(4n+ 1) X 44 1) 


: u l . 1 | 
lim —+ =—, .By ratio test, X и, converges for cy» 11 ex? «lorx «l(as x > 0) 


noc И x x 


and diverges for 2 «lie, x? »lor x >l. The test fails for x =1. 
X 


For x = 1, we have My (ne 2)(8n 4) 
VARI 4n(4n+ 1) 


n 


Now „(| | Gn+2)4n+4) (|. 20п+8 
| 7 4n(4n+l) Anl) 
E 
20-- 
lim Мч) lim E ET 
ИЭ со Ws] И со (4 Е z) 16 


By Raabe's test, У и, converges for x =1. 
Hence, the given series converges for x < l and diverges for x >1. 


a 1395 (2n-l) n 
ш) Lan р 027 
_ 13-5... Qn- DOn*1) ин 


d 
An ind = 3 ДБ 2n (2n+ 2) 


-— 
Un -1 (2222) -1 a 
x \2n+1 


: и 1 : НЭ! | 1 
lim =. By ratio test, E и, converges if — > lor x «land diverges for — «lor 
пЭ dq] 54 х х 


x >l. The ratio test fails if x 21. 


For х = ме have и SA М т 
2п-1 2п-1 241 


ин 


wa В.С.А.Мапетайс$-Ш 
(ттт 
eA 


lim n| -1| = lim : =] 
ПЭ оо Uns] n>% 9,1 2 


n 


So by Raabe's test, X и, diverges for x = 1. Hence, X и, converges if x < l and diverges 


ж >], 


: 2n! 2n+2)! 
(iv) ид == a and и = а 


(n!) (4-1) 2 
uy ld 2n Co D? _1 бар. [(n+ Dif? 
wap x (n ^ (2n+2)! x (nt (2n+2)(2n+1)2n! 


ml 


By ratio test, Хи, converges for ЕЗ >Тогх < i and diverges for a <lorx>-. 
4x 4 Ax 4 


The ratio test fails for x = n 


Jes [201-0 |] 


For x = L we have n и. 
4 Usa] FPES 
co п _ 1 
2п+1 241 


Ву Raabe's test Z и, diverges for x = n 


| : 1 . 1 
Hence, the given series converges for x < 4 and diverges for x = m 


Р 
(v) m= 2 x" and Hyg] = саз к 
(2n)! (2n+2)! 


и, _ (nl? ,Qn*2) 1 _ (n1 , Qn Dn 2)! 


Ин © (2n)! (n+l) "x 2n {(n+ Dil x 
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_ n+) 2+2) _ 221+ (1+1) a 1) 


1 : 
lm —= lm ———— 


: 24 | : 23 | . 
By ratio test У и, converges if — > 1 ie.,x <4 and diverges if — < li.e.,x >4. The ratio 
X х 


test fails for x = 4. 


For х = 4, we have 
pn "S HE MD 
Uns 2(n+1) 20-1 94 ЦЭ 
n 
lim Maja 
Цагдан Hyg] 2 


By Raabe's test, Х и, diverges. Hence, X и, convergent for x <4 and divergent for 
x24. 


Example 52: Test for convergence the series 


2 4 22.44 o 2.48.6? 
———— Ж + Хх +..... Р 
3.4 3-4-5-6 3-4-5-6-7-8 


Solution: Omitting the first term of the series because it will not effect the convergence 
or divergence of the series, we have 


22.42.82... (2n 


Un = 2+? 
3-4-5-6......(2п+1)(2я+2) 
22.42.82... (2n (2n 2 T 
иы = x 


3.4.5-6.......(2n-  2n4 2)(2n+3)(2n+4) 


2+3 2-2 
Uy _ l (2я+3)(2я+4) _ n n 
ya] x? (2n+2) au 


n 


I 
БУЛ 


и : 1 : р 
lim — = By ratio test, Xu, converges for = >l 16. x? <l and diverges for 
n со lt] X DA 


= <lie, x? » land the ratio test fails for - =lor x? -1. 
X 


x 
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For x2 = 1, we have 


EL A „5 _ 
(2п+2)2 412 +8п+4 4,8, 4 
n 7 


8 
и 64— 
1 Uy aj EM азота _ б +8п _ 


Ву Raabe's test, У и, converges for х2 =l. 


Hence, the given series converges for x? <land diverges for 2251, 


= 1 
E le 53: Test tl ; the seri ВЕБЕ 2220 
хатр е 65 1€ convergence of € serves 2, 1 + log " 
n 


[B.C.A. (Rohilkhand) 2008] 


1 1 
Si Ї tion: mL d жил — 
ана "n 1+ logn апе Мин 1+ log(n+ I) 
1+ 10043 1+ 1 
Un _ 1+ log(n+1) E 5 n 
Uy] 1+ logn 1+ 1095 л 
1 1 
log e + log n+ 21 + z) log(en) + log ( + 1) 
n n 
Е loge + logn р Іор (ел) 
1 1 1 1-1 1 
=] 1 1+= |=1 +——4--—,+-—=..... 
Ы Іов (ел) 98 ( T +) i log(en) Р 212 Е 3g | 
1 1 
z]4————-—J——— t... 
nlog(en) 29 log(en) 
lim “= l, so ratio test fails. 
no Uny] 

[ ] 
Now, 2-4 Ens TQ 
ya] |” log(en) 212 log(en) | 


: Uy , 1 1 
lim зи ——-1|,= lim 4——— - ———— -..... 
пЭ co Usa] пэ |log(en) 2nlog(en) 


-0«1 


Hence, by Raabe's test È и, is divergent. 
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Example 54: Test the convergence of the series 
Te 17:57 А ron " 17.52.92 .13? 
49 4^.B^ 42.82.12? ее 7 [B.C.A. (Kanpur) 2006] 
(ii) ja? go 26 3, 3:559 3+ 69D a4, ones 
7 7-10 7.10.13 7-10-13:16 
а(а+1) аа+1(а-+2) 


111 1- + ——— + — +... i 
pur. Were ls 1.2.3 


(i) 


Solution: (i) We have Т, of 12,52,92.....1= + (п-1)4] = (4n- 3? 


Т, of 47 .82 .122...іѕ (44 (n- 14A s 


Therefore, iy Sa 
* 6 

2529 00 EDS, 2 

xis даг 55:95 ы: (4п—3)° (4л +1) 


4? .g 127... (An (An 4)? 


2 
4 
" _ базар (ei 
мэ (aed) 


Now =], so ratio test fails. 


Now, applying Raabe's test. We have 


2 
lim | 1) = lim 4n SA 
пә co Wy] п co (4n 1) 


» 15 | 
[n(24n+15) ||. ur 
E NT її eerte 
no (4n (1+1) 
n 
Hence, by Raabe's test Xu, converges. 
(ii) ^ Leaving the first terms of the series, we have 
3 3-6 9 3:69 3 
TL X Tx. 
7 7.10 7.10.13 
T, 0£3,6,9...1$3 + (n-1)3 = Зл 
and T, of 7,10,13,..... is 7+ (и-1)3 =3n+4. 
Therefore, Uy ee (0 
7:10-13.....(38n4 4) 
and TE 3-6-9.....3n(3n+3) UH 


7-10-13......(3n- 4)(8n 7) 


Ra В.С.А.Мапетайс$-Ш 
“(У — 
eA 


3 7 
Un (=) 1- pir E 
ya] 3n+3) х 342 X 
n 


| u 1 : А 1 : 
lim — =—. By ratio test, X и, is convergent. For — > lor x < l and divergent for 
noc И X х 


а 
х 


The ratio test fails for L =] or x=l1. 
x 


ии — 3n+7 
Hu]  3nt+3 


For x =1, we have 
Now, applying Raabe's test 


| Un | — | 4п 4 
ny—--lh=n -1 “зо ог 
ya] 3n+3 3п-3 34 


n 


lim К - 4| - - » 1, so Бу Raabe's test X и, is convergent for x =1. 


Hepes Uns] 
Hence, the given series is convergent for x € 1 and divergent for x >1. 


(iii) Leaving the first term, we have 


а а(а-1) E a(a * I) (a 2) 


1 r2 1.2.3 
ыы | 
1.2.3..... n 
and и _4(а+1)(а+2).....(а+п-1)(а+л) 
1-2-3.....nn+l) 
Un _ "EL- 


a 
Uns ажи |, 


: и, : . 
lim —L =], so ratio test fails. 


n9 Hg] 


Now, applying Raabe's test, we have 


(2-1 =i (211) 0 1-4 
ya] a+n ажи |.4 
n 
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Hence, by Raabe's test the given series is convergent if 1-a > 1 or a « 0 and divergent if 


l-a«lora»0. 
The test fails for l-a=1 or a=0. 
When a =0, then X u,21 +0 +0...... ie, S,=1 


lim 5, = lim l=] which is a finite and unique number, so Х и, is convergent. 
1— со П со 


Hence, the given series is convergent if a < 0 and divergent if a > 0. 


Exercise 5.4 


19 Test the convergence of the series 


n=l [B.C.A. (Kurukshetra) 2008] 


у 13.5....Qn-1) a^" (x >0) 
2.4.6...... 2n 2n’~ | 


l,,b8 €^ 043 x 
2 242 2463 


+..... [B.C.A. (Bhopal) 2008] 


4. Discuss the convergence of the series 


(i) о, тэ? 
1+B 040)2-0) 


a(atl) a(a+l(a+2) 
(ii) les в) BB«DQ-2 T (a >0,B » 0) 


(iii) шин нэ GOD I 
B (+В) (ü-B2-«p [B.C.A. (Meerut) 2009] 
буу ла ИСИНЕ осе 
b b(b+c) b(b+c)(b+2c) [B.C.A. (Meerut) 2012, 07] 
5 Test for convergence the series 
(i) х,1 13 P , 13.5 LM (x >0) 
123 2.45 2.4.6 7 77 ` 
(ii) I E - LL z ies | [B.C.A. (Indore) 2009] 


Ra B.C.A. Mathematics-IlI 
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6. Test for convergence the series 


(i) jileti pp a pa 

алаг 2.4.6 
132 1.3.5 x* 13-579 xê 
--т-г-т _1—+——— —}.... 
24 2.46 8 26-30 I2 


(leuc и 
245 24-67 
| le 132 135 
(iv) х+——+———+ — -.......2 х»0 
23 245 2.467 


7 Test the convergence of the series 
< 4.7... (3241) , 
(i) 2, 1:2: n 
n- 


" nlx 
n- 
‚_ Маж2) ааж2уажа) ә 


(iii) f 
а-3 (a+3)(a+5) (a+3)(a+5)(a+7) 


Answers 5.4 


Convergent. 

Convergent if x <l апа Divergent if x > 1. 
Convergent if B >œ +1. and Diverges if B «06-41. 
Convergent if B > o + 1 апа Diverges if B € o +1. 


Convergent if B >a + 1 and Diverges if B <a +1. 


Convergent if р > a- cand Diverges if b X a- c. 
Convergent if x? «land Diverges if PAESI 
Convergent. 

Convergent if x « 1 and Divergent if x 21. 


Convergent if x? «land Divergent if el. 
Convergent if x? «land Divergent if х2»1 


Convergent if х € 1 and Divergent if x > 1. 


Convergent if x « : and Divergent if x 2 T 


Convergent if x «2 and Divergent if. x 22. 


Convergent if x € 1 and Divergent if x > 1. 


[B.C.A. (Lucknow) 2009] 


[B.C.A. (L.G.N.O.U.) 2009] 
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5.3.12 Logarithmic Test 


: ae : . : и 
The series of positive terms Xu, converges or diverges according as lim л1ор = »lor«l. 
Цин Hg] 


Proof: If lim nlog - )- =l. Let us choose a number p such that / > p > 1. Now compare 
шааж Hyg] 


1 
the given series X и, with the auxiliary series X v, = £ — which is convergent if p > Гала 
Р 


divergent if р <1. 


1 
Up р р р 
Now. fa OH „(жї ИУ 
n+l nP n n 
(n+ 1)? 


Case I: When / > p> 1, the series X u, will be convergent if from and after some term 


р 
Ши qe (1+ 1) (By comparison test) 
Hyg] Ун n 
гүр 1 
or if log > log d^ = plog| 1+- 
m n 
[ 2 з ] 
or if HE E uu ! | = log(l+ х) =x- + inde 
E Pp 2w 3p =ч | 2 3 | 
. 1 1 
or if nlo > n 
5 Wu] P| 2n 397 =| 


и 1 1 
if li log —/ +> li ]-—4—...... 
= КҮ Е ны nae} 


or if lim | log —- 
"m 


пЭ со 


n— со 


or if lim b 
Hy] 


or if lim frog log —— 
7E 


пЭ со 


Case П: We have lim 71log — = 1. Let us choose a number p such that / < p <1. 
Яг» өө Hyg] 


If p «1the X v, diverges. 


In this case, X и, will also be divergent if from and after some particular term 
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eA 


1 р гү” 
In Yn ш ( 4 =) 
Uny Рич n 


or if log 


or if lo | (i-e | 
5 ya] 4 n 2 Зр 


: Uy 1 

or if nlo < ( —-——+——..... | 
i (8 i 2n 52 
u 1 1 
or if lim 47lo n |< lim =] 
imf 5 Wy] | ИЭ со ln 2n 352 | 

| . u 

or if lim | log | n | «р 
пә Ин 


or if lim ЕЕ Jin 
Hyg] 
or if lim | log | “n | «1 
=> ез И 


Thus, Xu, converges or diverges according as 


lim proc (2 JUL 
a Hyg] 


NOTE: 


И со 


l. The logarithmic test fails if, lim | log = vn | =L 


y] 


Logarithmic test is applied after the failure of ratio test and generally, when in 


ratio test, lim —“n_| involved 'e' 
1n \ И 


Example 55: Test the convergence or divergence of the following series 


2532 ax 
1+ — за, > ©. 
2 Э з лар 
[В.С.А. (Purvanchal) 2009] 


Solution: Let the given series be X и, then 
gl үл 
Ил => 


n! 


(n+1)"x" 


and и] = EE 
ty WY (+1) 


Ж л! x"(n+1)" 
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| 1 1 
lin Hu 
nc И @Х 


By ratio test, У и, is convergent if 5 »l2e«lorx« l and divergent if 2 «lorx» 2 


ex e ex e 
The test fails if X 2l : 
e 
1 Uy n 
When x =-=, we have - .е 
е 


log = tog (1+ +) + loge ор +] 
п 


Hyg] n 


(uus | +l-n C-t | 
n 2j 35 7 n 2j 35 7 


Or nog - (I7 n (Ey? 
и] 2n Зу n 202 3w 


: u 3 : : : 220 Я І 
lim n log — = — > l. By logarithmic test the given series is convergent if x = =. 
nee Hyg] e 


: 2 с 1 : : 1 
Hence, the given series is convergent if x < — and divergent if x <-. 
е е 


Example 56: Test the convergence or divergence of the series 


222 3343 44,4 55,5 
+ - - 


x + —— + —— + —— + ——+...... х>0 

2! 3! 4! 5! 
[В.С.А. (Meerut) 2007, 04] 
Solution: Let the given series be X и,, then 

nyn (n+ у! yi 

t= and ин = 
” nl ын (n+l)! 
u, vt od (n+l)! 1 m"ne)n! _ 1 1 


иш Л! (ne VAT nt nt)" (1+ | р 
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lim “= — o ЧЕ 


ny 
пЭ е Uys} . 1х ex 
lim |1+= 
n со n 


: | xl l А ap d 1 
By ratio test, X и, is convergent if — > l or x < – апа divergent if — «1 orx>-. 


ex е ex е 
: "P 1 
The ratio test fails if ЖЕ 
е 
1 Uy [2 
When x = -, we have 


e m (+ ! 
n 


log Иж EN log e—nlog ( + 1) 
Hyg] n 
EM E 21, ) 
n 2j Зу? m 
1 1 1 1 
-1-11---8--тр...... =————+...... 
| 2n Зу ) 2n Зу 
lim nlog = = lim Ч гүн S zs 
И со Hg] n>% \2n 32 2 
By logarithmic test the given series is divergent. 
Hence, У и, is convergent if х < 1 and divergent if x 2 T 
е е 
Example 57: Test for convergence the series 
| 1 
1- = + 2 + ES E ee А 
2 3 4 [B.C.A. (Meerut) 2008] 
Solution: If the given series is X u,, then 
_(и—1)! и nix” 
ии =— 1х and шы = Gey" 
m =D! и (nt 1 
Una yl n! х" 
n n 
Е | ЦЭ 
Ll 0. Wr Dii dk 
ИЛТ (и-1)1 x х 


n 
lim Ss i lim (+) == 


п И X Nooo п 
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: : T : "T. А 
By ratio test, Z и, is converges if — > Іог x <e and diverges if — < l or x > e. The ratio test 
х x 
fails if x 2e. 


Where x = e, we have —L =. 
Und e 


nlog Їл -J- - nin log( +4 р log e} 
+ 
ZU )-! 
n 22 3p ' 
ub cdd. 
24 Tam 2 3n 


lim nlog [2-]--2« 


Hee Hyg] 
By logarithmic test Хи, is divergent. 


Hence, the given series is convergent if x < e and divergent if x 2 e. 


Example 58: Test the convergence and divergence of the series 


atx, (a 2x " (а + Зх)? 
1 21 3! 777 [B.C.A. (Kanpur) 2009] 


Solution: If the given series be X и,, then 


4 nx {at (n хүй! 
са SP opp оь 
п! (n4 1)! 
иң (ажих)! " (1-1)! 
Uns] n! {a+ (n4 xy 


(n4 Dn (Е zy 
4 nl 
| n+l 
nH (n+ lx} fis m x 


n 
(n+ l)n” "(+ +) 
nx 


n+l 
(n 1H x n+l 126 а 
(п+1)х 
v + zy 
nx 


n+l 
(n+ a" x31 + —= 
(п+1)х 
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[ ( 
| ш | 
(п+ 1х 


: : T 1 : : 1 
By ratio test X u, is convergent if — > l or x < – and divergent if — < l or x > -. 


ex е ex е 
у EN 1 1 
The ratio test fails if x =-or—=l. 
€ ех 
n 
: ( t <) 
When x =-, we have X M n ye 
n n+l 
° н (1+ z) (14 1 ) 
n n+l 


Taking log of both sides 


log (| =n lost + £) + log e-nlog ( - =) - (n+ 1) log (| + <) 
n n+ 


| п 


Кае н.) 
E e UM 


de e e | 


Саа 
n+l 2(n«l? З(и+ 7^ 


= а 02 OE (ze | 
2п Зур 2n Зр 


| ae we | 
-| ae - ——— + ——_,, 


2(n*l 3(n«12 7 


| à e (= ar 


= + 
2n 2n 2(п+1) 3 3 


Uy L ea eg (ea 1 
nlog| —— 3 + 1 a Саа 7 
2|1+— 
| ) 
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lim и 2| un 


пЭ со 


By logarithmic test У и, is divergent if х = : : 
e 


: kat . 1 : : 1 
Hence, the given series is convergent if х < — and divergent if x 2 -. 
е e 


5.3.13 De Morgan and Bertrand's Test 


ТЕХ u, be the series of positive terms, such that lim | - - | - | logn = І, then the series 


noo | ХИ 
1. Converges if / >1 
2. Diverges if | «1. 
Proof: Case I: If/>1, then we can choose a number p so that / > p > land compare the 


given series X и, with the auxiliary X == which is convergent because р > І. 
n(log n)" 


Now, È u, will be convergent if from and after some particular terms 


Vial > Und бї Un z Vn 
Vy Uy Ио Vg] 
where Xy,2X———— алан» 
n(log n)" 
и n+1) |log(n+1) 4 
We have E (= нээ (1) 
и n log n 


For ай sufficiently large values of л. 


Now, for a large value of л, consider 


(=) log(n+ 1) 5 113) log n(1+1/n) 3 
n logn i n log n 


nm 
2 ыыы 


п logn 


| Y 1 Е Lo 1 J 
=|1+— 1+ =a hey 
n logn\n 2 Зэр 


Ё log(L+ 1/1) + PET ) 


То Б.С.А.МаШештайс5-Ш 
ems 
eA 


1 1 1 1 3 
=| ee | dm — а 
7 nlogn 2m logn 3m logn 


+...... +terms containing higher powers of 
n nlogn 


nand log nin the denominator . 
lim He - | - 1 logn»p 
n>% | ny 
lim К un ] ipo n-l»p»l 
ИЭ со И 


lim He - ) - 1 logn>1 
ce Uy] 


Hence, the series X и, is convergent if 


lim de - | - 1 logn>1 
И ИА 


Case II: If / <1, then we can choose a number р such that / «р <1. 


If p <1, then the auxiliary series Xv, = X ———— is divergent. By comparison test У и, is 
n(log л)? 
. сй р 
divergent if —— <—+. 
Uy] Vgl 
Uy 1 р oe : : : 
г — <l4+-+ +..... terms containing higher powers of n in the denominator. 
Uys] n nlogm 


lim К un -| EL n«p«l 
И со И 


Hence, the infinite series У u, is divergent, if 


lim К Ип 4 - | logn«l 
hee Uns] 


NOTE: 


De Morgan and Bertrand's test is applied when Raabe's test fails. 
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5.3.14 Higher Logarithmic Test or An Alternative to Bertrand's 
Test 


If Zu, be the series of positive terms such that lim [К log 2 = ] log “| = [, then the series 
a 


n— со 


1. Converges if [> 1 


2: Diverges if | «1. 


Proof: Case I: ЇЁЇ > 1, then we choose p such that / > p > 1. Now compare the given series Xu, 


with the auxiliary series X „= X TA ЕЕ which is convergent when p > 1. 


n (log n)" 


Therefore, by comparison test, У и, will be convergent if from and after some particular 


terms. 


V. и и, V. 
LH. gp omo. n. 
р 


n Uy Un Vg] 


Now proceding as in 5.3.13, we have 


E >]4 : y 
Uy] n nlogm 
[ | 
or ЕЗ әв ын =e г 
Ups] | n nlogm | 
1 111 Ч 
or nlog к еа еа. Tuus 
Uys] n niogn 2 (п nlogn 
Un р 1 
or nlog —— >1+ ———+.... 
и logn 2n 
и, р 1 А 1 
or nlog ——-1|» -—+...... + terms of higher power of — 
Ups] logn 2n n 
1 
or | log шав. -| logn > p- og” +...... terms of higher powers of : 
Uys] 2n n 
l 
lim |" log к | log n> p because lim i t 0 
n со И П со n 


We have taken p > 1, therefore 


lim 9) log п=[>р>1 
И] 


и> со 
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Hence, È и, is convergent if 


lim С log T. - | logn2l 


ne Unt 


Case II: If / <1, then choose a number p such that / < p < 1. Thus, the auxiliary series X v, 


is divergent because p «1, By comparison test the given series X и, will be divergent if 


from and after some particular terms 


Un < Vy 

Инн РА 
: и 1 logn : 1 
16, nlog — -1]logn< p-> 5 +.....terms of higher power of — 
Uy] 2 n 


lim (нов 4-1) og =< pea 


ПЭ оо Ty] 


Hence, È и, is divergent if 


lim (нов 4-1) ogn=1-1 


ME ин 


NOTE: 


Higher logarithmic test is applied when logarithmic test fails. 


Example 59: Test the convergence of the following series 
Le Ж с 
2857-8248 ааб Cm ` [B.C.A. (Kanpur) 2008] 


Solution: We have nth term of the given series is 


1Ё.32.57......(2я—1)° P 


Uy, = 


12.32.52... .(2n- 1l? 2n 1? ү” 


И, Нийшиннэ шинэлж шинжилнэ энэ eel, 
"4 7722-4262... (20) (2-2) 
Ў 4484 4 
u,  Qne2Y 1 AW «8544 1 ит 
Hyg] (2n+1) `х 4m +4п+1 x 444,1 x 
n Án 
lim -2- >l 


ПЭ өө Uys) X 


: : XI : wel ai 
By ratio test È u, is convergent if — > lor x «1, divergent if — < lor x > land the test fails if 
х х 


1 lor x=LIf 1 lor x =1,then 
X X 
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Uy E + 8n+4 
И Ai? +4п+1 


NEN ES 4i? +8n+4 _1|— Ai? +3п 
Uns] Ат +4п+1 40? +4п+1 


u 4+2 4 
lim z|—L--1|2 lim ==] 
Und n=? 99 4 1 4 


ПЭ оо ыг ‚т 
№? 
Hence, Raabe's test also fails. 
Ms "ERIS 4 +3n 2 -n-l 
nm 4f +4п+1 — Ai? +4n+1 
yl 
lim 47] 2 -1Ноёнь lim | ———L- logn Е 
пЭ | (И ПЭ co 44221 n 
n E 
1 
EE EA 
1 
= lim л jim cet 
n— со 4444 L no И 
n E 
scu =0<1 (because lim ius 
4 1c n 


Hence be De Morgan and Bertrand's test, the series X и, is divergent. 
Therefore, the given series is convergent when x < 1 and divergent when x 21. 


Example 60: Test the convergence of the following series 


а аа+1) 4а-1)(а-2) 
b b(b-Y) b(b+1)\(b+2) 


Solution: The nth term of the given series is 


a(a + l)(a- 2).....(a- n-1) 
b(b+\)(b+2)....... (b+n-l) 


Uy = 


, _ а(а+1)(а+2).....(а+ n-l)(a4 n) 
"H^ Wb-ly(b-2).......(b-- n-1) (b n) 


u, _ b4 "iu 


Now, =. 
ин ажи 211 


-0) 
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b 
” —+1 
lim —- = lim 2 =] 
п И] = е aii 
n 
Hence, the ratio test fails. 
Now, applying Raabe's test 
Un ya bn _ b-a 
Uys] ажи ажи 
: И : 5-1)п : b-a 
lim 4и|-25--111- lim -Dn lim -b-a 
n— оо И no И-+И n> оо Ar] 


n 


By Raabe's test, Хи, is convergent if b-a > lor b > a- l, divergent if b —a «lorb «a land 
the test fails ifb-a=lorb=a+l. 


ид b-a а-1-а n 
n ——-1|- n- n- 
Uy] atn atn atn 
Now pie gle eet и 
и a+n ажи ажи 


lim | = - ) - 1 logn 
ПЭ oo И 


If b=a+l, then 


= lim ( =й Jis n 
n eNactn 
1 1 
= їл |= | їл, Ё®”——шхо=о<1 | tim 987 0} 
И оо ai ИЭ оо n | nv И 


By De Morgan and Bertrand's test the given series Хи, is divergent, when b = a+ l. Hence, 


the given series is convergent if b > a+ l and divergent if b X a- I. 


Example 61: Test the convergent of the following series 


B, o DB «D » | 9+ И + 2)RGB+DGB+2) з, 
Ly 1.2. y(y - 1) 1.2.3.y (+1 (Y+ 2) 


Solution: On leaving the first term of the series the mth term is 


a(atl).....(atn-lB(B+)...... +1 л 
12:3... пү(ү+1).... (ү+л-1) 


Infinite Series «59 
__—— t0 007) 


_a(at))....a+n-)a@t+n) B ф-1)....ф---1)--) „ы 
ШИН ~~ 123.....nn+]) Үүн)... (үн (үлэ) 7 


‚я _(+1(ү+л) 1 
ид (œ+) (B+) х 
1+ү у 
о +ї+їл+ү 1 ET 1 
w +(«+)л+оВ x ,,@+B) ох x 


By ratio test, X u, is convergent if 1 > 1 or x < l, divergent if L < lor vx > land the test fails 
X X 
if 1 -lorx-l. 
x 


Uy _ we +п(1+ү)+ү 


If = =lor x=1, then 
И Em по + B)n+ o 


га — ар iB ++) +y EM n(y —o.—p- 1) + y-of 
ya] № + но +B) +08 + л(о + В) + op та +n(a+B)+ o 
17: ар im (ү-0-В +1) + ny- nop 
Uns] — enatB)+oR — + л(о + В) + op 
(y-a-B+l)+ E — 
э Си Жинсэн” ee 


n 7 


By Raabe's test, the series Xu, is convergent if y-a—-B+1>1 or y > 9 +В, divergent if 
y-B-a+l<lory<a+f and the test fails if y=a+B.If y 2o + В, then 


А c cá 
1 


Uppy nm no + В) + o 


i + по +В) +08 п + о +В) +08 


Hyg] 


| 2-4 l- Pan (а+В-а8) |__ -noB-oB _ 


о В 
-op- —- 
lim | = E log n= lim | И | lim log 


ИЭ со Una] 


=-0Вх0 =0 <1 
By De Morgan апа Bertrand's test, the series Zu, is divergent if y=a+B and x = 1. 


Hence, Хи, is convergent if x«l or х-Ї and y>a+f also divergent if 


x»lorxzland у < а +В. 
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Example 62: Test the convergence of the following series 
d E хн 4 y 1/24/3 + дї*\/2+1/3+1/4 , 


Solution: The nth term of the given series is 


— 


Uy =X +1/241/3+....+1/n 


141/2+1/3+.....+1/nt /(n+]) 


иң = X 
11 
нэн ши H А 
и, x n 
Now п _ 
1 1 
Hyg] (ук+ ae ) 147011) 
X n nd 
1 1 
dun Л Ty oem 
im (2 П оо xL) х0 


Thus, the ratio test fails. 


u 1 1 
1 t mum ala il wed (Li 
i Hyg] "B EL сайн n+l 98 x 
ER. lo (=) 
n+l 5 X 
1 1 
jog Ел pe ee oes 
" я n+l : х 1+1 в = 
n 
: Uy : 1 
lim nlog— = lim log — = log — 
n— оо И п— со we X 


n 


By logarithmic test, the given series X и, is convergent if 


1 1 1 
log — > 1 => log — > loge >— >e 
x x x 


Or х<- 
е 


The given series is divergent if log 1 <l =log 1 < loge 
x x 


1 1 
> —<e or x»- 
X е 
ae! 1 1 1 1 
The test fails if log— =1 > log—=loge >—=e or x=- 
р: X X е 


1 
where x ==, we have 
e 


Infinite Series c. 
OSS hr) 


nlo — log = —— 
и ntl n+] 
nlog ——-1 E. Е -l 
UM n+l n+l 


lim | log ae | logn = lim — г. logn 
ПЭ со ЦЭН По 041 


Sl leim e :150-41:1 


ИПЭ со l n— со n 
n 


1 
Е 


By higher logarithmic test the given series is divergent for x =-. 
е 


| 2202 | 1 : | 1 
Hence, the given series is convergent if x « — and divergent if x 2 —. 
е е 


Exercise 5.5 


Test the convergent of the following series: 


2 1.32 1232.52 


1. 22153 uoo +..... 
42092548 94454 
2 lt S++ aot A | 
37 3.57 3.57.7 [B.C.A. (Meerut) 2003, 00] 
3. (+ +В), 2+a2th) 2, (З+а)(3 +0) 3, 22 
1:2:3 2.3.4 3.4.5 
а1-а) (1Фа)41-а)2-а) | (2 a)(1- a)a(1— a) 2 - aà)(3 - a) 
4. +... 
р p.94 Pos 
5. 149 үү OOF 22, ael (ue2y 3, 
LB 1.288+) 1..3.80-1)8-2) [B.C.A. (Meerut) 2010] 
P fisy 11351 
6. ПИН -1--1 «14-11 +... А 
2 2.4 2.4.6 
T: Test the convergence of the series 


х2 (log 2)1 F х5 (log зу! “р х (Іор 4)1 donus 5 ЇВ.С.А. (Meerut) 2003] 


Т: В.С.А. Маі!һетаіісѕ-Ш 
К 
(ло 

Answer 5.5 


Divergent. 

Divergent. 

Convergent if x <1; divergent if 21. 

Divergent. 

Convergent if x «I; if x 2 I, then convergent if p > 20 and divergent if B x 2a. 


Convergent if p » 2 and divergent if p 22. 


Convergent if x < І and divergent x 21. 


ооо 


Сан» 


Vector Differentiation 


6.1 Vector Point Functions 


r | < he values of vector valued functions are vectors of the form 


Е(р)- R(p) i+ E,(p) j +В (p К aj 


The values depend on the point P is space. A vector valued function defined a vector 
field in the region or on that surface or curve. This function may also depend on time t or 


any other parameter. 


1. Equation in cartesian co-ordinates (x,y,z) can be written as 


F(x, у,2) = Ң (х, у,2) i+ B(x, yz) j+ B(x, у,2) К 
Illustration: 


Let F(t)=acosti+b sint j + t? k is a vector function of the scalar variable t, where 
Е (®=а cost, Б (t)=bsint, В (t)= t?. This Е is a vector function and F(t) is a vector 
quantity. a cos t, bsint, t are called components of the vector F (t) along the co-ordinate 


axes and i, j,k be unit vectors along x, y and z axis. 
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6.2 Differentiation Coefficient (Derivative) of a Vector 
Function with Respect to Scalar 


Let r = f(t) be continuous and single valued function of a scalar variable t. Then, a small 
increment ôt in t produces an increment ór in r. Thus, 
г+ӧг= f(t + бї) 
or = (г- 01) – г 
or = f(t +8t) – f(t) 
Divide by ôt on both sides, we get 
or f(t + ot) — f(t) 


ot ôt 


Taking limit 8t —^ 0 on both sides, we find 
lim (2) = lim —— 
50 \ а-о “ 


/@+6)- f(t) 
бї 


= lim 
6t20 


When it exists, is called derivative or differential coefficient of the vector function r 


with respect to the scalar t and is denoted by 


dr di 

dt dt 

dr qu (8907 f) 
dt 8-0 бї 


The vector r possessing a differential coefficient is called derivable or differentiable. 


ЙГ Р 7 
The derivative - of vector х is also a vector quantity. 


6.3 Rules for Differentiation 


Let f(t), g(t) and h(t) be three vector functions of scalar t. Then, 
dft) | dg(t) 


d 
1. T [RO + g(0] =o 2 79 


af (t) 
dt 


2. 21 ЕЕ] 2c , where c is scalar constant. 


dg(t) 


d d 
3. FOO = 101.8 () Ko. 8 


но 
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0, o (t) pu where ф(ї) is a scalar function of t. 


d 
5. geoff di 


50 


6. + (fg ho] = —- g(t) h(t) + OL [gt )] h(t)+ f(t) ОРЗ (9 


7. [n t) x g(t) xh(t)] = vo = xg(t)x h(t) + f(t)x ЖО) + Кох Куул, Е fu 


——————e Solved Examples | g— ————— —— 


Example 1: Show that the derivative of a vector of constant length is either zero vector or is 
perpendicular to the vector. 


Solution: Let f(t) be the vector of constant length 


i.e., | f(t) |=c 
Then, | f(t )P- f(t).f(t) = 

d d d Ш df(t) _ 

TRO ROJENO f). Lf(0)] =2 f(). 577 =0 
> f(t). 28 =0 

dt 
: 4 4 
> either f(t) 0 or E? (f(t)) 20 or 3 f(t)] is perpendicular to f(t). 
a 

6.4 Velocity and Acceleration 
Let x be a vector function of the scalar variable t. 
Then, r=xit+ pj+zk (1) 


be position vector of a point, where x,y,z be components along x, y and z axis. 
Differentiate w.r.t (t) to (1), we get velocity - 


4 
uf Nn S j 23 Zk 
а dt Tu dt 


di dj dk QUSE : 
— =— =— =0 as i,j,k be constant unit vector. 


dt dt dt 

dx | : 
Where E = component of velocity along x-axis 

dy 


d = component of velocity along y-axis 
t 


" B.C.A.Mathematics-III 
(214 — —— 
FINE 


dz . : 
and d = component of velocity along z-axis. 
t 


2 
Magnitude of velocity=speed = EE es (2) + dy (t 3 
dt dt dt dt 
2 P PEN PM 2 
Acceleration — rx = fr i+ d 2+ j+ dz Lk 
dt dt dt dt? 


dx dy 42: 


Where —,—=5 and — be components of accelerations. along x,y and z axis. 
dt?’ dt” dt? 


„ү (г 2.2 
Magnitude of acceleration = — + 53 + 4 
dt dt dt 


Velocity = т =f 
2 


. dr: 
Acceleration = =? 
dt 


— — — o Theorems e—— — ——— — — — 


Theorem 1: The necessary and sufficient condition for the vector F(t) has а 


constant direction is that 


F x aE = 0 
dt ` [B.C.A. (Bhopal), 2012, 09, 08; B.C.A. (Agra) 2008, 06, 04; 


B.C.A. (Kanpur) 2006; B.C.A. (Meerut) 2003] 


Proof: Let |F (¢)|= f(t). Let G(t) be unit vector in the direction of F(t). Then, 


FO) ос 

ОГ 
= F(t) = f(t) G(t) Jj 
Differentiate w.r.t. (t) 

аЕ() | dG(t) 479, с 

в TIO а dt ae 
Since G (t) has constant direction, then ae =0 
Р a 04 2. ч 810) сур 
Taking cross product with F(t) on both sides, we find 
Ех 22 = f(t) Gy 2 с 

> О But [G(t)xG (t)] =0 


dt 
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шини 


| | dr 
6.5 Geometrical Interpretation of EM 
t 


Theorem 2: A curve C is defined by the parametric equations 
x = (в), y = y(s),2 = 2(8) 
Where s is the scalar representing the arc length C measures from a fixed point on 
: 5 : dr. А 
С. If ris the position vector of any point on С, show that = is a unit vector tangent 
to C. 
[B.C.A. (Kanpur) 2011] 


Proof: Let P be the point on the curve C whose position vector is r 


г=хі+ у] +2К 


de 4.23. 3.35 
— -—[xi 1-2К 
> di г Ii ] 
Дх; d 
-2345 1---- I3 ri Ek is the tangent to the curve C. 
s 
dr 
Magnitude of the vector — = ds 
б 


а} (dy 2 
(=) : (2) И (=) 
(ку + (dy)? + (dz)? 

(ds)? 


A2 + (dy 2 
= VOT ФУ + bs (ds? - (de? + (dy? +] 


(dx)? + (dy) (dz 
zl 


йг. : йг. : 
Hence, T is the unit tangent vector to the curve or d is a unit vector along the tangent 
ds 1s 
to the curve. 
NOTE: 


1. The component of velocity v in the direction of vector a = у.а. 


2. The component of acceleration a in the direction b is a. b. 


Example 2: A particle moves along the curve 


r = (È - 40i (Ê +40) } + (82 -38)k 
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where t is the time. Find the magnitude of the tangential components of its acceleration at 


t=2. [B.C.A. (Meerut) 2005] 
Solution: We have 
r- (D —4t) i+ (t? +4t) 1+ (8-36) К 
Velocity = a = (312-4) i+ (2¢+4) 7+ (16t-927) k 


At t =2, Velocity =8i+8 j-4k 
| dr ©. gt ^ 
Acceleration =a 9 -6ti-2j-(16-18t) К 
t 
At t=2, Acceleration =a 212 1-2 4-20 k 


We know the velocity of particle on curve is the tangent to the curve. So, the tangent 
vector is velocity. Then, unit tangent vector 


v 8i«8j-4k 


Pm Ho MP EE SUN 
Ivi J64 - 64 «16 
_81+8]-4К 
i 12 
.2142j-k 
i 3 


Tangential component of acceleration =a. t 


=(121+27-20Ю. ылы: 


_24+4+20 48 


28-18 
3 3 


Example 3: A particle moves along the curve x = 22, у = 2 — 4t, z = 3t — 5 where t is 


time. Find the components of its velocity and acceleration at time t = lin the direction 


1-3j*2Kk.  [B.C.A. (Rohilkhand) 2009; B.C.A. (Avadh) 2008] 
Solution: Let r=xit y f +2К 
ET 72 4 ^ 
> г=21 1+(Ё —4t) ] + (32-5) К 
: dx ^ ^ ^ 
Velocity = — =4t i+ (2t-4) j + (3) К 


dt 


Vector Differentiation Ni 
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Att=l, Velocity =4 1-2 ĵ+3 k 
Let a=i-3j+2k 
1-31-2К (1-31-2К) 


41944 Е 414 


The component of the velocity in the given direction 
E ^ 
E 


Unit vector a= 


28125531), ТЕ 
Ма 


8414 


7 


2 А 
Acceleration = T- = (5)- 4i i+ +2 j 


Then, the component of the acceleration in the given direction 


сыа) 0-314289, 9. 
"EI 7 


Example 4: Show that if y = asinwt + bcos wt. Where a, b, œ are constants, then 


2 
Lg: = or and px = -оа xb. 
dc dt [B.C.A. (Purvanchal) 2009] 
Solution: We have r-asinot + bcosat a) 
dx | 
> — = ао cos œt — bosin ot 
dt 
2 
> AT ао sin ot — bo? cos wt 
dt 
2 
— TF=- asinot + bcos at) 
t 
dr 2 
> —.--0 г by (1 
p [by (1)] 
dx . : 
Also eX, = о. 
= (- (a xb) sin? œt + (b xa) cos? wt) Г-аха= ЪхЬ =0] 


= (—(axb) sin? @t—(a xb) cos” wt) 


=- (a x b) [sin? wt + cos? ot] 


=-@(axb). 
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Example 5: A particle P is moving on a circle of radius r with constant angular velocity 


40 207 
(0) = Show that acceleration is — ®^ т. 


Solution: Let i and j be the unit vectors along and perpendicular to radii OA and OB of 


circle and if P is any point on the circle such that ОР | = r make an angle Ө with 7. 


Then, the position vector of Р is given by 
r-rcos0i-crsin0 j 


Where r is the radius of the circle and is constant. 
Now, == rsino + 05021 
dð _ 


=-rosinð 1+ ro cos0 | E Л 


Е 


Hence, acceleration 
2 
-a s Cre cos 0 i- rosin0 j) a 
dt dt 


=-(r cos Ө i+rsin@ 3 o? 


a--ro? 


Fig. 6.1 


Example 6: Find the unit tangent vector at any point on the curve x — P+ 2, у= 4-5, 
z-20 - 6t, where t is any variable. Also determine the unit tangent vector at the point 


t-2. [B.C.A. (Lucknow) 2008] 
Solution: If x is the position vector of any point (x,y,z) on the given curve, then 
eee ed 
=( +2) 1+ (41-5) J+ (222-60) 


We know z is the tangent vector to the curve at point (x,y,z), then 
dr ^ 4^ n 
— =211+4 j+(4t-6)k 
dt 


and (2)- (2)? + (4)? + (4:6) 22458? -12t413 


dt 


dr 20 Д 
dt 21+2 ] + (24-3) К 


se -12t 413 


Also the unit tangent vector at the point t = 2 


The unit tangent vector t= 1 
dr 


dt 


Vector Differentiation mi 
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22 1+2 ]+(2х2 -3)К =301+21+Ю 


AD х4-12х2-13 


Example 7: Show that radial and transverse accelerations of a particle moving in a plane 


42, e ld | 2 49) 
—.-—x|— d = — |: — 
de dt г dt dt 


[B.C.A. (Lucknow) 2010; B.C.A. (Meerut) 2009] 
Solution: Let i and j be two mutually perpendicular unit vectors in the plane of motion 


are respectively. 


of the particle. 


Let T and P be unit vectors along and perpendicular to r 


Where OP =r * 
If ОА =OB =1 
Then, т=ОА = ОМ + МА 
> T - (cos 0) 1+ (sin) j 
and p-OB =ON + NB 
=> P = cos (90 —0) (- 1) + sin (90-6) (7) 
— p=—sin@ i+cos@j 
But Тэс or r=fr 
| x| 


r-rcos0i-rsin0j 


If v is velocity, then we have 


patie” gestae r sin j) 
dt dt 
uO id гуу j-r ino CERT S j 
dt dt dt dt 


00 


аг 


7. Radial velocity = coefficient of T= T 


| ЭР A 40 
and transverse velocity = coefficient of p =r E 
t 
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^ 


Now, PI neice) ne 
dt dt t 

and а eec 
dt dt dt 


Now if a be the acceleration, then we have 
dv dir. drdt~ dedo л do^. 404р 
а = = уг р ptr—yptr—— 
dt dt dt dt dt dt dt dt dt 
dra 2dr 40 4202 (4) " 
= + д r 


ae de a ай? (4 


zn je 
7 dt P 


2 2 
Radial acceleration = coefficient of f = E -r (2) 
dt dt 


| A" ^ ld 40 
and transverse acceleration = coefficient of p=—— (2 — 


r dt dt 


Example 8: Ift be the unit vector in the direction r, show that 


rxdr- 


2 [B.C.A. (Meerut) 2007] 


Solution: d(x) 2d|— 


Example 9: js =с ш = с хр, show that LET x b) e x (a x b). 
dt dt dt 


[B.C.A. (Rohilkhand) 2008] 


Solution: We have a xb) a xb+a yn 


dt dt 


Vector Differentiation 


=(cxa)xb + а x(cxb) 

= -Ьх(сха)+ах(схЬ) 
-{(b.a)c-(b.c)a}+{(a.b)c -(a .c) b) 

=(b.c)a - (a.c)b 


x(axb) 


Example 10: If 1 be the unit vector, then show that 


£n суу 


ЇВ.С.А. (Purvanchal) 2012, 07] 


~ d? dt 
ГХ--1-1-- 
аг dt 
Solution: Let F=cos@ i+sin@ | 
=> Et cut Гиш” 
dt dt 
А i j IN Е 
1Tx—-2| со80 5110 0 -k2 
40 40 | 
—sin 0 — 0— 0 
sin di cos T 
^ dr| |ad А 
Hence, rls ко „ы a [ [ic] = 
dt dt dt | dt 
and n = smo ве 
dt dt 


2 2 
= sin? 0 (2) + соѕ2 0 (2) 
dt dt 
= a үзіл? ө + cos? 0 
dt 


_ 40 
dt 


Hence, from (1) and (2) we find 


^ dr| |d? 
х— |=| — 
dt dt 
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Example 11: Evaluate 

dl dr rl 2 [ der] 241 fae rl 
— 17--511----1 (111 — | r X| — X — 
22:18:34 бод яа | 09054272 


[B.C.A. (Agra) 2010, 06: B.C.A. (Lucknow) 2007, 03; 
B.C.A. (Kanpur) 2005] 
Solution: 


i [ IN" CT 
(i) ET Е pa Y] 


=r.(rFxr)tr.(Fxrytr (7.7) 

= [вк] + [ге] + [rr r] 

=0+0 + [rrr] E Бао [ni] =0 
-[rrr]. 


P | degr] 42 


= de “tae | a т 


=Й 


dt 


+0+[rrr | 


fee т,т,т] +[х,т, т] 
41, 
ab 


Sort 


dt 


=[rrr]+ [rr Y |. 


(iii) ir (14 Я Tex) 


—EX(XT)-erx(Fxrrx(rFxT) 
А] +] 
=04+04[rr7] 

=[rrF]. 
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Exercise 6.1 


If r is a unit vector, then prove that 


drj jdr 
dt| | dt | 


[B.C.A. (Bhopal) 2007] 


Ifr=0 i + (20 - : =r) ом that rx Zak, 


51 [В.С.А. (Meerut) 2001] 


Ifa =2ti + з?] —4 Капа b =1+ e + tk, then verify the formula 


Sade ia 
t dt dt 


2 
. ct . d^x 2c 

If r=asinot + b cost + —sinwt, prove that —у+@® к= = cos at, where a, b 

t (0) 


and c are constant vectors and o is constant scalar. 


Ifa = 28 - t$ + (2+1) kandB = (22-3) i+ j - tk, find 


Determine the velocity and acceleration at any time when the particle moves along 
the following curved paths: 

(i x=acost, y-asint,z = at tana 

(ii) x-4cost, y=4sint,z «6t 


(iii) x eu tu =2 cos3t,z =2sin3t. 


A particle moves so that its position vector is given by r= cos@t і + sin@t j, where 
œ is constant, show that: 
(i) The velocity of the particle is perpendicular to r. 


(ii) Acceleration is directed towards the origin and has magnitude proportional to 


distance from the origin. 


m dr . 
(11) rx— is a constant vector. 
dt [B.C.A. (Meerut) 2009] 


2 


A particle moves along the curve x = p+ l, у= , 2 =2t+5, where tis the time. Find 


the components of its velocity and acceleration at = lin the direction i+ j+3k. 


" B.C.A.Mathematics-III 
ом 
reb 


Sic 
6. 


10. 


Answers 6. 1 


i+8j+2k 
(1) v 2—asinticacost j+atanak, a=-acost i-asint j 
(ii) v=—4sinti+4cost j+6k, а=-4 cost i-asint j 


(iii) р=-е6 1 -6sin3t | + 6 сов ЗЕК, а-с i-18cos3t j -18cos3t k 


Component of velocity in given direction = 411 the component of acceleration in 


| | : 8 
the given direction === 


Лт 


dl dx rl 421 dr xl 
—|r,—,— |. 2. — |r, —,— |. 
al dt’ qe a2 | dt 42 | 


dl (а dr)! 
|х| —x— ||. 
4| dt 28 | 
If r=acos ti + asin tj + at tana k, find 


dr т dr 


de el sag le Pe 
dt’ di? dt? 


dt ag 


Find the angle between the tangents to the curve r = Bie 2tj + B kat the point 
= +]. 

Find the tangential and normal accelerations of a point moving іп a plane curve. 
Find the unit vector perpendicular to each of the vectors 


a=i-2jandb=j+k. 


If r- 2 1+2 7+3ЕК, find value of rx 
[/ 


^ ^ ^ d 
If r= icos0- jsin0 +9 К, find the value їс 


If x- 2 i- pie К represents the position vector of a moving particle, find its 


velocity at time t =1. [B.C.A. (Rohilkhand) 2010] 


Vector Differentiation EN 
шил 


11. 


12. 


13. 


14, 


15. 


16. 


гае dr ВЕ 
Ifr= 3ri «3C je3e k, find the value of о 
| a’ а “ae | 


A particle moves along the curve х= z/, y 22 cos 3t, z 22sin3t, where t is time. 
р 5 J 


Determine the velocity at t = л 


Prove аша 2 а 
dt dt 


Find the tangents vector r’(t) and the corresponding unit tangent vectors of the 
following curves: 


(i) r2 tie | at (1, 1,0) 

(1) r22 cost i+2sint j - tk at (2, 0, 0). 

Іа = 21-1} +13 and b = зіп tî + cos t j, find: 
d d 

i) —(a.b ii) — b). 

(i) 7e ) (ii) д ах 

If r=(cos nt)i + (sin nt) 1, then show that: 


(i) rx. = nk (ii) p. esp. 
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Answerw 6.2 


Г dr 43ү] [ dr 43т| Г dr а] 


Әг ? р + 7 3.9 5.2 
Засаг i [^ de ae | |" ae 4d | 


225 ас, dr +rx dr dx 2 ja 
dt (dt dt? ub ae Я seco, a^ tana 


s y2 
Ө = соз | (>) . LA 


[21-1 ОР ы 


0 . 2î-3ĵ+4k 
2 20: 
6 . —е ®1+6К 


^ 24^ 
207 2^ i+3t° j 
i) i+3t and ———= 
0) ! Gr <i" 
-2sinti+2j+k 


v4 sin? t+5 


(ii) -28(1-21-К and 


(i) (1+ 22) sint—t cost 


3 


(ii) (P? sin t -3t? cos t) i+ (t^ cos +39 sin t) j + (cost + t sint +t” cos t)k 


ооо 


(хийх 


Gradient, Divergence & Curl 


7.1 Scalar and Vector Point Function 


I f a quantity assume one or more than one definite value at each point of a region, then 


that quantity is called point function in the given region. 


7.2 Single Valued Function 


A point function is said to be single valued or uniform function if it has only one 
definite value at each point of the region otherwise it is called multiple valued function 


or multivalued function in the given region. 


7.2.1 Scalar Point Function 


If corresponding to each point P of a region К, there is associated a scalar 0(Р) or 


ф(х, у,2). Then the function $(P) is called scalar point function or scalar 


function of position design in the region R. 


Illustration: 


I5 The mass m(P) at the point P of a body occupying a certain region is a scalar point 


function. 
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2. The density p (P) at any point P of a body occupying a certain region is a scalar 
point function. 

3. The distance d(P) any point P(x, y,z) in space ЕЗ from a fixed point A(xo, yo, 20) is 
also a scalar point function where d(P) = (x — xo y + (7- yo y + (2-20 y 


7.3 Scalar Field 


The set of points of the region К together with corresponding scalar function values ф(Р) 


is said to be a scalar field over R. 

Illustration: 

1: ф(х, рг) =x y-z 

2. Gravitational potential of system of masses 


3i The temperature distribution in a medium 


7.4 Vector Point Function 


If corresponding to each point P of a region К, there is associated a vector f (P) than f is 


called vector point function or vector function of position defined in the region R. 


Illustration: 


Ё The velocity v(P) of a particle in a moving fluid at any time t occupying the 


position P in a certain region is vector point functions. 


2, The gravitational force С(Р) ог F(x, y, z) exerted by a given point mass m at the 


origin on a unit point mass located at a point P(x, y, z) other than the origin is 


Gm 
G(P) z —— ——— u(x, yz 
o Med 


where С = the universal gravitational constant. 
u(x, y,z) = unit vector emanating from P and directed toward the origin. 


Here, G (P) is a vector point function. 


Gradient, Divergence & Curl LX 
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7.5 Vector Field 


The set of points of the region R together with the N у Уу " 
corresponding vector function values КР) is said to be a E N 3 yY Y V ити 
vector field over К. за E Е 
Ss = & 
Illustration: Байн < pl 
> > = © 
I. We live on the earth in gravitational force field T < 2 
which may be considered ав earth ward directed ял 7 KP 3 
: 3 A ^^^ Nx 
vector through each point of the space К”. ^ N 
parr 
2. Electric intensity of force. 
Fig. 7.1 


3; F(x, sz) =x? yi -3 yz? 7-7х2&К. 


~~a 

бол —— “Зэ ширэг p 5 

AA c qe. 7 
Fig. 7.2 


7.6 Equipotential of Level Surfaces 


If ф(х, y, 2) be a single valued continuous scalar point function, then through any point 


P(x, y,z) of the region considered, we can draw a surface such that at each point on it the 


function has the same value as at P. Such a surface is called a level surface of the function. 


Thus, ф(х, у,2)=С 


where C is on arbitrary constant, represents a level surface. If the scalar function ф is a 


potential function, the level surfaces are called the equipotential surfaces. 


7.7 The Operator V 


The vector operator V is defined by the equation 


where ET = partial differentiation w.r.t. 'x when y and z consider as constant. 
X 
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T = partial differentiation w.r.t. у when x and z consider as constant. 
J 


Em = partial differentiation w.r.t. ‘z’ when x and y consider as constant. 
2 


Thus, V is called “del” ог “nabla” operator, becomes popular for engineers and 
physicists due to its large applications. 


NOTE: 


It serves as a vector differential operator, when it operates upon a function. 


7.8 Gradient 


Let ф (x, y, 2), a scalar function, be defined and differentiable at each point (x, y,z) in the 
region of space (16.,0 is a differentiable scalar field). Then the gradient of p, written as 


Vo or grad 6, is defined by 


ду 92 


Where i, j,k be unit vector along x, y,z axis. 


7.8.1 Geometrical Interpretation or Gradient as Surface Normal 
Vector 


Let f (x, y,z) be differentiable 2 
scalar field, f(x, y, z) = C be the 
level surface and P(a,b,c) be tangent plane 
any point on it. 


Consider a curve C on the fayz) =C 
surface passing through a point 
P(a,b,c). Let х= х (0), у= y(t) 
z=z(t) is the parametric 
representation C. Then any P 


on C has the position vector Fig. 7.3: Gradient as surface normal vector 


r=x(t)it y(t) | кг (0К and 


. . x 
since the curve C lies on the 


surface. 


Gradient, Divergence & Curl 25 
шин. 
Хо, 


f(x) £z (t))= 
= TU (x(t), y (t),z(0))] =O 


EN 2f dx + of йу + If dz -0 [using chain rule] 


dx dt дуй dz dt 


= ASSI RSS RÀ |o 
ox ay} dt а dt 
> (Vf).r'(t)=0 or Vf-dr= 


Suppose Vf #0, r' (t) #0, г (t) is the tangent vector to the curve C and it lies in the tangent 
plane to the surface P. Therefore, Vf(p) is orthogonal to every tangent vector at p. 


Then, we can say Vf (р) is a vector normal to the surface f(x, у,2) =С at P. 


7.9 Tangent Plane and Normal Plane to a Surface Level 


1. The equation of tangent plane at Р(и, р, с) on surface f(x, у,2) = С is 


VAP) [(x—a) i+ (y—b) | (с-0)К1-0 


a Laer ирт 
ду 92 


or (x— RUE +(7-В — 

2. The equation of normal plane to the surface f(x, y,z) = C at P (a,b,c) is 
(x-a)_(y-b) _(z-0) 

of AE 

9 


ду 92 


3i Vector normal to surface f(x, y, z) = C is Vf. 


4. The unit vector normal to surface f(x, у,2) = C is 
A E Vf 
И ——— = ——— 
[УД | grad f| 


5. Angle between two surface ф(х, y, z) = Cj and фо (x, у,2) = Сз is given by 
(уф) (УФ) 
| Vor] | V2] 


where ф is the angle between фу (x, y, z) = Cj and фо (x, y,z) = Су surfaces 


Vo) = grad o, - 1,7] i 
ду 


д 
апа Уфо = огай $9 = 
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7.10 Some Results Connected to Gradient 


Theorem 1: Prove the following relations: 
G) WF g)=Vf + Vg 
Gi) — V(fg)- f Vgt+ g Vf [B.C.A. (Meerut) 2004] 


(iii) V 2 шиг н 5=0 


where f, g be two differentiable scalar fields. 


Proof: (i) We have V(f + g) ЇР НКО 
ag ^ 9 Acd 
Е = EEk Eg) 
ox ду 92 


=i OF 0E +] fa 98 +k 2128 
ox Ox 33^ ду д2 92 


= аар + 125: ги 
ox ду 92 дх Oy Oz 


V(f $9) - Vf Уе 


(ii) ^ Similar proof as proof (1). 


(iii) We have "(5-3 
& ox ду 9=)( 
Az] АЯ 
дх (о 9yig dz\g 
[of дк] [,9f ,9g] [of ә] 
E 8s, 43. А TET m ES с 
g g g 
411 (sof сах (2f dg E 
zu ox Jay” Kot) 16 НЕ 


ES AL! 
g 
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Example 1: If = 3x у ae, then find grad à at the point (1,— 2,—1). 
[B.C.A. (Meerut) 2007,06] 


Solution: Here, 


6-333 y- yz 
= CLA 99 58 Р - 
дх ду 92 


grad ф=Уф=1—+—]+—К 
х 


=6xy it (3x2 -3 у2:2) |+(—2 932) К at (1, -2, -1) 


--121-9j-16k 


Example 2: If r -|x|, where x = xicyjszk, prove that 


(i)  VfG()- у (т) Уг [B.C.A. (Meerut) 2012,05,01] 
r [B.C.A. (Agra) 2008,05] 

(iii) V f(r)xr=0 [B.C.A. (Meerut) 2003] 
гг [B.C.A. (Meerut) 2004] 


(v) Vlog rl 
[B.C.A. (Meerut) 2011] 

(vi) Ұр" ="? x 
[B.C.A. (Lucknow) 2011,06] 
(vii) Vr |-2r [B.C.A. (Avadh) 2009] 


(viii) v GO +I +27) 9er р 


Solution: If r=xi+ y j +zk 
Then r=| |= {22 +)? +22 or axe + y? +22 
Differentiate partially w.r.t. x, у and z, we get 


2r—=2x or —-— ME Е 
ox ox г 


? 


or or x or y or 2 
ду г Oz ! 


vos B.C.A.Mathematics-III 
.-7 
(i) We have V 912 23 flr) 

x J 


-i2- f) To po) po) 
X J 


=p nite j £27 
д ду 92 
=f'(r) № 
(ii) We have уе аа [from (1)] 
ее 
Е : m Р 
(11) We have У f(r) хх= р (г) Vrxx [from (i) | 
= /' (r) Ex [from (ii)] 
- 
-LO na [^ rxr=0] 
7 
=0 
(iv) We have у(; i : +] : +k й B 
r дх ду 92) \т 


-d 21523620) [from (1)] 
г г г 
И mr T 
==; xi+yj+zk 2e 
(v) We have У log| х| = У logr 


9. wg 250 
=| i—+ j—t+k—]logr 
ox “Оу Oz 
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^ 


-1 =. (log r) + j T (logr)+ ko (log r) 


alor ^4lOr 2197 
i +j-—t+k 
rox roy r oz 


з-ү(хї6у 620) 


- 


(vi) We have Vr" = E CAE +k 2) r” 
x 92 


(vii) We have V| r? = ур? (r? =x + y? + 22) 
= 1932 9: г? 
ox Oy Oz 


гоу Hity b*zl9 y, 
: 


d 
©) 


[from (1)] 


[from (1) } 
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2523.2 | 
(viii) We have grad eU +y +: =y 


SHO RE) 


^2 ^" ^ 2 ‚л 2 : 
=ie’ 2T. je’ 2r ake dd 
J 


x 2 
=2 ге’ ЕШ шаг 22 
дх ду 92 
2274 134128 H [from (1)] 
r r r 


2 (xit yj*zk) 29,7 


=2 ү Y 


r 


Example 3: If Vu=2r* т, find и. 


Solution: Here, г=хі+ yj+zk 


> ==? y? +22 ог? = 7 + у? +22 


Qu^ дил дих 


Уи=—— і + ј + — К 
ox ду Oz 
Then, from Vu -2r?r 
> 3r itas iege ken Pa Pde y pesto 


Comparing the coefficient of ik on both sides, we get 


SM ouis 


ox 


+? манган its урна), Don +)? qa y 


From total differentiation 
dit e ба 
дх ду 92 
=2 (x? +)? +22}? (хах+ y dy * z dz) 


2 


Let х^ +i +22 =t => 2xdxe2ydy-*2z dz «dt 


> du- t? dt 


Integrating both sides, we get 


P Га 2 „2\3 
МЕСЕ (к «угж: у +С 
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Example 4: If u=x+ y+z, v=x + y? +22, w=xy+ yz+zx, prove that 
(grad и) .[(grad v)x (grad w)]-0. 
or 
Ifu=x+ y+z, v=x +)? +22, W = ху + уг + 2х, prove that grad и, grad v and grad w 
are coplanar. [B.C.A. (Rohilkhand) 2006] 


Solution: Here, 


ванн а а м 


grad АЛГА ган 
-2х1-2у|422К 
grad w=Vw= [RR mA (xy + yz + zx) 
дх ду 92 


^ 


=i(z+ ye j(ztx)+k(x+ y) 
-. (gradu) .[grad v xgrad и] = [grad и, grad v,grad w] 
1 1 1 
=| 2х 2y 22 | Applying Ry = К + Кз 
ytz 2+х Xty 
1 1 1 


=2|x+y+z x+y+z x+ ycz|taking common (x + y+ z) from К 


ytz 2+Х x+y 
1 1 1 
=2 (x+ у+2)| 1 1 1 


ут: аах Xy 


-0 


Example 5: Show that V(a . r)-a, where r=xi+ у} + zk and a is a constant vector. 


Solution: Let dpe tek velie P pe 
дх ду 92 


evel enden [1 +1 +2. 
ЕРЕ хай NND 
13x 297 ШЕР 

д 9 9 a A Ж 

Therefore, (a. V) r=] ai — +4 — +a — |(xi yj +2К) 
ox ду 92 


=q 1+4 ] +4К=а 
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Example 6: If ọ(x, y)=log [G2 t у? 1^, show that [B.C.A. (Kanpur) 2007] 


grad e — A. __ 
ir-(k.r)kiir-(k.r)k) 


where x and k have usual meanings. 


Solution: grad ф=Уф 


= Vlog (x? ss = Vlog (x? + y^) 


st 12 Ба. lo (x? + 2) 
2| Әх ШЕТ, az} 5 2 
1 ^ DN xityj 
-——'——3-2xi-2yj-0k)2———- 
2025) “ ) xx 


(xi+ yj). Gi yj) (хї+ yj+zk-zk).(xi + yj +zk—zk) 
(exit yj+zk=r ә К.г =2) 
r—(k. 1) k 
{r-(k.1) К}. {r— (К. г) К} 


7.11 Directional Derivative 


The rate of change of a scalar function ф at any 
point P in any fixed direction a is called the 
directional derivative of ф at P in the direction a 
and is denoted by a, 

s 


From advance calculus, we have 


дф ә Эф 


Уф= Eum — Ax d IAE e t terms of higher 
Fig. 7.4: Directional derivative 
powers of Ax, A y, Az 
Then, lim on lim OPAL JUAN poe 
A20 As А5504 9х As ду As Oz Os 
m GD par TURF opaz 
$ xds дуйѕ 924$ 


- (135,529, £29) (стра 
X ду 92 Е 
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(239) 
: 210 ; ж. dis x 
-ve m [vraxit y ek ЕЙ] 


хо E : : 
The term Уф represents the rate of change of à. The quantity d is a unit vector in the 
8 
direction ах. 


Непсе, B is the rate of change of ф in the direction ог Я 
s s 


Thus, the directional derivative of $ in the direction a 


=Vo.— or Vo.a 


Theorem 2: The maximum value of the directional derivative of a scalar field is 


[Уф |, in the direction of Vo. 
Proof: We know the directional derivative of ф along the unit vector a is 

Уф.а =| Уф||а[соѕө (1) 
where 0 is the angle between V6 anda. 


The maximum value of cos0 is 1, when0 = 0. Therefore, (1) will be maximum, when 0 = 0 


i.e, Vo and a have same direction. 
Уф.а =| Vo| [from (1) соѕ0 zL|a|- 1] 


The maximum value of Уф .а is | Vo]. 


7.11.1 Conservative Vector Field 


A vector field F is said to be conservative if F can be expressed as the gradient of a scalar 
field oie, F= Vo and ф is called the scalar potential. 


7.11.2 Gradient in Co-ordinates 


Let = f(0)be the curve. P(r,0) be point on curve, 
where r= OP be the radius vector0 = Z POX. Ois 


pole, let e-,e@ be unit vectors along and 


perpendicular to radius vector r. If s be the 


distance in the direction of r, then ds = dr. 


The directional derivative of surface ф along e; 


Thus, 29 - ve. 6, 441) Fig. 7.5 
y 


If we take distances in the direction perpendicular to r, then ds =r 40. 
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Also directional derivative of surface ф (7,0) along ев 


= Vó.eg 
9$ 


Thus, Ре NV 
Е roe 0-е (2) 


Again, components of Уф along and perpendicular to rare Vo. er and Vo. ep respectively 


Therefore, Уф = (е; .Уф) ey (сө . Vo) eg 
дф^ дф ^ 
Vo = — — sed 
or ? or Байн, eu 


[from (1) and (2)] 
This is the expression of gradient in polar co-ordinates. 


7.12 Gradient of Constant Vector 


If ф is constant, then 


905 9007 
desvi- Д 
Е ИЕ ru rur 
=0.1+0.7+0.К 
=0 


Thus, Уф =0 & function is constant. 


Example 7: Find the unit normal n of the cone of revolution 22 =4 (x7 + у? )at the point 
Р (1,0,2) 


Solution: Let far -4x -åy =0 24(1) 
From (1) OF aby 97 3.89 9f 5 
дх ду "dg 
тэс 
Vag 92 


а at (1,0,2) 
vf--8i«0j«4k 


= | Vf |= C8? + (0) + (4)? = J64 x0 +16 - J80 


The vector normal to surface = Vf 
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--81-4К 
| Vf 
The unit vector normal to surface = + —— 


| Vfl 


Example 8: Find the equations of the tangent plane and normal plane to the surface 


2 | 
2xz^ —3xy -Ax -7 at the point (1,—1, 2). [B.C.A. (Bundelkhand) 2011,07] 


Solution: Let f -2xz? -3ху-4х-7-0 441) 
Be given surface 


Find OF эд ау Е 
ox ду 92 


At (1,-1.2) 


The equation of tangent plane to the surface /(1) at which (x, 1,21) is 


Can eee 


д 9 
Ер / ez) =0 


ay 
Then at (1,-1, 2) 
(2-1) (7) + (y +1) (-3) + (2-2) (8) =0 
7x-3 y+8z-7-3-16=0 
or 7x -3 y+8z=26 


The equation of normal plane at (xj, y,2]) 18 


-1 
| 
Оо 
со 


Example 9: Find the angle between the surface “+ у? + 22 =9andz = x) + у? -3 
at the point (2,-1, 2). 


Solution: Let fi =x Iy +22 -9=0 sall) 


" B.C.A.Mathematics-III 
уг 
eA 


and fo =x + y -2-3=0 ao) 


We know the angle between two surfaces at a point is the angle between their normals at 


that point. 


Let n; and m be normals to the surface (1) and (2), then лу = УД and m = Ур 


Wis d age e 

=2х1+2у]+24К [from (1)] 
and Vom 

-2xi42yj-k [from (2)] 


At the point (2, 21,2) 


nj -(Vfi)g, 42) -41-2 ) -4К 


and пә -(Vf)g, 4,2) =4 i-2 j _К 


Let Ө be the angle between лу and m, then 
n; -n9 =| 7] || л) | cos 0 


n.m 4х4-(-2)(-2)-4(-1) 


Or соѕ Ө = = A A 

|m|[m| fl6+4+16 Л6+4+1 

_ 16 8 
6421 3421 
8 -1{ 8 
cos 0-2 —— = 0-cos |—— 

3421 (zm | 
Example 10: Find the directional derivative of f(x, y,z)= х2 yz +4х22 at the point 
(1, -2, —1) in the direction of the vector 2 i =} -2К. [B.C.A. (Kurukshetra) 2012,10] 
Solution: Here, (х, y,z) =x" yz + Axz? s) 
Find 97 уулсан Lore Lofy 

дх ду 92 


л кү 
ox ду 92 


> Vf =(2 per +422) 1+ (322) j + (42 y + 82) К 
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At (,-2,-] ә vf -8i-j-10k 
Let а-21-1-2К, Then SET 
a 

^ 2i-j-2k 2î-j-2k 

= а=-————=—=_——— 
(2)? -(-18 + (-2)° v9 

a 21-1-3К 

> а= 
3 


=(8i-j-10. € 11-79 


_16+1+20 37 
i 3 -3 


Example 11: Find the greatest rate of increase of à = xyz? at the point (1,0,3). 


Solution: We have ф = хуг? 


=> Sb - ye Shan? 38 сад 
Now vente ER ROS 

=i y2 + ĵ xz + Кдра) 
> At(10,3) Vo =0 i1+9 j+0k 


We know the greatest rate of increase of 


=| Уф! at (10,3) 
= (0? + (9)2 + (0? =9. 


Example 12: Find the value of a and b such that the surface ax? — byz =(a+2)x and 
3 

4x° y + 23 =4 cut orthogonally at (|, 1,2). [B.C.A. (Rohtak) 2009; B.C.A. (Avadh) 2003] 

Solution: Let f 2a? -bz y -(a-2)x 20 sal) 


and ga4x7 yz -4-0 (2) 
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Then, vector normal to surface f and g is 


y= i+ xi + Lice {дах —(a+2)} i -bz j -byk 


and ем &y ie Ax?j - 3z?k 
ox ду 92 

At (1,—1,2) Vf =(a-2) i-2b j+ bk 

and Ve=-8i+4 ]+12К 


Since (1) and (2) cut orthogonally, then Vf . Vg =0 


> —8(a-2)-8b -12b 20 
Or -24-5-4-0 3) 


Also, the point (1,—1,2) lies on (1) and (2), then 
а+2р-(а+2)=0 or b= 


Егот (3) -2а+5 =0 ог а= 


Therefore, a = 2, р=] 


Example 13: Evaluate the directional derivative of the function ф = 2 - Ёл + 222 at 
the point Р(1,2,3) in the direction of the line PQ where О has co-ordinates (5,0,4). 


Solution: Here, position vector of P =i +2 j +3 k 
Position vector of Q=5 i +0 j +4 k 
PQ = p.v. of Q- p.v. of P 
=(5 i+0 j+4k)-(442 | +3) 
=41-27+К=а (let) 
If à is the unit vector along PQ, then 


à 41-9 9k 41-214К 


за ---шшшшшшшш:шшшшшш-00 ———————— 
ja] /16-441 421 
Now grad ф= ve-2$ 1. 2$ js 29 í- =2x i-2y j+4zk 
ду Oz 
At (1,2,3) > Үф-21-41-12К 


Then, directional derivative of ф in the direction of a is 


Gradient, Divergence & Curl E 
—— mÓ045j 


d issu. 27989 


ds J21 
_2 х4+4х2 +12 х1 
7 АІ 
28 4 7 


- Т = 
Example 14: For ф = x y? 2%, find the directional derivative of » at (2,3, — 1) in the 
direction making equal angles with positive x, y and z axes. 

Solution: Let a be the unit vector in the direction making equal angles with positive 


x, yandz axes, then direction cosines of this vector are [co О, COS 0, COS 3 : 


So, a-cosa і + с0$ 0, j+cosak and Pan? 492 =1 


> cos? а + cos? a + cos? a =1 
1 
=» соз =—= 
3 
Then fo 0090019009 авга К 
lal feos? a + cos? a + cos? о. 
ES 1%, 1 216186 
BBB 2 
Also, mdp сае ао 
дх ду д2 
zo yet) ir (x2 324) j+ (x2 y3z4) К 
x 
=2ху?:® 14322 yz 7 +422 323 К 
At (2,3,-1) Vo =108 i +108 j -432 К 


Then, directional derivative of $ in the direction of a is 
do 
ds 

=(1087 +108 j -432 Ю). 


=Уф.а 
++ К 
43 
_108+108—432 216 
4 43 
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Hr : ЭЭР: НИ” : Ши 
Example 15: Find the magnitude of directional derivative for the function ф = Pu » 


which makes an angle of 30° with positive direction of x-axis at the point (1,0). 


: М4 
Solution: We have = — 
“ыў 
- ap —2y 9% x-y аф 
Әх Q^. yy ду Qe уу дг 
дф 299 9% 
do=Vo=i—+ j — — 
gra ф- 1 ты т 55 
"E х 2 _ ^ " 
яз N 
(«2 + у) (а + у) 
At (1,0) 2 Vo=0 i+ j 


Also, a = unit vector along the line making an angle of 30° with positive direction of x-axis 


at the point (0,1) 
=cos 30° 1 * sin30* j 
Then, directional derivative of ф in the direction of a is 


—— = үф. as (0 i+ М (cos 30° і +sin30° 7) 
=sin30°= — 


Example 16: Find the directional derivative of f (x, y, z)- 22 у222 at the point (L 1, — 1)іп 


the direction of the tangent to the curve x — et, y =2 sint, 2 =t-cost, at, t=0. 


Solution: Here, f= x? y? 22 
Then Sf oi, sf aay? ye, Sf as y 


ваа/-үү-214 A 
x 


-2x?z2 142323 yz? [+202 y k 


At (,1,-1), vf-21«2j-2k 
d 
Now, x =e’, y=2sint, z=t—cost > Bf E. ace тан 
dt dt dt 


Position vector г=хі+ у ] +2К 


Gradient, Divergence & Curl 5 
ИН «à 
Nd 


The tangent vector t is given by 
dr ах? d dy ^ 


db dt^ di jm 

t= i+2 cost j+(l+sint)k 
At, t 20 t=i+2j+k 
tode2jek i+2j+k 


DEN FEES |. 46 


Then, the directional derivative of f at the point (L1, — I) in the direction of t is 


Ч 


The unit tangent vector t= 


(i+2j+k) 244-2 4 246 


“4 we ve 3. 


Example 17: Find the directional derivative of » = 52 у - 5 yz + 222, at the point 


=Vf.t=(2 i+2 j-2k). 


Р(1,1,1) in the direction of the line got жээ зэ 
2 -2 1 
Solution: Here, ф НЫ 
> 25-109 «27, So asx? 10е, 5) + 5х2 
grad ф = КАИ 
дх ду д2 


-(09-3: сөд -10 yz) | +(-5.y* +52) К 


уф=22.7-5 7+0Ё at (LLI) 


-1 = 
The direction ratios of the line = = pes =< are 2,-2, І. 


Vector a in the direction of the given line is 
a=2i-2j+k 


The unit vector a 5 2i-2j«k 2i-2j«k 
u Vi T —— Z — ———— M ——— 
lal Jj4«4«1 3 


Required directional derivative of ф at (1, 1, 1) in the direction of a is 
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Example 18: If the directional derivatives of ọ = ax? y + by^z + ez? x at the point (1,1,1) 


-1 = 
has maximum 15 in the direction parallel to the line LL find the values of 


а, b and c. 
Solution: Here, ф=ах^ yt by^z e cz? x 
'Then л АЛ ЛЭН a ЧЭ. 
дх ду 92 
К 

= (2аху + cz”) 1 +(2Ьуг + ax’) | + (by? +2сгх) К 

=(2a+c) i+ (a+2b) j+(2c+b)k (1) 
At (1, 1,1) 


Since the maximum value =| Уф|=15 
= (Qa с) + (a 2b (2c by 215 
or (да+)? + (2Ь+ a. + Qc b 2225 ...(2) 


But, the directional derivative is given to be maximum parallel to the line 


x-l y-3 z-0 


Then, from (1) and (3) 
2ate 25-а 240 


2 -2 1 
и (ш) 


From (i) and (ii) 
2at+c=-2b-a or 3a+2b+c=0 
From (ii) and (iii) 2)-а--2(2с40) ог a+4b+4c=0 


ре 
л Ж 
со 


Solve (4) and (5) for a,b,c by cross multiplication 
яаж — C — 
2х4-1х4 1х1-3х4 3х4-1х2 


a b C 
or SS LEE 
4 -Il 10 
ог a=4k, Їр--11, c=10k 
Put in (2), we find 
(18k? + (189? + (9k? 2225 or k=22 


Therefore, a=+—, р= +, СЕ 


Gradient, Divergence & Curl 15 
E — 7 
хо, 


Example 19: Find the values of constant a,b and с so that the directional derivative of 


ф -axy? + Буд + cz? x? at (L2, - I) has a maximum magnitude 64 in the direction parallel 


to z-axis. 
Solution: Here, ф= axy? + byz + тэн 
> Vg ates t oasis түк 
Ox ду 92 
Then, ЛЭГ ee ae ok 
dx ду Oz 


= (ау? + 3cz2 х2) 14 (2axy + bz) j + (by + 3cz2 x3) k 


-(4a-3c) i+ (4a- b) |-(29--36)К at (12,-1) 


Now, we know that directional derivative is maximum along the normal to the surface 


ie, along Уф. But here directional derivative is maximum in the direction parallel to 


z-axis i.e„ parallel to k : 
Hence, the coefficient of 1 and j in Vo should be zero and the coefficient of k positive 


Therefore, we have 


4a—3c=0 aL) 
4a-bz0 (2) 
and 2р+3с>0 or b> ...(3) 
Then, grado = Vo =(2 b+ 3c) К 
Now, max. directional derivative 
=|grad >| =| Vo] 
64 =2b+3c (4) 
Solving (1), (2), (3) and (4) 
16 564 с, 64 
3 3 9 


Example 20: Find the directional derivative of V .(Vf) at the point (1-2,1) in the 


direction of the normal to the surface xyz = 3x + 2”, where f= 223 y? 23. 
[B.C.A. (Meerut) 2009] 


Solution: We have f =223 y > 27 cde PA Pt oa ый, 9f gi 23 
дх ду 92 


У = Е д 
dx ду dz 
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vf -6x? yz? i4) уг% IT k 
> vp [cie Ren 14423 yz! je 843 y? K) 
-12x?z* +42324 +2423 2? 
Directional derivative of V .(Vf) 
29.9 9 


4 ти 23 (12x? z* +4х324 +2423 y^ z?) 


= (12 7224 +125224 +72 x2 у222) 1+ (24xyz4 + A8? уг2) | 
+ (483? +16323 +4843 yz) К 
Directional derivative at (1,-2, 1) 
=(48 +12 +288) 1+ (-C48-96) j + (192 +16 +192) К 
-3481-144 Î +400 k 


Normal to (хуг -3x -z2) =V (xy?z -3x -2°) ЇР ist 23 (ху22-3х-22) 


=(y*z-3) 1+2 j (9? -2z) К 
Normal at (1, -2, 1) -1-41-2К 


“1-4|-2Кк (1-41-28) 
1+16+4 421 


The directional derivative in the direction of normal 


Unit normal vector 


(1-41-2К) 


-(3481-144 j +400 Í). 
( j ) Bi 


_348+576+800 1724 


J21 Ул 


Example 21: Find the directional derivative of v2, where V = ху? is zy? 7+ xz? k at 


the point (2,0,3) in the direction of the outward normal to sphere БЖ: y? +27 =l4at 


the point (3,2,1). [B.C.A. (Agra) 2004] 
Solution: We have V? = У.У 


=(xy" it yz |+? k). i+ yz | жад k) 

= x2 yt 4 22 yt 4 24 

Directional derivative =V V? = ERE к (х2 уй 2 yt +4224) 
дх ду Oz 


Gradient, Divergence & Curl 25 
Ec — ÀsaÓ 
bum 


=(2xy4 +224) 1+ (4х2 y? +4322) j+ Qzy* 442372) К 


=3241+432 К 
At (2,0,3) 
The vector normal to surface $ = Уф, where ф = xa y +22 -14=0 
4292,90 дор 
ox ду az 


=2х1+2у]+22К 
=61+4]+2К 
At (3,2,1) =a (let) 


. ^ а 6i+4j+2k 
Unit vector normal to surface (а) = — = ub. Raus 


[а| 36 +16+4 
_2(81+21+Ю) _3ї+2]+К 
2414 ЯЛ 


Required directional derivative along the normal to surface 0 = V (v? ) n 


A м (@1+2]+К 
1066) ay ЗЫ 


_108(09 +4) 1404 


| 44 44 


Example 22: Find the directional derivative ape in the direction x, where r= xi + yj +2 k у 
r 


[B.C.A. (Agra) 2010] 
Solution: Let ф = 2 


720(1Y1 ^9 (l|) 59 (Il 
=i—|-]+ j—]-|+k—|]- 
ox B ду B 92 B 


ч 
= 

= 
ч 


ане вы ш ДА а. 
r r ox r Ё r 
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Let a be the unit vector in the direction of r, then 


The directional derivative of in the direction of r 


r Е 


Mc ав 


йн 2 
=--г=-1/7 
r r 


Example 23: (i) Find the directional derivative of 2 in the direction of х, where 
г=хі + yj +zk. 


Е Е Нэн 1. — С МИЕ: 
(ii) Find the directional derivative of — in the direction of x, where r=xi+ yj+zk. 
r 


Solution: 
(i) ^ Let ф = 
Б 
Ву Vf (r) =f" (r)= put fr) 212, f (г) 2-212 
1 -2r -2 
=> V|—[2—-—-—-r 
(> or rf 
Let a be the unit vector in the direction of r, then 
qe 
| г 


Therefore, directional derivative of $ in the direction of a is 


dó ^ l)r -2 r -2 -2 
2 =Vo.a=V|—|.-=—r.-= =% 
ds Ф (= | r r Г Е; ү 


Е 1 
(i) Let =- by Vo(r)=0) йн 


23 КР -n r_ AT 


E г” +1 r NI) 


Let a be the unit vector in the direction of r, then 
^ Yr r 
a———— 


| r 


Therefore, directional derivative of $ in the direction of a is 


deve = (тете 
ds 


pr ИУ; r үлэ 


Example 24: If f -rcos0 + tan, find grad f in polar co-ordinates. 


Solution: We have grad f in polar form 


Gradient, Divergence & Curl EN 
Ss qos 


Where ег, ев be unit vector along and perpendicular to radius vector 


Vf 2cos0 e; Бритен 016. 
m 


7.13 Divergence of a Vector Point Function 


Let V (x, y, z) be a differentiable vector function, where x, y and z cartesian co-ordinates. 
The divergence of V is denoted by div (V) and is defined as 


div (V) 2 V.V 


= 2412 М 
ox ду Oz 
20V 59И SOV 
+ j—tk— 
ox ду 92 


Clearly, the divergence of а vector point function is a scalar point function. 


If V=V; i+ V) ј+ V; К, then 


ВАН jeieuien 
-M 9V9 | 9Va 21.1-1.-К.К-1 
QE Oy we i.j=j.k=k.i=0 


7.13.1 Physical Interpretation of Divergence 


We consider an example to interpret the meaning of divergence in fluid dynamics. If the 
region of space is filled with a compressible fluid then, the function V(x, y,z) represents 
the velocity of a fluid particle at (x, y,z) at any time (t), then divergence of V is the rate of 


out-flow of fluid per unit volume with respect to time. 
For incompressible fluid, however div (V) 20 
NOTE: 


We remember that 


VV#V.V 


Since V.V=scalar differential operator 


and V.V =scalar function. 
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7.13.2 Solenoidal Vector 
A vector field defined by the vector function Е (x, y,z) is called solenoidal, if div (Е) 20. 


7.13.3 Divergence of a Constant Vector 
Theorem 3: If A is constant vector, then div (A)=0. 
Proof: Since, A is constant vector 


= — =U, — =U, — = 


Then, div (A)=V.A 


=i0+j0+k0 
=0 
7.14 Curl of a Vector Point Function 


Let V (x, y,z) be a differentiable vector function, where x, yandz cartesian coordinates. 


The curl (or rotation) of V is denoted by curl (V) and defined as 


curl V=VxV 
= 141415 xV 
dx ду 9 


Clearly, the curl of a vector function is a vector point function. 


If V= ИИ risk. vais jc. then 


dy 9 
curl V=VxV 
i 5 È 
J2 2 2 
ox ду 92 
Ур Ve. % 


[а àv) (ги әм}, {гю әм 
ay oz} (3z ox Әх ду 


Gradient, Divergence & Curl EN 
a 


7.14.1 Irrotational Vector Field 
If curl V = 0 then, vector field V is called irrotational vector field. 


A field which is not irrotational is called a vortex field. 


NOTE: 


A vector F is conservative if curl F =0. 


7.14.2 Physical Interpretation of Curl 


Here, we shall interpret curl in the context of a uniform rotating rigid body about an axis. 


Let © =0 1-0) 1-3 k be an angular velocity of a rigid body rotating about fixed 
point O. 
The velocity V of any point P(x, у,2) on the body is given by У =@xr, where 


r=x i+ у j+zkis position vector of P. 


= (222 -03 y) 1+ (03 oz) | + (@ 7 -0 1) k 


i j k 
and curl (V)=VxV= ES ES 2: 
дх ду 92 


(622-637) (04Х-0)2) (юру—Ф®ох) 


= (0 і 0) i і (09 і Фә) j + (0% + 03) К 


[^ ор, 05,05 are constants. | 
=2 (0) 1+) ј +03 К) 
1 
> ® = 2 curl V 


Thus, the angular velocity at any point is equal to half the curl of the linear velocity 
at that point of the body. 
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7.15 Laplacian Operator 


The differential operator V . V or V? is called Laplacian Operator and defined as 


У? =У.У= 19439 ee Д : (2 8. 
ox ду Oz ox ду Oz 


22 а » 
=| —~ + —~ + — 
dx” y дг? 
У. У is usually denoted by V?$, a scalar function is called the Laplacian of ọ. If it is zero 


Le., ү2ф=0, the equation is called the Laplace equation. A scalar function ф is called 


harmonic, if it satisfies the Laplace equation ie., is vo =0. 


7.16 Vector Identities 


Theorem 4: Prove the following results in connection with divergence. 
(i) div (A + B) «div (А) + div (B) [B.C.A. (Meerut) 2001] 
or 


V.(A+B)=V.A+V.B 


(ii) div (þA)=grad 0. A + ọdiv (A) [B.C.A. (Lucknow) 2007] 
or 


У.(0А)-Уд.А-фУ.А 


(iii) div (A xB)-B.curl A - A.curlB [B.C.A. (Meerut) 2002] 


or 


V x (AxB)-(V x A.B-(VxB). A [B.C.A. (Kashi) 2010] 


Proof: (i) We have 


т E asm 
ox ду 092 
siS дав) О АВЕ CA +В) 
дх ду 92 
a [ðA dB) [дА dB) ~ (әд B 
=i.) —+— |+]. —+— |.| —+— 
X Өх ду oy 92 Oz 


Gradient, Divergence & Curl 5 
Ec — 2 
Ne 
-11 qu e A+] i х B 
д д д д д д 
=V.A+V.B 


V.(A+B)=V.A+V.B 
(ii) We have 


V.(pA)=V.(id Aj + jóAg +kOA3) (where A= Aji Aj Ag k) 


fiè dz (19444 јфАз +КФ Аз) 
дх 92 


=F 0409: (04) + (OAs) 
x 


дА 
fta Em um 20), (2 +0248) 
x дх y z Ё 


(sa 06 OKO ) E dA» — 
2 


— + — + — 
ox ду Oz 
28 (A, i+ Ag j + Аз) 


СЕЕ ĜA + 149 +k As) 
d J 
(11) We have 


24.9 tA) 1. saya Axe) 
ox ду 92 


=í. 9А В +1. Agee +1. ЗА eB +]. Аж” +k. ce xB4 Ax 2B 
ox ox ду ду 92 92 


^ дА ^ dA ^ дА ^ дА| 
3 =1х—+ j х— 
ox ду 92 


| 
с [д9А ^ 981 х. [9А ЭВ 
Ув] Qe xx 
- > ! 23 .B- b3 E x — .A (dot and cross interchange) 


=B . curl А-А curl B 
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Theorem 5: Prove that the following results connected with curl. 


(1) curl (A +B)=curlA +curlB 


or 


Ух (A+B)=VxA+VxB [B.C.A. (Kashi) 2012] 
(ii) curl (фА )= (grad ф)хА + ocurlA 
or 


Ух(фА)= Vox A +фУхА 
(iii) curl (A xB)- (div B)A - (div А)В + (B. V)A -(A.V)B 
or 


V x(A xB)=(V 4 B)A -(V р A)B ин (B . У)А -(А . V)B [B.C.A. (Rohilkhand) 2011] 


Proof: (i) We have 


curl эв Y [ix Zia «m esa X [24] 


—- curl А + curl B 


(ii) We have 


curl (9A) - V i 23 (ФА) 


-gradó XA + curl А 
Gii) We have 


curl (Ax B)- V і х (А xB) = > 2 23 


„дА ^ дА ^ OB 5 9В 
ich бул баа: 


=(B.V) A -B div (A) +A div (B)-(A.V)B 


Gradient, Divergence & Curl 25 
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Theorem 6: Prove the following: 


(1) curl (curl A) = grad (div A)- Laplacian A [B.C.A. (Indore) 2011] 
V x (Vx A)=V(V.A)-V7A 
(ii) grad (A.B)- A xcurlB +B xcurlA +(А.У)В + (B. V)A. 


or 


V(A.B)=A x(VxB)« B x(VxA)-* (A. V)B +(В.У)А. 
[B.C.A. (Bhopal) 2012, 08, 06] 


Proof: (i) We have 

Ёол 

д д n 2 As 
—  —|where A = Aj 1+ Ај + Аз К 
ду 92 
А As 


[(2A3 9Ал үл (AA, 9Аз үл (AQ AA] 
zVx||——- i = i k 
| ду az Oz Ox Ox ду 


: : Ё 
д д 9 

ox ду д2 

dA, 0A, dA, OA. 945 OA, 

Әу EFT 92 Ox ox | ду 


Га (949 3A) 9 (AA, AAS 
Seu» 


| 
| ә? А\ = = =| 


-—- - — | +] — + ——_ 
9у? az дудх dzox 


: ур 4 + +-—— 
a ду 92 ду? дудх azaz | 


32 ^ ^ ^ ^ 9 9A, дА» дАз 
-[5 222223 GU zm 


дА, ðA ЭАз 
t V| ——+—— + 
ox ду Oz 


1 2A, 9A га = 92 Ay | 


=-V7A+V(V.A) 
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(ii) We have 
grad (A .B)=V(A .B) 


Buk axis ЕА 044225 
дх дх 9 

ог АЛ2 аа чае 
дх дх дх 


V(A.B)- ре qub +(А. 938 вх тое +B ЗА] 
| дх дх х 1 


=A x(V xXB)+Bx(VxA)+(A.V)B+(B.V)A 
=A xcurlB+BxcurlA+(A.V)B+(B.V)A 
Theorem 7: For any scalar function (x, y, 2), prove that curl grad 0-0. 


[B.C.A. (Meerut) 2010] 


Proof: We have 
curl grad $ = V x(V$) 


yu gatus 
х д д 


д y 2 
TE 
_| 9 9 9 
jx: ap x 

90 200 96 

Эх Ву Эг 


^f 32 2 A 2 2 A 2 2 
ооо) о оо), gf ao zo 
ду dz dz ду 92 дх dx dz ox ду ду ox 
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Example 25: Show that if r-xi + у} + zk 


(i) div (x) -3 
(ii) curl (x) =0 


[B.C.A. (Meerut) 2008] 
[B.C.A. (Meerut) 2008] 
Gii) div (©у=®. (iv) curl (r)=0. 
r 
or 
1-2 


у? +y +22. 


Solution: (i) We have div (x) =V. “| A + f 2 + 33 Р (xi + yj E zk) 


Find div (v) and curl (v) if v= 


дх ду Oz 
FOOSE [fe i.isj.jek.k=1] 
=1+1+1=3 
(ii) curl (1) Z V xr 
i jd k 
ә ә 21. à д д 
=| — — — |= — — 14— —— |! ——— 
T:s [2 ©) Zo 1209-2009 o Zol 
X J 2 


3 x(x) y 2) 2 (5) [5 5 2 or x or y or 2| 
= = -. — === —= = |, E = а==„——==,— == 
" p? ( ) 2 | j 2\y | t Rue ES ox г ду г oz "| 


To 
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(iv) curl rSVxrsVxIs И а ,UdltyjtzE 
r дх ду 


92 


r 


зЇн gle-» 


c 
e ISP] өнө 
c 
$ = 
| 
mie > 
p—— 
е 
|ә 
— 
NES 
мо 
| 
c 
mio 
QU 
3 [Je 
LN. 
D — 


1 
m 

= == 
N 


зая 


А“ 
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Example 26: (i) If F(x, у, z)- xz? i-2i3 yz j +2 yz* К, find divergence and curl of 


F(x, y, 2). 


[B.C.A. (Agra) 2011, 08] 


(ii) Find the divergence and curl of vector field 


V (x, у,2)=х^ у^ ї+2хуј+(у2 -ху)К. 


[B.C.A. (Meerut) 2011, 06] 


(iii) Find the divergence and curl of the vector function 


F(x, у,2)=е%7 (ху? is yz Im k)at the point (1, 2, 3). 


[B.C.A. (Lucknow) 2008] 


Solution: (i) div (F) = У.Е = i Bons 


m = 1-2x? yz +2 yz? К) 


ЕБ: Е САТИН. 
=: ) ag Jie) (2 yz") 


=: 912: + 8 yz? 


бо ж с} 
curl F=V xF- 12 E = 
ox ду 92 


XZ -2x? yz 2 yz 


=i [224 «232 y] - 5[-3xz2] + K[-4xyz] 


=2 (x2 y ez) i 3x22 j-4Axzk 


д 


Ж : 9 9 
(ii) div ()eV. Veg co м -3) 


Gradient, Divergence & Curl 


59 
2 


-23? +2х 


ол. > 


i k 
curl V=VxV= 28 2 2 
ox ду 92 
ry 25 У-у 
=i(2y-x)-j(-y)+kQy-22" у) 


=(2 y-x)it yj+2y (I-22) К 
(iii) div(E)e V.F 
= Se PAS P hes erra) 
= y? [e*J* + xyz *J*] 4 z? [e* 7 + xyz e* 
= (1+ xyz) (x? + y? +27) e* 7 
=98еб at (1,2,3) 


J7] 4 x? [e* I? + xyz e* УЛ! 


i 1 k 
curl F=V x F= 2 2 2 
ox ду 92 

ху? et JZ yz QJ nig 


=i 2 eX J? — y Qe*J* z+ xyz7e*I*)} 


+72 уз £*J* z (2x e*J* + x? yz e* =} 
+К{ 23 eX J? — х(2 y e*J* + y?zx e*J*)) 


=(x377 = x2" -2 yz) e*I? i - Quei yz = 12 yg 


«(уз? -2xy - x? уа) eK 


=-39 6° 1166 392 6 К at (12,3) 


Example 27: Show that V? f(r)- f" (r)+ 2 f' Оо). 
r 


We have 


2 2 2 
v? f(r) = |- a — fr) 


[B.C.A. (Agra) 2010; B.C.A. (Kanpur) 2009; B.C.A. (Meerut) 2005; B.C.A. (Rohilkhand) 2010] 
Solution: 


ду 


2 
- Улоу {Afro 
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Example 28: If V? f (r)-0, show that f(r)=(cy/r)+ c9, where pax + y? + =? and 


C), со are arbitrary constants. 


Solution: We know that 
V? f(r) =f" a= rn where г? = x? + y +z 
" 


Now, we have 


4") +2 f£ (09-0 Or : tee 
r fir 3 
Integrating with respect to r, we get 
log f'(r) »-21ogr + logc, where c is a constant 
C NE: 
Again integrating, we get 
Кг) =-©+ cy, Where су is a constant 
y 


e 
=— + с, replacing —с by с. 
2 


Example 29: Show that V2(r" r)=n(n+3)r" ?r. 


2 
FEAR 2i NA » | д Nay b | д д n 
Solution: V (7 г) = эр (7 r) = pm |> (7 J 


Gradient, Divergence & Curl N^ 

SS) 
Ne 

-52 P earl, нэг IW ааа 

дх r | Jx | 
Г B Л 

=> nr" gr itnr™? xis nar" + x (n-2)7 5 a r 
Ox ox ax 


2J [n2 x ie nr? x i cnr" 2 v n(n-2) 773 x? r] 


=2nr"~? (x i+ y j+zk) +3ur" 2+ n(n-2) p? y (ox? + ў +22 =?) 


-2nr"? r+ Зиг" 2 r+ n(n—-2)r"? r 

= nr"? r(2434n-2)2n(n43) "72 x. 
Example 30: Prove that div grad т" = n(n + 1) 7? ie., Vr" Zn(n 1r" 2. 

[B.C.A. (Meerut) 2008, 06] 
Solution: We have 
У?" = V (Vr) = div (grad r") = div (nr grad г) 
= div (^ yl 2 r) = div (nr" 21) 
е 


n-2 pss 


=(лг ^) div r+ x. (grad m 
-3nr"? + x. [n(n-2) r" grad r] 


1 


-Зиг"-2 +r [ne оре i "| 
7 


-3nr" ? +n(n—2) r" 4 r? 


= пр"? (3 +n-2)=n(n+ 1) "72. 


Example 31: Prove that v? B =0 or div (sraa 1) =0. 
r r [B.C.A. (Lucknow) 2010] 


Solution: Here, 


ooo (eae 


= div | на ‚|+ (n - div ЕЭ 


Pu 1 3 [4f 1 ] 
=| - | div r+ r.grad| - — |» — + r.| — | - — | ааг 
| | IV ГЭ Y gra ( | 3 Е El “gta "| 


l/r is a solution of Laplace's equation. 
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Example 32: Prove that div Zorn — (2 f) à 


Solution: Here, div КЕ = div wi xity +2 k) | 
r r 


s spp ee 


naola 
ox 


d 
“үр r 2 2 


Similarly, 32 j- 2 +7 р 0-4 soo 


r 


r : 2 22 
ма ДО ДЗ р-а 


r 


Putting these values in (1), we find 
: 2 2 
div — Нло 09-55 70) 
XE ro = 270) +72 0015 3 £ 2 Д1. 


Example 33: If r is the distance of a point (x, y,z) from the origin, prove that 
curl (К x grad 1/х) + grad (k.grad 1/r)=0 
where k is the unit vector in the direction of z. 


Solution: The distance r from the origin is given by 


r? =(x 0)? + (у 0)2 + (2 0)2 =22 + у^ + 22 


=> 102 +)? pay 12 
A 


(x 24 y* 4 FEE (2x i+2y j+2zk) 


PME 
ETT 


Gradient, Divergence & Curl 
Ne 


1 -(xi+ yj +zk) 
Further  kxgrad- = k x| ———5;— —,—7 |= : 
8 r | + у od (х2 + Га tz 


i f » 
and curl (Ik xgrad 1/r) = = 2; — 
J -Х 0 
(et rte? (рр 
3 C009i 3 209] 38) 
2 (x2 Ry Rapt 2 (х2 +y + 22/2 | 2 CEDAT 
4 о 00 lg 
(22 + yl y 2 (2 + yl +77 qq yl +2237 | 
_ -Зх2 1-3 yz f+ (x2 + y? -222)k т 
02 ry +27 se 
No k гайг k | rit yjezk S 
үү < ——K.|——5——5——5375 |= 7 T 
BU | (a y? d (х7 + peep? 
^0 19 ^9 -z 
rad (k.gradl/r)2| i — + j — + k — | ——,—— > > 
prog) E !3y “|р 
41 (=z) (-3/2) (2x) 3 (72) (-3/2) (2 y) 
(22 + (2 + y +2257 
d -2)(-3/2) (22) І | 
ie ту ж: _ Gy zy, 


„Зуи (7 у = 222) 
(х2 m. +2 253/2 


Example 34: Show that the vector field F =% is irrotational as well as solenoidal. Find 
r 


the scalar potential. 
xi+yj+zk 


Solution: Since Е is irrotational then curl Е 20, where pac = 7377 
p (х2 + у? + 2) 


" B.C.A.Mathematics-III 
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i j k 
then curlF=VxF= 9. 9 9. 
9 ду 92 
x J 2 
(х2 ma +223? (х2 m. + 22)3/2 (х2 mA +23? 
Е ee 
| 2+ 4227 Cz) 02 +2907 | 


1 
а Ем 
1 ное 20.6.2 87 | 
eae ee 
|-01-01-0К-0 
1 


Therefore, F is irrotational. 


Now, if ф is scalar potential, then we have F=Vo 


> F.dr=V $.dx taking dot product with dr 
or do =F .dr 
vit yjtzk ^ ^ ^ x dx + ydy+zdz 
Or dọ 5—5. (А+ йу) + 42К) = 
9 («2+ prep? ( 9) ) (х1 + yp 22 


ор +2)-} 
Integrating, we get 
2 -1 
(х2 4 у? + 22 1/2 
ог ф= _1 is the required scalar potential. 
7 


For vector field Е to be solenoidal div Е 20. 


We know div (wa) =a diva +a grado, where о is a scalar. 


: Y Ix 1 3 3- F 
[3] = div r+ өвө | тэ Ai 


um gd =0 


Hence, vector field F is solenoidal. 

Example 35: Show that: 

(i) div (r" х)=(п+ 3)" [B.C.A. (Meerut) 2004] 
(ii) Curl (r" r)=0 [B.C.A. (Meerut) 2004] 


(iii) Іру" ris solenoidal, thenn+3=0. [B.C.A. (Bhopal) 2008, 04, 02] 


Gradient, Divergence & Curl 


Solution: We have r= xi + yj + zk 


> их? + y +22 ог Pars у + 


дт x дг y Or z 


Then, ЕЕ =" 
Әх ray т Oz r 
(i) div (r" v) -У. ("в 
(3282 ноту] 
m n 9. n СА E 
за? цаг: Jie z) 
Now, EN ays ууу 1 7 
ox x 
2p apt 
7 
sr + ny? 5-2 


Similarly, Z (r”y)=r"+ n. y? p 2 (r"z) =r" + nz? 7"? 
2 


Put these values in (1), we get 
div (775) 23r" + ni? (x? + y +22) 


23r" 4 np"? (12) 


23r" + nr" z (n 3) r" 


(ii) curl (r" v) zVx(r" 1) 
fiz j И 23 x (rx i+ ry f+ tz k) 
i jd К 
J2 2 28 
ox oy Oz 


" B.C.A.Mathematics-III 
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Gii) If r” ris solenoidal, then we have 


div (r” y) 20 
> (n+ 3)r”=0 [from (i) part] 
> п+3 =0 аѕг #40 


Example 36: If a be constant vector and r=xi ty j +2 К, show that 


(i) div(axr)=0 [B.C.A. (Meerut) 2003] 


(ii) Curl (a xx)-2a [B.C.A. (Meerut) 2004] 


(iii) a x(Vxx)-V(a.r)-(a.V)r. 


Solution: Let a-ajicta jtazk 


Э” ГҮ, 


^ ^ ^ 


i j k 
Then ахт=|а a в = (moz — ay y) + | (ах —аүг) + k (aj y a, x) 
X y 2 
and a.r-ajx d y daz 
(i) div (a xr) -V.(axr) 
9 9 9 
=— (mZ -a3 y) + — (ах —аү2) + — (aj y -m x) 
ox ду 92 
=0+0+0=0 
(ii) curl (a x x) -V x(axr) 
i 1 Ё 
"s са = 
ox ду 92 


292—0 y da X —ua]z ay y-—dox 
- 2 i |> (а у-ах) E (ах a} 


=X ila +a 
=î (q +a) + } (4 + dy) + k (ag + a3) 


=2 (ia 4j +ka)=2a 


Gradient, Divergence & Curl 25 
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Ne 


(iii) Г.Н.5. =ax(V xr)=ax0=0 (2 curl rz V x r2 0) 
R.H.S. = (а.г) - (a. V)x 


9 9 9 
=V (a) x + 4 y * daz) — Bem ie СТ r 


=q i+% j+ azk -aq i- a j —agk 
=0 
L.H.S. = R.H.S. 


Example 37: (i) IfF-(x43y)i- (y-2z) j+ (x+ az)kis solenoidal vector, then find the 


value of a. 
(ii) Determine the value of constant a,b,c if 
#=(х+2 y+ az)i + (bx-3 y -z)j + (4x cy +2z)k is irrotational. 


Solution: (i) If F is solenoidal vector then, div (F)=0 


or У.Е=0 
®Ә 0 2509 ^ ^ 5: 
or i —+ j—+k—].[(v+3 у) 1+(у-22) ј + (х+ 42) К] =0 
ox Oy Oz 
Or р ЕР E 
ox ду 92 
or 1+1+а=0 
or а--2 


(ii) If fis irrotational, then 


Vxf=0 
i 1 R 
or 2: 2 2 =0 
ox ду 92 


х+2 у+42 bx-3y-z Axtey+2z 


or 1(+1+ j (a-4) + k(b-2) =0 


or (с+1) i+ (a—4) |-(9-2)К-01-0 | Ok 


or с-1-0,4-4-0,7-2-0 
or c=-la=4, b=2 


" B.C.A.Mathematics-III 
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Example 38: A fluid motion is given by V =( y + z)i + (2 + х)] + (х+ y)k. Show that the 
motion is irrotational and hence find the velocity potential also show that motion is 
possible for an incompressible fluid. 


Solution: The motion of fluid will be irrotational, if curl V =0 or V x V 20 


i ] k 
Now curl V=VxV= 2 А 9 
дх ду 92 
ye 2+х x+y 
очен хөг ээ) 


-11-1411-14К1-1 
-0 


Hence, the motion is irrotational. 
Now to find velocity potential. 


Let ф be the velocity potential, then the velocity vector V is given by 
V =grado or V = Уф 


But фе “дэг S 
ox ду 92 


eie. (dx i+ dy | dz К) 
2 


=Vo.dr (But Vo=V) 


=[(y+z)it(ztx) | Go р) k].[dr î + dy ј+ dz k] 
= (у+2)ах + (z+ x) dy * (x y) dz 
=(x dy + y dx) (z dx + x dz) + (z dy + y dz) 
dà = d(xy) + d(zx) + 4(гу) 
Integrating, we get 
ф = ху+ ус ++ С 
which is the required velocity potential. 


We know the incompressible is possible, if div (V) 20 or V. V =0 


Now vv [222 (ужа) i (xz) je Ge y) k) 
J 


Gradient, Divergence & Curl 


Ut Etat ey) 


=0+0+0=0 


Hence, motion of the incompressible fluid is possible. 


Example 39: If the vector functions Fand С are irrotational, show that Fx G is 


solenoidal. 
Solution: Since F and С are irrotational, then V xF =V xG =0 
Also, we know V x(F xG) =(V xF).G -(VxG).F 
=0.G-0.F 
=0 
Thus, F xG is solenoidal. 


Example 40: Prove that F-(y? cos xe z2) i (2 ysinx-4) j + (342? +2)k is a 


conservative force field. Find the scalar potential for F. Also, find the work done in moving a 


particle in the field from (0,1, — 1) to (1/2, — 1, 2). 


Solution: ІЕЕ is conservative, then curl Е 20 or V xF «0 and there exists a scalar function 


$ such that 
Е =grad à 
i ; » 
Now, үхЕ=| Š 57 E 
y? cos x 4 z? 2 ysinx-4 3xz? +2 


=i (0-0)-j (322 -3z2) + К (2 y cos x -2 y cos х)-0 
Hence, F is conservative 


Let Е=Уф, нере ti 202 206 
ox ду az 
Put F and Уф in (1) 


о? cos x-« z2) 1-(2 psin x-4) j + (3x22 -2)К- j+—k 


д2 


9005 004 905 
шаг qup 
Ox 9 


Equating the coefficient of Т, 7, k on both sides, we get 


ч ево +2 
дх д y 92 


Integrating, we get 
ф= у? sin x + xz? + fi 2) 
= у? ѕіпх-4у+ f (2,2) 


" B.C.A.Mathematics-III 
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and p=% x23 +224 fy (69) 


We choose fi (y,z)=-4y+2z, fo (х,2) = xz? +22, f3 (x, y) 2 р sin x -4 y 


Thus ф= у^ sin x4 xz? —4 y+2z + constant 


Work done =ф (2-1 2) -0(0,1-1) 


=(!+х8+4х4)-(-4-2)=4лт +15 


Example 41: If V. E-0, V. =0, үхБ--58 
2 
yx, Het Н олау? Е-Е E 
дї m at 
Solution: We know (curl E) =grad div (E) -V?E 
But curl (curl E) = V x(V xE) 
Ec 
ot 
=—-9(ухН) 
22225 
^ Otlot 
2 
= =V(V.E)-WE=0-WE (:У.Е=0) 
t 
2 
or et 
ot 
2 
222 2 o H 
Similarly, V H-—,- 


Example 42: Show that the function 0 (x, y,z)-x? ey? +4z is harmonic. 
Solution: Here, =x дэр +4z 


Then, PV үү. 
дх ду 2 
2 2 2 
and Tia И, 
ox oy 92 
Thus, y? к ar 9% > 2+0=0 
ox ду дг? 


Hence, ф is harmonic function. 


Gradient, Divergence & Curl 25 
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Exercise 7.1 


-1/2 


Find the directional derivative of $ = (х2 + y? + г?) at the point P(3,1,2) in the 


^ 


direction of the vector yz і +2 | + xyk. [B.C.A. (Avadh) 2006] 


Find the directional derivative of f(x, y,z) =°" cos ( yz) at (0,0,0) in the direction 


of the tangent to the curve x =asint, y =a cos t, z =at at t = п/4. 
[B.C.A. (Agra) 2007] 


Find the unit normal vector to the surface x yz =4 at the point (-1,1,2). 


4. Find the unit normal vector n of the cone of revolution z? =4 (х2 + 3) at the 

point P (1,0,2). 

Find the directional derivative of the function: 

(1) f=xy+ yz * zx at point (3,1,2) in the direction 2143 js 6k 

(i) f = 4е2%-.7+ at the point (1,1, —1) in the direction towards the point (-3,5,6) 

(iii) f(x, y,z) =2x + з)? +22 atthe point P (2,1,3) in the direction of the vector 
a-i-2k. [B.C.A. (Lucknow) 2008] 

Find the tangent plane and normal plane to the surface 23? + у? + 22 =3 at the 


point (2,1, —3). 


If (xyz)” (x" i+ y" | +2" К) is irrotational, show that either m 20 or n = —1. 


[B.C.A. (Kanpur) 2009] 


Ifr2x ie yjtzk, г =| r|, show that 


: UM өх ole Ll 2f 
(i) Vr^ 22r (ii) ШЫ а? 
2- 
(iii) V x — 2» - = at Sat (а.х) с, where a is constant vector. 
A 2, | | 
(iv) сш! d (v) = 
r r r r ror 


(vi) div [(a . r) r| 24 (a . x). 


If Vf = ху (2 уг 1 +22 j + xy Ñ), then find the scalar f. 


" B.C.A.Mathematics-III 
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10. Show that F=2 xyz? 1 +3223 + 3x? yz k is irrotational. Find the scalar function 


f such that F=grad f. [B.C.A. (Meerut) 2012, 06] 


11. Show that the following vector fields are irrotational: 
(i) F(x, y.z)=(y+z) it (ах) ]+(х+ y)k 


(ii) F (x, y,z) = cos (x2 + Р + 22) (x i* yj-*zk). [B.C.A. (Delhi) 2012, 06] 


12. Find div (F) and Curl (F) of the following vector field: 
В д, T 2 Л 2 9 
(i) Е=( + уа) і+(у +2) ] + (27 +х)К 
(ii) F= xc J i 2ze 7 j + xy? k 
(iii) F(x, yz) (02 + Y? +P? (xi у] +2 КЮ. [B.C.A. (Rohilkhand) 2007] 
13. Find gradient of the scalar functions and evaluate at the given points. 
(i) f(y y,z)=sin(x yz), (L-Lm) 


(1) f(x, у,2) =log (x+ у+2),(1,2,—1) [B.C.A. (Meerut) 2008] 
(iii) f(x, у,2) 26^ (x+ у+2), (2,11). 

14. Find the angle between the surface z = х2 + y? and z 23x? -Зу at the point 
(2,1,5). 


15. Ша vector is given by 


F= (x? - y? + x) i- (2xy + y) j. Is this field irrotational? If so find its scalar potential. 


Gradient, Divergence & Curl LX 
Sw 


Answerw 7.1 


-(143)-Ю 
vil 0 


21-К 


45 


11628 23) =x" yz +c, cis an arbitrary constant. 
x? yg + с. 


(i) 2(x+ у+х), 0. 


(ii) 6x,-(xi + Qx у) j -6 y k). 
(iii) 6(x? + y? 4 22552, 0. 


^ 


0) n(i-j)+k, (ii) G+ j+k/2 
(iii) ? (51+9)+Ю. 


0 =cos7! Е) 


101 


3 2 2 
х y 
ее tr 
MuR a ug s 
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10. 


11. 


12. 


Exercise 7.2 


Show that: 


(i) grad (r.a)=a (ii) grad [r,a, b] a x b. 


If o (x, y, 2) =x" y+ yx +22, find Vo at the point (1, 1, 1). 


Show that Уф . dr=do. [B.C.A. (Purvanchal) 2010, 07] 


Prove that A. (v | =- 
r 


Find the unit normal to surface xy +22 =4 at (2,-2,3). 


In what direction from the point (1,—1,—1) is the directional derivative of 


f= х^-2 y? + Az? is maximum? Also find the value of this maximum directional 


derivative. 

Find the equations of the tangent plane and normal plane to the surface x yz = 4 at 
the point (1,2,2). 

Find the gradient of each function r- x 1 ty j +2 k be used if required: 

(i) ф-х + y? (ii) =e" sin2 y. 

Find the divergence of each of the following vector field at the point (2,1, — 1): 


(i) х2 уїж Pxjte К (ii) yiexj. 


Ifa is a constant vector and г= х 1 +y j +2 К, show that: 
(i) V(a.r-a 

(1) V.(axr)z0 

(iii) V x(a xr)-2a. 


Find the curl of f 2xy i4 y? 14 XZ К at (-2,4,1). 


If f = xy- yz g =2yi+ 2z 1 + (4х + 2) K find the following: 
(i) Curl (grad f°) 

(ii) div (Curl g) 

(iii) div (grad x? f). 


Gradient, Divergence & Curl 15 
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Ne 


13. 


14. 


15. 


16. 


17. 


18. 


19. 


20. 


2L. 


22. 


Show that the vector V = 3 yiz 4 Az? j =З у k is solenoidal. 


Ifr=xit yj +zkandr =|r|, show that V(r? ») 2672. 


Find the value of u such that the function f = xX- u y? + 4z is harmonic. 


Show that V2 (log r) = where r -үд + y? +22. 


7 
Find the unit normal to surface x? + y +Злу2 =3 at (L2,-1). 


Find the directional derivative of ф =x yz +452? at the point (L—2,1) in the 


direction of vector a =21-]-2К. 


Find the angle between the tangent planes to the surface x log z = y -1, ху =2 -z 
at the point (1, 1, 1). 

Evaluate div (F) and Curl (F) at the point (1,2,3): 

(i) Fax" yz i + gzj + хуг? k 

(ii) F =3x2 i +52у2 [+523 k 

3 


(iii) F-V[ y+ утаа x-x yz, 


If u2 x3? + y? +22 апау = xi yj + zk, show that div (uV) =5и. 


. | 2, 228 
Find V9, if ọ = log (x^ + y^ + z^). [B.C.A. (Meerut) 2008] 


" B.C.A.Mathematics-III 
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Answew 7.2 


3143 j43k. 
1-2]-2К 
= 
21-4) -8k, 2421. 
х-1 y-2 z-2 


2х + y+z=6 (tangent plane) Sc I Е (normal plane). 


(i) 2хї + 2 у], (ii) e* sin2 yi + 2e* cos 2 yj. 
OG. He: 
-]+2 К. 


(i) 0, ii (iii) бху — 2 yz. 


(-1+37+2Ю) 
414 | 


OOO 


Fourier Series 


8.1 Periodic Functions 


A function f(x) is said to be periodic if it is defined for all real x and there exist some 
positive number T such that 


/(х+Т) = f(x) VxeR 


Positive number T is called the period of the function f(x). If f(x) is a periodic function 
with period T, then 2T,3T, ..... T are also periods of f(x). Thus, 


f(a) = f(x - T) = f(x - 2T) =....= f(x nT) 
where л is any integer. 


Illustrations: 1. The function f(x) =sin x and g(x) = cos x are periodic function. The 


period of each function is 27. 


Since 
f(x) = sin x «sin (x +27) «sin (x +47) =..... 
and g(x) = cos x = cos (x +27) = cos (x +47) =...... 


The function f(x) =sin x is called sinusoidal periodic function. 
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Fig. 8.1 


: . А M . 22412927 
The function sin nx and cos их is periodic function whose period is —. 
n 


Some of many periodic functions is also periodic function. 


со oo 
Let 1 4,cosnx and 1 b,sinnx be two periodic functions whose sum 


n-l n-l 


со 
» (a, cos их + b, sin nx) is also periodic and its period is 2л. 


n-l 


8.2 Fourier Series 


[B.C.A. (Rohilkhand) 2010] 


If f(x) be a periodic function with period 2x and f(x) be represented by trigonometric 


series given by 


f(x) -ад + V a cos nc У by sin nx st T) 


n-l n=l 


is called Fourier Series. Where д), а, and b, are called [Fourier coefficient of f(x) | whose 


values are obtained by following formulae: 


l. 


For Determination of ag: Integrating both sides of (1) w.r. to x between the limits 


-т and m, we find 


x T 251 т T ] 
f(x)dx =ао| dx« > Ay | cos nx dx + в, | sin их dx 
-n -r um -T -r 
= ао [2n] «0 
Tig dx 2 
or m =з] 19 ...(2) 


For Determination of а„: Multiplying both sides of (1) by cos их where nis fixed 


positive integer, and then integrating the limits — л to л, we find 


Fourier Series =) 
ce 


л л 2 а, 
| fO) cos nx de = ay | cos nx dxc0*0- 7 2n = na, 
-T 


> mar fo cos их dx ...(3) 


3. For Determination of b,: Multiplying both sides of (1) by sin их where is a fixed 


positive integer and then integrating between the limits – л to л, we find 


T T 2 
| Р(х) sin nx dx = „| sin^ nx dx 
= =R 


b, n by 
T9 (1—-cos 27x) е отет 
1 T 
- by =- f У) sin x de (4) 
п 


The formulae obtain from equation (2), (3) and (4) are known as Euler's formulae. 


Remark 1 


If we are given a periodic function f(x) with period 2m, then we can determine ау, а, and 
b, by equation (2), (3) and (4) and form the trigonometric series (1). This is called 


Fourier Series corresponding to f(x). 


Remark 2 


Since the function f(x) is periodic with period 27, the interval of integration in the above 


formulae can be replaced by any other interval of length 27 for illustration, instead of 


Г л 3x] 


interval (-т, т) we can take the interval (0,27) ог | 27 РЕ 


Remark 3 (Generalized Rule Integration by Part) 
(i) Product of two functions = first function x integration of Ind function — 


| [differentiation of Ist x integration of IInd ] dx 


(ii) Whenever a product of two function, one of which is a power of x, is to be 


integrated, it is better to apply the following rule: 


where И Жэн = [mae m etc. 
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8.3 Some Important Results of the Definite Integral 


1. Г Р(х) dx INS dx If f(x), is even function of x or f(-x) = f(x). 


2. Г Р(х) dx =0 If f(x), is odd function of x, f(-x) = – Р(х). 


T T 
3. | sin nx dx =0 -| cos mx dx. (WEL, 2, Secs) 
-1 -7 
4. Г sin mx cos nx dx =Q. (m zn orm=n) 
т 
О if m#n 
55 Г sin mx sin nx dx = . (m, n 20,1,2, ....). 
— тї m=n 
x О ifmzn 
6. | COS mx cos их dx = | (m, n 20,1, 2). 
25 x ifm=n 
7. Г sin? mx dx = т (m=1,2,3....). 
-7 
п when m=l, 2,3.... 
8. Г cos? mx dx = 
= 2m when m=0 
9. NE: sinx gy 
0 
10. | sin ире —— (asin bx —b cos bx) 
е 
апа j” cos bx dx = (acos bx + bsin bx). 
а^ +12 
2n 2n 
11. h sin nx dx =0. 12. h cos nx dx =0. 
0 0 
13. E 2nx dx — n. 14. 277: nx dx = п. 


15. г sin их sin mx dx = О. 16. г COS ИХ COS mx dx = 


L7. аа nx cos mx dx = 0). 18. "m nx cos nx dx = 0). 


Fourier Series aye 
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— o Solved Examples 


Example 1: Find the Fourier Series for expansion of f (x) = e * in the intervalO < x < 2n. 


[B.C.A. (Agra) 2009, 06; B.C.A.(Avadh) 2008] 


Solution: Let f(x) = а + > My, COS ИХ 3 b, sin nx .4(1) 
n=l n=l 
where f(x)=e* 
1 p% ] [2® ge l, сийн ere 
In = — dv =— | Ах = — 24675 = zd 2 
© 21 fe) 2n Jo : m lo 2n 2) 
1 |" ТЕ” x 
и => | F(x) cos mx de f e * cos nx dx 
п/о n J0 
1 


-Х А 2n 
= —,— [e "(7 cos nx + nsin nx) | 
x (iP. +1) 0 


Е аала d. (3) 
T PIT 7 
1 2n 1 2n " 
b = | f(x)sin ne | € * sin nx dx 
T 40 T 40 
1 


-2n 
gere mes e+) [e~* (-sin nx -n cos nx) J^ = шэн Я (и=12,...) ...(4) 


Substitute the equation (2), (3), (4) in equation (1), we get 


_ 2-20 
peat $+ (Feos.x ү cos2x + уу cos 3+ еа ) 
2. X2 5 10 


Ї | 2. з. | 
+ |—>sin x+ —sin2x + —sin3x- ...|. 
2 5 10 


Example 2: Find the Fourier Series for the function f(x) = x, 0 < х « 2n. 
[B.C.A. (Kurukshetra) 2012, 08] 


со со 


Solution: Let f(x) = ар + > ( COS NX + > by sin nx 
n-l n-l 
Or f(x) = ау + (а cos x + a) соз 2х + ag соз 3х-.....) 


+( sin x + by sin2x + bg sin3x+.....) (1) 
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where /(х)=х 


| (27 ГЭ | (27 А 

ао =з], А5 | хает 
] (27 

а= | f(x) cos nx dx (n212,3..... оо) 
T 4J0 


1 2т : 
== | x cos их dx = —| x 
т 40 "I 


l[cos2nr 1] 1 


= — --тү | = 1 1 -0 
x | ir № | лт Vn 
| (27 І p27 
„= | fG)sin ne de f x sin их dx 
n 40 n 40 


4 


п 


cos ИХ Е E _ 1[-2т cos 2nx | _ -2 
о T n n 


zd 
| X 


Put the values of ay 221,4, 20, b, = = in equation (1), we obtain 
n 


or оаа мае m ЖО ! 

DL ^2 | 
Example 3: Find the Fourier Series of the function f(x) = 22 ,-n«x«m and 
f(x + 2n) = f(x). Hence deduce that 


12 4 9 16 2777 [B.C.A. (Kanpur) 2006; B.C.A. (Meerut) 2004] 
Solution: Let the Fourier of the function f(x) = x? be 


со оо 


Р) = + Y ву cos nc У b, sin nx ab) 


n-l n-l 
Where the Fourier coefficients are given by 


T 
І рт 1 (7-2 ВЗР gg 
a dv = — | рр. ut 
ааг с=ш=, 21 3 | 
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Since, 


Put 


Or 


T T T 
m=—| f(x) cos me de = — | x cos nx dr == | x? cos nx dx 
пу ПУ д T 40 


| s fx) de = 2|, Р(х) ах If f(x) is even function 


If f(x) is odd function 
В 5 T 
а= 21 2 sinm о, — =) 42 (25 23] 
T | n ie п k 
27 (255 "| 1 4лсовит 4(-1)" 
=—|0-2n | —_,— |+0-0 }=——,— = 
л | їл | т т 
[^ sinnn = 0, cos лл = (-1)"] 
1(7 : 1(7 о. 
by, ==] fG)sin ne de =— | x^ sin их dx = 0 
T J д T J д 


f(x) =x? sin их > f(x) =( x? sin (-их) = x? sin их = — f(x) 
Хбх) = x? sin их is odd function 


2 n 
4 (-1 
peer, m= в == by =0 in equation (1) we get 


5 т^ gy COS wo sin rx 
X = — 7 5 7 
3 ir 


n=l n=l] 


1 


2 
x? SE galoper ое оов ee Р | 2) 
3 4 9 | 


Put x «0 in equation (2) 


r =1--+--—+........ 
12 4 9 16 


ti pol de De dom т 
3 


Example 4: Find the Fourier Series for the function f(x) = x + 2, -n < х < л. Hence 


deduce that 


л? r. d 
1+ ту aa +-у+......... , 
6 2^ 3 4 [B.C.A. (Meerut) 2007] 
Solution: Let f(x) = ag + У: My COS ИХ + У b, sin nx (1) 


Then 


n=l n=l 


a "xj /%&=„-| ees 
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[ 1" |;2. 3 2 30^ 2 
КО ОБО E] 3 |е 


Іт Lpr 2 
m=- | F(x) cos nx de = | (x + x^) cos их dx 


= 


- Hes x2) (=) -(14- 2x) Е =) +2 [25 2 


n n 


п 
ІГ соѕ лл (-2 +1) cos (-ил) ] 
Е ааа А L 
b" 2 
4 =| n 
-tlan — = —- [^ cos nt = (-1)"] 
7 7 
] | IM EE 2. 
and и == | fG)sin ne f (x + х) sin nx dx 
пу ПУ яп 
1 TU 
=A (ets) (= ана [2% "|+? (=) 
т | n Z n (9 
[ 2, cosmx | 2 cos nm 2, СО8ИЛ од COS JI | 
=—|—-(т+л2)<99Л® + vp О PB NN 
| m n m 
-1 


=— [en cos "| = = (-1)" 


Put the values of ду, а„ and b, in equation (1) we get the following Fourier Series: 


2 
i£ на сове 1. cos2y- codes урын | 
| 2 3 ] 


ааа ...(2) 
| 2 3 | 
Now, put x = л in equation (2), we obtain 
2 
2 T [ 1 1 1 1 
л+л =— +4 + ++ +.... „(Э 
3 L zZz g] 4 
Again, put x = —т in equation (2), we obtain 
2 
pti wl eaa oT, | (4) 
| 2 38 | 


Adding equation (3) and (4), we get 


Fourier Series 


27% f 1 ] 
2r? B Е 
g mgrum 
An? of, 1 1.1 ] 
> — =8)l+4+4+—> 
| 22-32 ge | 
2 2 99 
T l 1 1 T 1 
or ГЭВШ ae ge or rm tes 


Example 5: Find the Fourier Series of the periodic function f(x), where 


—л, when -п<х<0 


ro 


x, when O«x«m. 


1 1 1 


2 
Hence, deduce that = zt 7 : 
8 F 3^ 5 [B.C.A. (Delhi) 2011] 


Solution: The Fourier Series for given function is as follows: 


f(x) = a9 + M ay cos nx + Y bysin nx aL) 
n=l n=l 
1 T 
where a =— f(x) dx 
2n -T 
т Гро 


211 1,5» Q4] 1l 2 n2] -z 
755]: шин “0 ал 7" р 


[рл | 
dy = ales f(x) cos nx “| 


4110 


п“ 


f(x) cos nx dx + [ло COS ИХ d 


- Hp (-л) cos их dx + J, X COS ИХ «| 


» Hen ==) - Е Е пх zz 
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m 3b ела WE 
E COS их — zu -z= (cos x - l= юж 1-1] 
and b jp ( "e 
"| » f(x X | 
= Үү? Ын 22 
T|J-n 
1 ТЕ COS их | К (= COS их | sin 31 
ЁС | n 25 n il о | 


1 


=— ш (1— cos лл) -Z cos nm 
nln n ] 


-14-2 cos nt) (n21,2,3 ....) sim (-1)”) 
n n 


Thus putting values of ao, а, апар, in (1), the required Fourier Series of f(x) is obtain as 


follows: 
-T 2 cos3x | cos5x 
го) EE [eos SF 32 "esses | 
+ (3sinx 952129031 наах NO 
2 3 4 


To find the sum at x =0 the series converges to 


0+0)  f(0 -0) _0+(-л) _ T 


2 2 2 


and at x = л, the series converges to 


f(-m+0)+ (7-0) -т-т _ 
2 ат 


The L.H.S. of (2) is > at x =0 and О at x = л. Therefore, putting x 20 in R.H.S. of 


equation (2), we find 


or Toa ok тээн wild) 


Similarly, if we put x = л in equation (2), we get (3) 
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Example 6: Find the Fourier Series for f (x) in the interval (- n, п), where 


х+л, 0О<х<т 


and }(х+2п) = f(x). 


-x-n, -n€x«0O0 


j| 


Solution: Let the Fourier Series for function f(x) is 


ТО) = ау + У Ay COS NX + У bj sin nx 


n=l n=l 
where ду = | f Fel e fr rema 
-l х-л) dx Ї, (x4 9а) 
4 E “| (= = еН 
-T 0 
a ipm f(x) cos nx dx 
T 


= - ЇЙ f(x) cos nx dx + Ї, f(x) cos nx «| 


№ (—x — x) cos nx dx + Г (x + T) cos их d 
Г 
| 


sin nx nx COS ИХ T 1 P j nx — COS ИХ 1" 
contes e penne 


И-П [^ cos пл = (-1", sin ил = 0] 


2 
к=з а. 


T 
and b,- _[ f (x) sin nx dx 
пул 


=— А Пол Jasinas | 


T 


l 0 x 
=— | (7x - n) sin nx de | (x + т) sin их dx 
T -T 0 


се 9 en) ns 


р HET (1) 4 — а 20-09 
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Putting above values in (1), we get the required Fourier Series of f(x) as follows: 


m 4(1 1 1 
х)э-4-ЭЇзүС08Х4-тС083Х-4-тС085Х-...... : 
fe75 [т ay 5° | 


Example 7: Find the Fourier Series for the function f(x), where 


[1 when -n«x«-— 


-T T 

x)240 when —<х<-. 
f(x) eect 
1 when ыг «x«m. 

2 [B.C.A. (Bundelkhand) 2010, 04] 


Solution: Let the Fourier Series for f(x) is as follows: 


f(x) =щ + У ay cos nc У b, sin nx zd 
n-l n=l 
Then, we have 
1 1 [ n/2 т ] 
ez NI = xb. f(x) dx + = f(x) de + Ї,, года | 


2 ни -— Odes f^ а 
sit =x} 8? [р] =зк[у-л+л-у|=0 
Га Ц" Р(х) acp F(x) ep E 
- bz ^ (-1) cos nx dx + Г. (О) cos их dx + M (1) cos их «| 


sin nx 7572 NES | 


PLE иг 


2 2 
E 25 -0 
T n т п 
1 T 
and b= -f f(x)sin nx dx 
пул 


Ге-к/2 п/2 T ] 
| (—1)51п их dv + | (0) sin их dx + | (1) sin nx ^ 
-T -n/2 п/2 


Fourier Series 


_ 1 [cos nT  I[cos nx |" 
Tl n ls zl n (27 


Lf TT 


nmn | 


2[ т ] 


— | cos 55 — cos nx |- — | cos nn — cos 27 |= | cos — cos nn 
2 | ит | 2 | | 2 | 


AT 


Putting these values in equation (1), we get the required Fourier Series of f(x) as follows: 


F(x) -1> sin x -2 ое Не x 
п | 3 | 


Exercise 8.1 


Find the Fourier Series of the following function: 


l. Д) =e where x 2-1 to x 2 m. 
0, -n«x«O0 
2, ТО) = 4 9 and f(2m +x) = f(x). 
L OSLER 
3 T, -n«x«0 
‚ 2808 п-х, О <х<л. 
4. f(s) р Set <O and f+ 2m) = f(x) 
: Хү ап х+2л) = f(x). 
1 О<х<л [B.C.A. (Rohtak) 2012] 
5. f(x) =|sin x|, for -т<х<т. 
[ -snx, -z«x«0] 
pm /(х)=+ . 
sinx, O«x«mn 
0, -лт<х<0 A 1 1 1 
6. x) H ded that — == +—+—+...... 
F(x) ын рео ence deduce tha @ Eum 
[B.C.A. (Lucknow) 2011] 
7 ( 0 -п<х<0 
28... sinx, O«x«mn 
Hence deduce that 22 NES t в 2 — оо = M (n —2). 
1.3 35 5.7 4 [B.C.A. (Kanpur) 2010] 
à —х°, -n«x«0 9 2k, O«x «mn 
цан x, O<x<t Ж а 0, rn «x «2m. 
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2 sinh(nan) ЇГ асо8 х асо82 LM 


+ 
T 2а +? 922227 


т^ | cos2x со83х 
—-2| cos x— = 
6 22 32 


Го" ] 
У Кы өвд 4. 21 аан andes СОРИ ТРЕТИЯ 
PE | т[1 3 5 7 


ЦЭР ОУЛ ЭЭЛЭР ЭН xix. | 
15 35 | 


2 [ D] NE LS al 
T (-0 =) (-1)/ m sin nx 
— + |. 
16 >“ a - COS ИХ FE | 


№ y cos 2nx 
2 n4 Af -] 


2л 8л 


х) = р, ѕіп их where by ,, = € 
F(x) > и SIN ИХ У bom — bm = Small Qm «19 


n-l 


1 


Р(х) = К+ аак x+ 1324 нээ Ура : 
п | 3 5 | 


8.4 Fourier Series of Even and Odd Functions 


8.4.1 Even Function 


A function y = f(x) is said to be even function if f(-x) = f(x). 


Thus the graph of an even function f(x) is symmetrical about y-axis. 


8.4.2 Odd Function 
A function y = f(x) is said to be odd function if f(-x) = – f(x). 


Thus the graph of an odd function is symmetrical about the origin i.e., it is symmetrical in 


opposite quadrant. 


Fourier Series $) 
ce 


We shall now find the Fourier Series for even and odd function which are periodic in 


(—m, л). 


l. 


When f(x)is an Even Function: The Fourier Series for f(x) is given by 


f(x) =щ + M ay cos nx sl) 
n-l 
Тер Гл 
where ю=5 | foe Р(х) dx 
апа а -L дора 2 |" ло) cos neds 
n л т xi n Jo 


ч f(x) is even and sin их is odd function. Therefore, f(x) sin (mx) is and odd function. 


т 
һ=2] f(x) sin nx dx =0 
T A-T 


Therefore, Fourier Series (1) is also called Fourier cosine series. 


When f(x) is an Odd Function: The Fourier Series for f(x) is given by 


f(x) =a + У by sin wx Г) 
n=l 
h 217 dx 21 dx =0 
where wsz f Лоа Лоа 
1 T 
and ay =— F(x) cos nx dx =0 
T J-n 


Р(х) cos nx is odd function. 


Again, f(x) and sin их both are odd function, therefore f(x) sin mx is even 


function 
17 2 
b, =- f f(x)sin nx dx == | F(x) sin их dx 
У T 40 


Therefore, Fourier Series (1) is also called Fourier Sine Series. 


Example 8: Find the Fourier Series for f(x) = x, - n «x «m. [B.C.A. (Lucknow) 2008] 


Solution: The function f(x) = х is odd function. Then 


ft) = V by sin well) 


n=l 


Vs; 


where 


СЕЗЕ 


2 |-т 
= — {— cos NT + -| —— 
т|л nl n 


Required Fourier Series is x = x = (pe sin nx =2 [sin х- - sin 2x + sin JA Es 1 
n 


n=l 


B.C.A.Mathematics-III 


arr 2" 
284) fG)sin nx de == | x sin mx dx 
x IO n J0 


— Cos =) 2 


2 |-т Ligh 
= — {— cos NT +— cos их dx 
nin nJo 


а, T 
1 [sin zx ] |- Чэ зэр? +0] - 2 (yor) 
0 T n n 


1 


Example 9: Find the Fourier Series for the function f(x) = хб, -п<х<п. 


Solution: The function f(x) = x? is odd. 


> Р(х) = У, b, sin nx 


n=l 


T 
Then, æ 20,4, 20 апар, = 21, f (x) sin nx dx 


2 [т . 
== | x) sin их dx 
TIO 


_2 [ 3 (- cos 23 ES Е nx 
Tl n ir 


БУ! = л? cos nx On cos т | 
T | n E | 
2 6] 
E al -7 6 
шингэн 


The required Fourier Series is 


5 T 
| ” 255 6 (2225) 
n n 0 


[^ cos их = (- I)", sin x =0] 


m ] 
= sin2x— 22 sin3x+..... : 
2 Э 3 
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Example 10: Find the Fourier Series for the function f(x) = | x|, -n«xc«m. Hence 


deduce that 


+ . 
ЕИ 8 [B.C.A. (Meerut) 2005] 
Solution: Here f(x) = | х | is an even function 


The Fourier Series for f(x) = | x | 


co 


f(x) = | |= + У ay cos m sot T) 


n-l 


т^ T 


where -L[ feel раа [а 
Е п 40 n J0 n 40 л 2 2 
2 7 27 
and a ==] fG) cos nx de == | | x | cos nx dx 
TJO n J0 


2 T 
== | X cos их dx 
TIO 


З 2568 


-2 Finan cin d Peas 
л |” ndo 
_2 Ja. corn |" 
^n nl m lo 
2 2 nol P (оля 
т [(-1) -1] Г cos лп = (-1)] 


Putting the above values in (1), we get required Fourier Series. 
x 4|со8х cos3x | cos5x ] 
x|2—-—|——-———4——...... (2 
Ы 2 л| р 32 52 | (2) 
Now, put х =0 in (2), we have 


411. =) 1. «D ] 
spec t РРР 


or 
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Example 11: Obtain Fourier’s Series of f(x) = xsinx in the interval (-т, n). Hence 


deduce that 


[B.C.A. (Indore) 2012, 09, 06] 
Solution: Here, f(x) = xsin x, f(x) is an even function of x. 


The Fourier Series is given by 


f(x)2— А Р(х) dx + - 2, cos “1, Р(х) cos nx dx 


оо 


: ET. a 2 царс 
fla) =xsinx =— | xsin x dx +— 1 cos nx | X sin x cos nx dx 
T 40 


T 
n-l 0 


т 
Now | xsin x dx = [-x cos х+зтх]0 =n 
0 
T 1 T 
and | xsin x соз mds => | x [sin (n+ l) x —sin (11— 1) x] dx. 
0 0 


1-х сов (п+1) x] | sin u+) x if x cos (п-1) х sin (их |" 


2 n+l (1-1) 0 2 n-l (л-1) 0 
nx[cos(n-lm cos(n+l)m] m[ совил соѕит] 

| — — | ре + 
2| n-l n+l ] 2| a-1 n+l | 

= СОЗИ when n> 


1-02 


Now, put л =1, we have 


T T А 17 
| xsin x cos хс =- | xsin2x dy = 11. 2092 , sin2x] e 
2 Jo 2| 3 4 |, 4 


0 


: 2 T СЭ л COS ил 
Therefore, x sin x 214 —|-— cos x 4 у —— cos mx 
т т n=2 1- т 


=1+2 a ——— эж, ХОР, 
| 4 1.3 2.4 | 


T : 
Put x = 2 we obtain 


Or 
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Example 12: Obtain the Fourier Series of the function f(x) = xcos x in the interval 
(л, л). [B.C.A. (Bhopal) 2007] 


Solution: Here, x cos x is odd function then, ду 2 4, 20 


Р(х) = У b, sin их dx, 


n=l 
2 | 
where hb, == | X COS x.sin rx dx 

1 T 

--| x{sin (n+ I) x+sin (n—1) x} dx 
T ЈО 
It 17 

=- | xsin (n+l) xde+— | x sin (л—1) x dx 
n Jo л ЈО 


if Е соѕ (п+ 1) =) sin (n+ l) х 1| соз (n-l)x sin (n-1)x l” 
=—| x| ——— | + —— — — + —_— 
z| n+l (n+ 1)" Pee lie n-l (n-1* 0 


4 |- cos (n+l) х с пасу 
| тЫ Гон те || 


иж n-l (п+1)? (n-1)4 


ИТ | cos(n*l)n | со8(и-1)т 
ч TU ү н ети е 
ЕЧ! (n+l) — n-l 
сүүлч түл] 
=> b, = E ME (== ,nzl 
n+l n-l 
[. „if nis odd; n 41 
=(-])"4! 11. = Tu 
n+l n-1l im 
if nis even;n #1 
2? -1 
T 
when TIT == | X cos xX. sin x dx 
T ЈО 
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Putting above values in equation (1), we get required Fourier Series. 


x cos x = h sin x + h sin 2x + bg sin3x + ...... 


4sin2x _6sin3x 
2) 35] 


1. 
=-—sinx+ 
2 


Example 13: If f(x) = |соѕ x| then find its expansion іп (— n, п). 


Solution: We observe that f(-x) = [cos (=) = |соѕ х| = f(x) is even function. Therefore, 


Fourier Series for f(x) is 


со 


f(x) =a + * а, COS ИХ 


n=l 


л 
cosx when O«x«— 
where | cos X | = Л 2 
—cosx when а" <T 


T 


1(7 lt if 1/2 ] 
=- f Де | ея | cos хас | жан 
n Jo п 40 T|J0 1/2 
- [(sin 3f? - (sin)  1-:11-0)-0-01-2 

n T т 

2 x 2 T 

and fy = =| f(x) cos nx dx = =| | COS X | cos nx dx 
п ЈО п 40 


T 
= 4 М cos x cos nx dx + | (—cos x) cos их =| 
n 


1/2 


G—- (п+1) х, ше petens necne | 
п/2 


n+l n-l n+l n-l 


"л 
| 

НГ [eoe ip bp eos (n ue ЇЇ еар) ceo 22 
E 

и 


m 


СН яв(8-05)| шан шал! 
= n 


a 


L 
-—— n(n/2) cosn(n m —4 cos n (n /2) 
Е: п (2 -1) 


n+l n-l 


2| л 2 2 ? (| 
Now, when n=1q gall cos* x dx — cos „ө 
T|40 
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The required Fourier Series is 


8.5 Fourier Series of Functions with Period 2c 
Let f(x) be a function with period 2c. 


f(x 2c) = f(x) Vx 
Putting x =<, we get /(® +2) = /(©) > ДЕ — = /(©) 


T 


= ез 
ct). > : 5 
J (2) is a function with period 27. 


ct Р : : : К : 
Непсе, /(©) may be expanded in the Fourier Series in the interval -r € t € x in the 
T 


form. 
ct 
(= ЇЕ ao + У (a, cos nt + by sit. nt) (I) 
n-l 
Түт ct 
where 4) = — Pd m dt, == cos nt dt and by == — |sin nt dt 
2n -T at 
ct TX 
x = — therefore -n < t Sr -n € — Em 
T с 
c с 
=> —l@X—<xVX<NX— or-c&Ex&c 
T T 
TX 
Now t= зад 
с с 


[etaed f soe 
ет [лодок Za Za -Їл ОСЕ =) a 
and b, ИЕЗИ ЕЭ 
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: TX. : 
Putting t =— in (1), it becomes 


оо 


Г 
Р(х) = 2 + У |^ COS Е 


n=l 


Чанг) 


NOTE: 


If given interval is (0, 2c) and we want to transform in (0, 27) then we used. 


0, when -2«t«-1 
Example 14: Find the Fourier Series where КЕ) = 4 К, when | -l1«t«l. 
0, when 1<#<2 


Solution: We know that 


Tt 
/(®)= no Уо У, sin E (Let) 
where w=) (2) roa 
2с); C 264-с 


[4 t [^ 
== | F(t) cos M y and by == | F(t) sin m 
Се с С с4-, 
Негес-2 
ТРИИ NS 
=] +] + F(t) dt = «| kdt == 
ii 4| 2 J4 Ji | m 444 
[ret pl g2] 
T +| +| F(t) cos инт [| hen шал 2k nE 
2|J Ja Ji 2 пт 
et pl g2] 1 
Or pet | «f «f FO) sin (S) = ЕЗГЕ 
21Ј 9 Ja Ji 2 24-4 2 


k [22| (nn nut 
Therefore, вө- УУЦ Ss (а) ( 2 | 
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Example 15: Find the Fourier Series for the function 
/@)=х-х‚-1<х<1. [B.C.A. (Meerut) 2003] 
Solution: Here, f(x) has (period), 2c=2 > с=1 


Let the Fourier Series for f(x) be 


со 


f(x) = ау + У. [а cos(nx п) + b, sin(nn x) | [5*6 21] sal 


n-l 


— 


1 1 
where 7 zip ад = [| ЧЕ 


aj. Р(х) cos (пп x) dx = INS )cos nm x dx 
1 1 2 
- | x cos n m x dx -[ X^ cos n m x dx 
-1 -1 
I integral is odd and Ш" integral is even. 


[2 созит | -4(-1" 4 pay 
[бт | o4 yx 


1 
= -2f x? cos nx x dx 2 -2 [^sinn x = 0] 
0 


1 1 2 1 [Cp | 
and в = | f(x)sinnnxde = | (х-х )sin nz xde-2 | xsin nn xdr =2 
-l -1 0 | NT | 


1 
[5 | x? sinnn x dv =0 f(x) is odd function in this integral] 
E 


Putting ao, a, and b, in (1), we obtain 


20 1 99 4 (- p БӨ 2 en . 
x-x =——+ J J COST x-« J — SInNT X. 
3 n=l тт Е ыг 

= n= 


= 2 
Example 16: Prove that =- x = M sin UM excl, 
а 1 д [В.С.А. (Kanpur) 2009] 


Solution: Here, F(x) = (1/2) - x 


and Fix) =a) У a, cos И my sin atl) 
n=l n=l 


Iç! 17 x x 
ЭЭ -1| в Е, 
where ар i Jo (x) 7 ЙГ ‚| 12 EL 
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ale | 1 , 2nnx 
-014|--х sin 
1 2 2nn 1 


=| цайг 


У 
= 


0 2nt 40 l 


1 
-+f Chan 4 


1 
and b= "| F(x) sin eun dx 
110 1 


204 dod o, 247 X | -['e» 201 MELLI 2 
“FI 2 Inn 1 Jo 70 2nn 1 | 
E І соно f atan) 1 1 
рат Ta |\2лт zz 1 | [ж 


(5 | l. 2тх_ 14 . 4nx l , бїх Ix] . 2итх 
—-x|-2-—sin +— sin +.....= -sin ———. 
т 


Example 17: Find the Fourier Series for F(x) = 1 x -I«x«0 and Ех) =1- e if 


O<x<l. [B.C.A. (Lucknow) 2010, 06] 


Solution: We know that F(x) = æ + py Ay cos = "УЬ, b,sin = 


n=l n=l 


1 
where w=) F(x) dx 
-I 
1 
NOE 256) NE [Негес = Д 
E 21 1 
aye ay! 
og | eee) ЕЕ а а, 
21 1 i 21 1 В 21 21 


1 
аң 1 F(x) cos = 


Fourier Series 


1 (9 2x SEE. „1 AT X 
-1| jit aj |-2 cos dr 
141 1 1 
0 
i 2х) 1. nnx (2 Р nx x)l 
=-||1+— | — sin ——-|—|| -—— cos —— 
| 1 / ит 1 1 тд? 1 Ї 
1 
if 2x l , nnx 2 Р ит x | 
+-||1———|| —sin -|[77] ж==иу= | cos —— 
1 1 ил 1 1 т 1 0 


when nis odd funciton 


, When nis even funciton 


fpe tea 
0 
= je E cos — ч zz 


Example 18: Find the Fourier Series for the function f (x) in interval (-1,1). 


" fo) ies where -1«x«90, 
where x)= 1 
x-lwhere 0 « x «l1, [B.C.A. (Kurukshetra) 2011, 08, 05] 
Solution: We know that 
а nox Ww 2 ИТХ 
f(x) =щ + M an cos +У ріп : (1) 
n=l n=l 
T Е 
where a) = f(x) dx, Herec=1 
2c E 
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AMX ит XxX 


1 


dx 


a = TEG cos dx = i f(x) cos 


C 


0 1 
-| (xD cos nn xdr+ | (x -1) cos n n x dx 
-1 0 


0 1 
sinnmyx COS ИЛ X 9 sinnTx COS ATL X ! 
= (x +1) — NEU T (х-1) — dp m 
пт ц ит =] NT 0 тт 0 


-о+{ 1 DER 1 [eo 
м тт? RES 


nlx 


nux 
1 


ах 


and bz 3 f(x)sin dx = Үй Р(х) sin 


с 


0 1 
-| Go sin nm xdr+ | (x -l) sina x dx 
-1 0 


_ L ai) — 4 — “|. L -{- шэн 4 -(- — 3! 


Hence, the required Fourier Series is 


fo) =-2 Desin m ee sind x e уу Зил ddan | 
т [1 2 3 


2, -2<х<0 


Example 19: Find the Fourier Series for function f (x) = р "ҮРС in interval (-2,2). 


[B.C.A. (Meerut) 2006] 


Solution: Here, interval is (—2, 2) i.e., c 22 


nux 2 ИТХ 
Јо) -а УУ, cos : + У ріп : AL) 
N рв до [fac 
OW v= v 2-Р Р(х) к | ло) | 
SH? зан ае аз) -3 
4| -9 0 | 4 2 


Ay =: fe) cos (= "а Zi f(x) cos 
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MT de f? fe) cos 22E ar 
=— X) cos x + X) cos 
21) à | 
Гео 2 ] 
e 2 ae X cos ^ 
214- 0 
[| — 2 nux 4 nux | 
= —|—]sin +| x— sin + cos 
zs 2 ит 2 "m 2 ‘| 
2 е when и is odd 
gem 1-17-1-4 on?’ í 
EL 0, when nis even, 
Also pct | f(x)sin ITY di 
cJ 
if 0 nux ] 


2 nux 
= 2 яп dx + | x sin 
214-9 0 


ioe = ULM ! Эш 
75 ip gro y etie 


Example 20: Obtain the Fourier coefficients for the function 
ГО, when -5 «t «O0 
f«)- | , T -10. 


3, when 0 «t «5 [B.C.A. (Rohilkhand) 2008] 


Sol Wel I = i d Зе Я ‚ 4 
olution: e know that ду = | К dt = | t) dt 
4) Т). тр fE) 10 J5 Jt) 


ZI podes [roa 


-5 
"uf. oan [nest 


5 
Ay = 5]. F(t) cos ) dt 


Ta 
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ZI o.c («Jae f (7) а) 


те 


5 
> Ísin ДЕ J| читте 0 


238 ПО омн(754) f 22:22 


0: when nis odd 


-1 ios 51 Е JE 2 [17 cos лл] = 
=— = б ий | 
5 nn | |= nn m when л is even 
t Злі Sut 
Р) = um El аа аан ae 1 
2 xl 5.3 5 | 
Example 21: In interval (-т, п) find the Fourier Series for function f(x) = — e*. 
sinh л 
T T 
Solution: Here, л - : де dx + = 2 COS X ех cos nx dx 
2sinh л 2n J.g2sinhn = -x 2 sinh л 
T X 
- dy sin их е^ sin nx dx 
-r 2sinh x 
idu 
T ^ 7 
Now J e*dx = [е] =e" -e* =2sinhn 


n 


ч T 
т Хану л 
: € sinnx 1 ar 
| е“ cos их dx = ==" -- ех sin nx dx 
-7 
-T 


or (Г e* died mu —е 
it 9 к i 


=—[e* cos n x]* 
wr 1 


1 1 (7, 
->= е" cos nx dx 
; d- 


T) cosnt 


LP. 2 = 
or | е^ cos nx dx = sinh x cos 1x ("е7 -e z2sinh л) 
-т + 
" л 
то. | ет cosnx | lf*, 
Now | е^ sin их dx = || + =f е^ cos их dx 
—mu n AJ-—m 


ЭР т ЭР 
РЕИС? if е“ sin nx T ех sin nx | 
=-——(e" е") cosna + —-|4———— - — dx 
n n n MEL n 
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1 LEON l n n 
or 1+— e^ sin их dx 2——(e* —e ")cosnn 
= n 


sinh x cos nx 


LER 2n 
or | е“ sin nx dx = — 
-T mp» 


Therefore 


T x 1 COS пл c n : 
- ес == + созлт- V cos n t sin nv 
2sinh л 2 1+ 1+2 


n=l n=l 


-3- (aeos geste T cos 3x соз4х+ Эг | 
2 \2 5 10 17 


«| чих-Эмадхх sino reina... 
2 3 10 17 


Exercise 8.2 


1. Find the sine series of f(x) = x in interval 0 «х « v. 
2, For function f(x) = x - 1,O < x «m find a series: 
(i) Fourier sine series 


(ii) Fourier cosine series 


3. Express the following functions as a half range sine series: 
(i) f(xy)=x, 0<х<2 (1) f(x)9x O<x<n 
ЇР O<x< us . 
(iii) f(x) = 2 (iv) f(x) = (0-1), 0 «x «1. 
=. Toxen 
25-22 
4. Express the following functions as a half range cosine series: 


(i) f(x)=x, 0«x«2 
[ 
(1) f(x) = 


T 
Ж, О<х<— 
2 


T—X,—«x«mn 
2 [B.C.A. (Bhopal) 2007, 03] 


(iii) f(x) = (x -?, 0 «x «1. 


OE. 0, 2 : ; 
5 ши ай илр —— _ Е 28 чада : xu 
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6. Find the Fourier Series of the following function: 
| E = х) 0«х«т 
2 
Р(х) = 455) -n«x«0 


0, х=0 or х= £x 


[B.C.A. (Delhi) 2012, 08] 


S nswenus 8.2 


Г. 1. Г. ] 


зэс ad add i 


215 ssa anie *2)sin3x — sin4x + Nu 
= | 2 3 4 | 


T cos3x | cos5x 
gti COS X + desea 


T т 
32 52 


4 [ѕіплх 1 ѕіп2лх 1 ѕіпЗлх 
f(x) = —— - = —_ + - — 
|2 2 2 3 3 


f(x) 22 | dn yo usw Eno andas m 
| 2 3 4 | 


Р(х) = (1+2) явж андаа 1-2) ine cae Pu : 
т 2 з 9 4 


T 
оо 


1 4 
ты —-sinmnmx. 
3 ЭЎ: Z 


n-l 


8 [соѕ (пх/2) cos(31 x /2) 
gel 2 uu 7 1 
л | І 3 


л 2 [соѕ (2х) соѕбх  coslOx 


ава 
"4 т 2 32 52 


COS JT x. 
>т 


n=l 


: sin2x sin3x 
X) =sin x4 : 
fo) LN 


OOO 


ta 
Po 


Differential Equations of 
First Order and first Degree 


9.1 Differential Equations 


ат 
[ 


о 


efinition: “A Differential Equation is an equation that involves independent and 


dependent variables and the derivatives of the dependent variables .” 


9.1.1 Ordinary Differential Equation 


A differential equation which involves only one independent variable is an Ordinary 


Differential Equation. Thus, the differential equations: 


sin y dy =cos x dx 


[+ (ар) ^ — 
42 y | dx? 4 


...(4) 


(9) 


are all examples of ordinary differential equations. They involve single independent 


variable x. 
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ыы 
.-7 


9.1.2 Order of a Differential Equation [B.C. A. (Agra) 2009] 


Definition: "The order of a differential equation is the order of the highest differential 


coefficient which occurs in it." 


Thus, if a differential equation contains nth and lower derivatives, it is said to be of nth order. 


9.1.3 Degree of a Differential Equation 
Definition: "The degree of a differential equation is the degree of the highest differential coefficient 


which occurs in it, when the differential equation is independent of radicals and fractional powers." 
Equations of degree higher than one are also called non-linear. 
Thus the nature of the above differential equations are as follows: 
Table 9.1 
№ Ordinary 1 1 

Ordinary 

Ordinary 

Ordinary 


Ordinary 


9.2 The Derivation of a Differential Equation or Formulation 
of Differential Equation 


Let us consider the following examples: 


l. Let уа .(1) 
1 : 
Or D = ех (2) 
dx 
Eliminating the arbitrary constant c between (1) and (2), we obtain 
dy 
d I 


Thus, we observe that eliminating one arbitrary constant c, we have a differential 


equation of the first order. 


2. Let y =c] COS X + c9 sin x ...(3) 
dy 
dx 


=- c sin x + c cos x (4) 
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and "i =- q cos x -e sin x=- y [by (3)] 
42 
> nae y=0 


Thus, by eliminating two arbitrary constants cj and c9, we have a differential 


equation of second order. 
Now, consider the general process. The equation 
Их, y, 0169, -s Cy) 20 NU 


contains, besides x апа у, л arbitrary constants cj, c5, ..., си. Differentiating (5) л 


times in succession with respect to x gives 


F FD o 
ax oy dv 
2 2 2 
oan ey. о 
дх дхду dx y^ d 9y d 
ci na уа 
ox" ox ox” 


Between the original equation (5) and the л equations thus obtained Бу 
differentiation, making л + 1 equations in all, the л constants cj, бо, ..., c, can be 


eliminated, and thus we obtain a differential equation of nth order, i.e., 


dy 4 у Od 
Fl x, y, S ев: (6 
DI polle (6) 


9.3 General and Particular Solutions 


9.3.1 General Solution [B.C.A. (Kanpur) 2012, 06] 


Definition: "The solution which contains as many arbitrary constants as the order of the 


differential equation, is called the general solution or the complete integral." 


9.3.2 Particular Solution [B.C.A. (Kanpur) 2009] 


Definition: "Any solution which is obtained from the general solution by giving particular values to 


the arbitrary constants is called a particular solution or particular integral." 
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Solved Examples e——— — — —— 


Example 1: Show that y = су cos (log x) + со sin (log x)is a solution of the differential 
equation 
dy dr 
i cg qug y -0. 
d dx [B.C. A. (Agra) 2010, 03, 02] 


Solution: We have y = сү cos (log x) + c» sin (log x) aL) 


Differential (1) w.r.t (x), we get 


y = су (—sin (log x)} - + сә cos (log x). - 
or 122 sin x (log x) + су cos (log x) (2) 
Again differentiate (2) w.r.t (x), we get 
dy d? у сү cos (log x) cy sin (log x) 
— + — = CO Fi 
dx dx? X X 
2 
Or х y + x — =- {cq cos (log x) + со sin (log x)} 
or x dy +22 dy =- [From (1)] 
dx d 7 
2 
or 2 at +x J + y=0 


Hence, y = су cos (log x) + со sin (log x) 
be a solution of the given differential equation. 


Example 2: Form the differential equation from y = Ae?* + Be* + C, where A, Band C 


are constant. [B.C.A. (Bundelkhand) 2011, 09, 06] 


Solution: The given equation is 


у= Ае * + Be! + C xit) 
Differentiating (1) w.r.t to x, we get 


e =2Ae2* + Be* 
dx 


> e* 9 зда +B 442) 


Differential Equations of First Order and First Degree 


Differentiating (2) w.r. to x, we get 


Ed i2 2 
2 

, DI MISMA 
dx dx? 


Differentiating once again w.r. to x, we get 


2 2 3 
2,2: E _ Эх ES Z202" А0 ee 22 Z= 


dx dx? dx dx? 
d? 42 4 
=> ын = жү. ay =0 
dx? dx 2 


which is the required differential equation. 


суу 


Example 3: Find the order and the degree of the following differential equations: 


2 3 4 
G) 48 = cot x, (ii) [ex -xy (2) £550, 


[B.C.A. (Bhopal) 2012] 


[B.C.A. (Rohilkhand) 2012] 


dx 
[B.C.A. (Kanpur) 2008, 06] 


43 уў dy? : 4? х 
(v) === - (2) + у= 0, (vi) —у+ ies 


2 
(vii) — + у=0, (viii) a = sin x. 


[B.C.A. (Bhopal) 2012] 


2 
(iii) T Hy =0, (iv) e Zu 9) 


[B.C.A. (Rohilkhand) 2012 ] 


[B.C.A. (Meerut) 2004] 


Е [B.C. А. (Rohilkhand) 2008, 06] 


Solution: 

(i) First order, first degree. ( 
(iii) Second order, first degree. ( 
(v) Third order, second degree. ( 
( 


(vii) Second order, first degree. 


ii) Second order, third degree. 
iv) Second order, first degree. 
vi) Second order, first degree. 


viii) First order, first degree. 


Example 4: Find the differential equation by the family of curves y = Сү cos ax + c9 sin ax, 


where сү and со are arbitrary constants. 


Solution: The equation of given family of curves is 


у = сү COS ax + Cy Sin ах 


[B.C.A. (Rohtak) 2009] 


(1) 


Pea В.С.А.Мапетайс$-Ш 
(лы ыг аты м___ 
eA 


Since this involves two arbitrary constants сү and су, we have to differentiate it twice to 


eliminate сү and со. 


Now, B =- асу sin ax + асу COS ах 
dx 
d? y 
and P ET COS ax + с) sin ax) 2 - à? y [by (1)] 
42 
or rte y=0 


which is the required differential equation. 


Example 5: Find the differential equation by family of curves y = Ae* + Be?*, for 
different values of A and B. [B.C.A. (I.G.N.O.U.) 2008] 
Solution: The equation of given family of curves is 

у= Ae* + Ber, (1) 
Differentiating (1) with respect to x, we get 

D ЗА + 5pe* ...(2) 

dx 
Differentiating (2) again with respect to x, we get 


2 
<P -oa + 25Be* ...(3) 
Now, 3 y=2B5 or Вет -;(® -з›) (4) 
x 


From (1), we get 


or at = (53-2) ...(5) 


Eliminating A and В from (3), (4) and (5), we get 


4° у 1 dy 1 (dy 
E арав 
4d JEG | HE I 


d d d 
у т ул ун? 
2 2dx 2 d 2 d 
dày dv 
—5-8-— +15 у =0. 
= d Т 
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Example 6: Form the differential equation of у = A соз (x7) + Bsin (х2 ). 
[В.С.А. (Kashi) 2010, 06; B.C. A. (Арга) 2009, 06] 


Solution: The given equation is 
y =A cos (x?) + B sin (x?) (1) 


Differentiating (1) with respect to x, we get 


9 А [+ sin (32)] .2x + B [cos (х2)].2х 
X 


-2x[- Asin (х2) +B cos (х2)]. (2) 


Again differentiating with respect to x, we get 


2 
— =2 |- Asin (х2) + В соѕ (х2)] + 2x |- A {cos (х2)} (2x) + В (- sin (x7)}.(2x)] 
42 

> 9 =2 [- Asin G2) + B cos (х2)] -4x [A cos (х2) + В ѕіп (х2)] [by (1) апа (2)] 
d ld 
7 = = Ax? y = y 2-2 дуз y=0 


Example 7: Show that v = E + Bis a solution of differential equation 
r 


426 2 dv 
—— + — — = A 
d? rd [B.C.A. (Avadh) 2008, 04, 02] 


Solution: The given relation is 


pcd aut 
- 


Differentiating (1) with respect to r, we get 


Again differentiating both sides with respect to r, we get 


dy 2A 
d? p G) 
From (2) and (3), we have 
dv dy 2AJ[r? dv 24 dv 24 


—/—= — > + 
de dr -Ау а та O а ar 


Pa В.С.А.Мапетайс$-Ш 
ems 
eA 


Example 8: Show that Ax + Ву? = lis the solution of 


2 2 
p эе 


Or 


Find the differential equation of all conics whose principal axes coincide with the 
co-ordinate axis. [B.C.A. (Lucknow) 2006] 


Solution: The given relation is 
Ах? + By? =1. 201) 
Differentiating both sides of (1) with respect to x, we get 
2Ax * 2By. "n =0 
dx 
dy 
or и. 522.) 


Again differentiating with respect to x, we get 


2 2 
or мав (i) Е ...(3) 


2 2 2 2 
X 23113 pete Or ЭЭ i 
х x 


Example 9: By the elimination of the constants h and k, find the differential equation of 


which (x = hy + (y — ky = а? is a solution. [B.C. A. (Agra) 2011, 06] 


Solution: The given solution is 


(x 02 + (у= 02 =a. (1) 


Three relations are necessary to eliminate two constants and thus differentiating the 


given relations twice successively, we have 


Differential Equations of First Order and First Degree EN 
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From (2) and (3), we obtain 


de (47/4 — 1+ (dy / dy] dy / dx 


у – К = ,x-h : 
J 42 y | ax 42 y / dx? 
Substituting these values in (1), we obtain 
3 ‹ 2 
2 2 
d А 
dx dx 
which is the required differential equation. 
Exercise 9. 1 
1. What is the order of differential equation whose solution is the circle 


(x – o)? t y? = 02, where a is an arbitrary constant? [B.C.A. (Bhopal) 2009, 07, 03] 


2. Ву the elimination of the constant a, obtain the differential equation of which 


2 _ | | 
J^ =4а (x + a) is the solution. [B.C.A. (Kanpur) 2009] 


3. Find the differential equation corresponding to the family of curves у=с(х— с, 
where с is an arbitrary constant. [B.C.A. (Rohilkhand) 2011] 
4. Show that y=Acosx+sinx is a solution of the differential equation 


d 
cos x a ysin x «1. 
dx [В.С.А. (I.G.N.O.U.) 2012] 


5. Find the differential equation of the family of curves y=e* (A cos x + B sin x), 


where A and B are arbitrary constants. [B.C.A. (Avadh) 2010] 


6. Find the differential equation whose general solution is y — Act Ве **, 


7. Find the differential equation corresponding to у= ae?* + реЗ + се“, where a, b,c 
are arbitrary constants. [B.C.A. (Meerut) 2004] 
8. Discuss the general and a particular solution of a differential equation. 


[B.C.A. (Lucknow) 2011, 04, 02] 


First order. 
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9.4 Separation of Variables 


We start with procedures for solving first order differential equations whose variables can 


be separated. This method is called separation of variables and is outlined as follows: 


Let the first order differential equation be 


dy 
(o y-——[20 2201 
ф Ї J > (1) 
Solving the differential equation (1) for - we get, say, 
dy 
— = X, ... 2 
T= Ак, У) (2) 


Suppose that f(x, y) can be written in the following form 
Их у)= A60 / ВО), 843) 


where Л and f, are continuous, then (2) can be written with variables separated in the 
differential form: 


dy 
fil) == A) or f(y) dy = f(x) dx ...(4) 
Thus, a differential equation which can be represented in the form (3) is called variables 
separable form. 


Now integrating both sides of (4), we get 


| AW roe | лое 5 


where c is an arbitrary constant of integration. This constant, being arbitrary, can be put 
in any form and either side of (5) as we like. Since the integral involved in (5) can be 
evaluated hence the result will be free from any differential and there by giving the 


general solution of the differential equation (2). 
Example 10: Solve (x + 1) a = o? +1). 
йх [В.С.А. (Арга) 2012, 08, 06, 02] 
Solution: We have (x +1) y =x o? +1) 
х 
Separate the variables, we get 
B тэ Ї | 4х 
1+ y х-1 
Integrate both sides and add constant of integration 


| -f тээш 


Differential Equations of First Order and First Degree 


tan"! ( y) = х – log (19 x) c 


y 


22 


=> 

or log (1+ x) =с+ x – (ап 
or (1+ х) = ef t¥-tan” y 
Or пе ef n 
or (l+ x) = А grt! y, 


Example 11: Solve x (e? + 4) dx + e** dy =0. 


Solution: We have 


x (e 4) dx e e**J dy =0 


Separate the variables, we get 


Or 


Or log (e? +4) - (x «D e? zc. 


dy 
E le 12: Solve — = Jy – x. 
xample ap у-х 


Solution: We have g. у-х 
dx 
dy dt 
Put y-x= > — 1-2: 5 
ис. = ах ах 
> «sra 
dx dx 
Or 9625-24-41 
dx 


or шаш 


eu 


[where А = е = constant] 


[B.C.A. (Kurukshetra) 2010] 
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Integrate we get 
2t +2 log(t-lh=x+e 


or 2 y-x+2log(fy—x-l=x+e 


Example 13: Solve the differential equation T - 


Solution: The given differential equation is 

Or y dy = x dx 
which is in variables separable form. 

Hence integrating both sides, we get 


| уйу = | x dx + С, where С is arbitrary constant of integration. 
or =y =? +C or y =x +20 
or Эг x^ 0; where @ =2С 


which is the required solution. 


Example 14: Solve (а? - ух?) dy + (y? + xy?) dx =0. [B.C.A. (Rohilkhand) 2009] 


Solution: Rearranging the given differential equation, we have 


x l- y dy + y! (1+ x) dc =0 
or res use 
y x 

or ES ce ЕЕ 

J^ og хх 
which is in variables separable form, hence on integration, we get 

1 1 1 1 

—-—|d + | EIE 
J E 5 Жэ 


с being constant of integration. 


1 x 
Or -— -log y-—-logx-c or log — - 
y х 


which given the general solution of the given differential equation. 


Differential Equations of First Order and First Degree c 
— e) 


2 
Example 15: Solve z = T 5 : 


[B.C.A. (Agra) 2008, 05] 


Solution: Rearranging the given differential equation, we have 
dy ах 
1+ y! 14 x? 


which is in variables separable form, hence integrating both sides, we get 


tan уз tan! x4 C or tan! y- tan! x=C 
E -x E = 
or ап! J =tan7! C, where C -tan lc 
1+ yx 
Or y-x-c(l* ух) 


where c is an arbitrary constant and gives the general solution of the given differential 
equation. 


Example 16: Solve the differential equation T T 1-2 -0. 


1-22 
[B.C. А. (Rohilkhand) 2010, 08, 03] 


Solution: On separating the variables the given differential equation сап be written as 
d dx 
D + 


ir lag 


On integrating, we get 


sin! y+ sin! Xm 


where c is arbitrary constant of integration which is the required solution. 


Example 17: Solve the differential equation 
(L- 33) (1- y) dx = xy + y) dy. [B.C. A. (Agra) 2007, 00] 


Solution: On separating the variables the given differential equation can be written as 


dy 


ie., (i-e [o2 Je 
X 1-у 


On integration, we get 


(3) (225) 


UE 
Dey 


Pa B.C.A. Mathematics-III 
м 
— 


Or log x 512 = sv 2y-2log(l- y) +e 
Or log {x - УС? - y?)-2y c 


which is the required solution. 


Example 18: Solve the differential equation (e? + 1) cos x dx + e? sin x dy = 0. 
[B.C.A. (Lucknow) 2006] 


Solution: On separating the variables, the given differential equation can be written as 


cos X e? 
dx 


dy =0. 


sin x 1-7 
On integration, we get 
log sin x + log (1 + eJ") = log c, where log cis arbitrary constant of integration. 
> log {sin x (1+ e-”)} = log c 
> sin x (1+ eJ) 2c 
which is the required solution. 


2 x tan y dx + sec? y tan x dy = 0. 


[B.C. A. (Agra) 2004] 


Example 19: Solve the differential equation sec 


Solution: On separating the variables, the given equation can be written as 


sec? X sec? J 


dx + 


tan x tan J 


dy =0. 


On integration, we get 
log tan x + log tan y = log c, where log cis arbitrary constant of integration. 


> tan x tan улс 


which is the required solution. 


Example 20: Solve the differential equation 


dy x(2 log x+ 1) 
dx sin y+ у COS У [B.C.A. (Kashividhyapeeth) 2012, 06] 


Solution: On separating the variables, the given differential equation can be written as 


(sin y + y cos y) dy =x (2 log x + l) dx. 


Differential Equations of First Order and First Degree 0) 
——____м___ s 


On integration, we get 


—cos y+ ysin -| l.sin y dy 22 |10 | 122 "a 
VEF ри ‚бт уау = 5х. 2 5 7 j 
where c is arbitrary constant of integration. 
Р 22 12 2 
> —cos y+ ysin y+cos y=2 ies кое 


> ysin y =x? log x +c 


which is the required solution. 


Example 21: Solve (y — x 2) =a a + 2), тээ" 


d 
Solution: Solving the given differential equation for T , we get 


V до 


dy _ 2 
(кеа) сеу ay or To кт 


which is in variables separable form, hence integrating both sides, we get 


[dy /[y 1 - ay] = Гах /(x +a) + C 


Or log y -log (1— ay) = log (х + а) + loge, where C = log с 
Or log = log [c . (x + a)] 
l-ay 
Or У/а-ау) 2c (x +a) or y=c(x+a) (l-ay) 


where c is an arbitrary constant and gives general solution of the given differential 


equation. 


Example 22: Solve (2ax + 2) a = а? + 2ах. 
dx [B.C.A. (Kanpur) 2006] 


Solution: Solving the given differential equation for 9 ме get 
x 


dy d + 2ax 
dx 2ax + x? 
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Or йу = L + 2 , by breaking into partial fractions 
dx 2)x х-2а 
1 3 
йй-21:4 : 
or 2 | xc x| 


Thus, the variables has been separated. Now integrating both sides, we get 


a 1 3 
Hel | ih | dx 
la 1 X 4: х+2а р» 


or у= (4/2) [log x + 3 log (x + 2a)] +c 


which gives the general solution of the given differential equation, where c is an arbitrary 
constant. 


Example 23: Find the equation of the curve through the point (1, 0) which satisfies the 
differential equation (1 + у?) dx — ху dy = 0. [B.C. A. (Kanpur) 2006] 


Solution: The given differential equation is 


, d 

(+ у2) dx - xy dy =0 Or B T cU 
~ х l+y 
which is in variables separable form. Hence, on integration, we get 


2 
| gol AL dy =C, where C is an arbitrary constant. 


x 24 1-у 
or log x — : log (1+ y?) - log c, where C = 109 с 
or log [x /J1 * 02] = log с or x=cyl+ y? 
or х2 = (1+ y?) , where c is an arbitrary constant. 


As this curve passes through (1, 0), so we have 


12 (1+0) ie., 2-1 


Hence, the equation of required curve is 
х2 =1+ у? ог х -y=l 


which is a rectangular hyperbola. 


2 dx + [(y* -1)/x] dy = 0. 


[B.C. A. (Garhwal) 2008] 


Example 24: Solve the differential equation ye 


Solution: Separate the variables, 


5 хе +[(y? -l)/ y] dy -0. 


Differential Equations of First Order and First Degree EN 
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Thus, the variables have been separated. On integration, we get 


2 
Jxe™ dv | (o? =) / y] dy = C, where C is an arbitrary constant. 


or shen 2x dx + П(у-1/ y] dy=C 
2 
or ;^ +2792 -log y=C 
2 
or е^ + у? -log y? 26, where ё=2С. 


which is the required solution. 


Example 25: Solve e223) dy + Q2 3x dy =0. 


3x43 y 


Solution: On multiplying both sides of the given differential equation by e , we get 


p dx & e dy=0 


which is in variables separable form, hence on integration, we get 


Гох dc [eJ dy 2 С Or TEETAR 
or eX +e =c, replacing 5C by c 


which gives the general solution of the given differential equation, where c is an arbitrary 


constant. 


Example 26: Solve De Dated, 
dx [B.C. A. (Agra) 2005] 


Solution: On multiplying both sides of the given differential equation by eJ, we get 


On separating variables, we have 
e? dy =e" dx + x? dx. 
Integrating both sides, we get 
Je? dy=Je* dx + J x? dx +c, where cis ап arbitrary constant. 


r.1 
Or e eux +e 


which is the general solution of the given differential equation. 
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dy 
Example 27: Sol 2 -g. 
rampe Е ЭР dx [B.C.A. (Meerut) 2007] 


Solution: Let x + y =v. Differentiating both sides w.r. to x, we get 


1, 2 4 or dy dv. 
dx dx dx dx 


1. 
Substituting these values in the given equation, we get 


P (2-1-0 or pE y 
dx dx 


Or 


Or С 


which is а differential equation in variables separable form. Hence on integration, we get 


v-a [(1/а) tan! (v/a)] 2 x * c, wherecis an arbitrary constant. 
Or (x+ y) -atan! {(x+ y) /aj 2x «c 
Or y-atan | {(х+ y)/a) 2c 
which is the general solution of the given differential equation. 
Example 28: Solve (x + y) (dx — dy) = dx + dy. [B.C. A. (Rohtak) 2009] 


Solution: The given differential equation can be written as 


dx + dy d (x- y) 


J x+y P wag Xy (1) 
Let х-у=и andx+ у = р, ћеп the above equation reduces to 
du = dv /v. 


Integrating, we have 
и = log v — log c, where с is an arbitrary constant. 


Or и = log (р/с) or v/c=e" or v=ce 
or x+ у= с^) [^ u=x- y, v2 x + y] 


which is the general solution of the given differential equation. 


Differential Equations of First Order and First Degree 


Solve the following Differential Equations: 


l. 


2. 


10. 


11. 


М 


Exercise 9.2 


y(t x) dx + x (1+ y) dy =0. 


2x (y * 1) dx — y dy «0. 


2 d 


Р Ё 
dx 


t y=l. 

ух + (1+ x2) tan! x dy =0. 

(6 +1) y dy s (y * ет dx. 

(ху? + x) dx + (yx? + y) dy - 0. 

Зе“ tan y dx + (1 — e*) sec? y dy =0. 
2 d 0, 


x+(y+7)t = 
ysef х+(у а 


dy sinx+x cos x 
їх y(Q log у+] ` 


log (xy) + (x + y) 2c. 
y -1- се ИХ. 
у -log(y*1)2c-log(e* +1). 


tan у =с(1- ey, 


y log y=xsinx+c. 


2y + 2e= atog (5525), 
x-y+a 


[B.C.A. (Meerut) 2001] 


[B.C.A. (Meerut) 2002] 


[B.C.A. (Kurukshetra) 2012] 


[B.C.A. (Meerut) 2004] 


[B.C.A. (Indore) 2012] 


[B.C.A. (Bhopal) 2012, 07, 06] 


[B.C.A. (Meerut) 2006 (B.P.)] 


х2 = у-1ор(у+1)+с. 
J tan! x=c. 
G? +1) (32 +1) =. 


yl tanx=ce J. 


Paget gata oe. 
3 2 
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9.5 Homogeneous Function 


Definition: “The function given by z = f(x, y) is said to be homogeneous function of degree n if 
f(x, ty) =t" f(x, у)” 


9.5.1 Homogeneous Differential Equations 
Definition: “A differential equation of the form 


D 0» NU 
dx fa (x, y) 


where fi (x, y), fo (x, y) are homogeneous functions of the same degree, n (say) in x and. y,is called 
homogeneous differential equation." 


Changing a Homogeneous Differential Equation to Variables Separable Form: The 
differential equation (1) can be transformed into an equation whose variables are 
separable by letting v = y / x, then 


dy d 
- 4 —-v»-x—. 543 
Jy-vx an d: y к (2) 


Put this value in (1), we get 
vex = f(r) ...(3) 


Because Л (x, y) and f» (x, y) both are homogeneous functions of the same degree (say л) 
So that 


ты жос Ж рр 
f.» x" fo(y/x) 0) 


on separating the variables, (3) can be written as 
Цаг: 
f(vy)-v x 


Integrating both sides of (4), we obtain a solution in v and x as follows: 
| dv | dx 
——=| —ce. 
f(v)-v х 
Replacing v Бу y / х in the above equation, we get the general solution of the differential 
equation (1). 


Example 29: Solve x*dy + y (x + y) dx =0. [B.C.A. (Rohilkhand) 2012, 07] 
Solution: The given differential equation can be written as 


dy y(x* y) 
Y HT TUM cas mi 
ЧЫЫР (1) 
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which is a homogeneous differential equation. 


Putting y-vx and ж. 
йх 
(1) becomes prada = 
dx x 
Or Pag зан ай or + 49 и, 
dx dx 
Or Lon жи = or 1 ын 1 dv + — dx 0 
(72-25) х 21р v+2 


which is a differential equation in variables separable form. Hence on integration, we get 


5 [log v - log (v + 2)] + log x =C 


or log x ЯГ -С or logy IDEE MS [^ v2 y/x] 


Or X 


Or х2 ysc(y 2x), 


c being an arbitrary constant c = c/? which is the required solution. 


2 
Example 30: Solve (x? — у?) dx + Зху dy - 0. [B.C.A. (Bundelkhand) 2007] 
Solution: The given differential equation can be written as 


2 - 
й P-S р 41) 
dx 3xy 
which is a homogeneous differential equation. Putting у=ух and е 


(1) becomes 


р x 12,2 dv 1-5? 
v+x—+t 7 -0 or v+x—+t = 
X 3x^v dx 3v 
dy 142»? dx 3v 
Or x—+ =0 or —=- y dv 
dx 3v х 1+2 


which is а differential equation in variables separable form. Hence on integration, we get 


| dx =— 3 ae 7 dv + C, C being an arbitrary constant. 
х 4 1+2> 
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or log x 2 - (3/4) log (1 + 2?) + (1/4) log c, where (1/4) log c = C 
Or log x* = log ———— Or х® BÉ 
5 аз (1+2у2)3 
4 C 2 243 2 
ын d = ЕЕ. or x" +2 zu 
DE ADT diis 


which is the general solution of the given differential equation. 


Example 31: Solve y -x2 =x+ y 7. 
Ix 


Solution: The given differential equation can be written as 


dy y-x 


de yx 


which is a homogeneous differential equation. 


Putting y = vx and y =v.l+x z in equation (1), then it becomes 


dv v-l 14 5? Pri dx 
рэш--- 
dx v4l v4l v^ 41 х 


which is а differential equation in variables separable form. Hence on integration, we get 


| y 1 | dx 
| жуз b my = dv = — —+C 
|, +1 +1] x 
1 2 -1 
> 2 leg (v +])+їап v=-logx+c 


> log Quo? +1) .x} + tan! рс 


2 
> 2 EE 
x x 


This is the required solution. 


Differential Equations of First Order and First Degree c. 
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2 
Example 32: Solve x (x - y) dy + у dx - 0. [B.C.A. (Kurukshetra) 2009] 


Solution: The given differential equation can be written as 


dx x(y—x) 
: dy dv. : ) 
Putting y-vx and A v.l+x T in equation (1), it reduces to 
dv vx" y? 
v + x — =——— = 


“dx x(v-x) v-l 


dv т? v 
=> = — y = — 
dx v-l v-l 
1 
= саваар 1-1) 
x y 


which is a differential equation in variables separable form. Hence on integration, we get 


log x =v -log v +c, 2loge" -logv- loge, where сү = Іор с 


= log —— 
v yix yix 
i.e., vo гын Е ie., у= ce *, 
v yix y 
This is the required solution. 
2 = 2 
Example 33: Solve x dy – y dx = ү + y^ dx. [B.C.A. (Avadh) 2007] 


Solution: The given differential equation can be written as 


d ууу (1) 


dx X 


which is a homogeneous differential equation. 


Putting y-vx and B aged 2 
ах ах 
(1) becomes 
2 22 
+ + 
pif E = =v+ 1+7? 


dv р) dx dv 
= 1+ — = 
ог den y Or > 22 
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which is a differential equation in variables separable form. Hence on integration, we get 


| dx = | | 2 ! C, C being an arbitrary constant. 
х 


ү! +2 


ог log x = log (v + {1+ v? ) + log c, where log c = C 
J y 
or x=c{v+ 1232) Or х=с4 + [1+ =—- 
x x 
Or х2 =с{у+ xag) 


which is the general solution of the given differential equation. 
Example 34: Solve х2 у dx – (3 + уз ) dy =0. [B.C.A. (Agra) 2011] 
Solution: The given differential equation can be written as 
2 - ES sell) 
dv X. y) 
dv 


d 
which is a homogeneous differential equation. Hence on putting y = vx and T =р+ х — 
X 


in equation (1), it reduces to 


T » dv v ENS yt 
dx lap? Dag? 
3 
1-0 dx . . 
> - | i | dv =—, on separating the variables. 
р X 


„ On integration, we get 


1 : Р : : 
53 -108 v = log x + cj, where су is arbitrary constant of integration. 
р 


Ї 
- х ын ааг 
х3 3 
> гэ =log y? +logc, | where logc=3c] 


23.3 
EN c? 2e* (У. 


This is the required solution. 


Differential Equations of First Order and First Degree c 
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Example 35: Solve x cos z (y dx + x ау) = y sin J (x dy – y dx). 
x x 
[B.C.A. (Rohtak) 2012] 
Solution: The given differential equation can be written as 


ET. DY sca 225. 
хон [re = узш (2 0 


4у J n2)- | ‚у +) 
or T J sin. a = J J sin. PR LET 


Or 


dy _ J [y sin (y /x) + x cos (y/x)] (1) 
dx  x[ysin(y/x)-xcos(y/x)] Е 


which is a homogeneous differential equation. Hence, putting y = vx and 


d dv 
E pag, 
dx dx 
(1) reduces in the following form 
dv vx (vx sin v + x cos v) dv 2v cosv 
v+ xX = — Of x — =—_. 
dx x (vx sin v — x cos v) dx vsinv—cosv 
y sin v — cos v dx 1 dx 
or ——————— |d =2 — or (‘any -2) av=2& 
y cos V х y х 


which is a differential equation in variables separable form. Hence on integration, we get 


log sec v - log v =2 log x + C 
S 


еси 
vx? 


Or log = log c, replacing C by log c 


Or sec ( y / x) = c xy. [^ y= vx] 


which is the general solution of the given differential equation. 


Exercise 9.3 


Solve the following Differential Equations: 
1 dy 7 2x y 
dx x-3y [B.C.A. (Agra) 2008, 00] 


2. х ду+(ху+ у?) =0. 


э. dun 
o d 2х7 [B.C.A. (Meerut) 2003] 
4. dy = 2 2 К 
йх х+у 
2 2 А - 
5. чу) dx - 2xy dy =0. [B.C.A. (Rohtak) 2005, 03] 


6. (x- py)? dx + 2xy dy =0. 
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Die as 
йх x жу [B.C. A. (Agra) 2007] 
2 
8. ВЕ air =0. 
dx Зх + 


[B.C.A. (Lucknow) 2006, 04] 


95 2 23 + Pa = у. 
dx х [В.С.А. (Purvanchal) 2006] 


21. 2 Е 
10. y" dx + (xy + x^) dy =0. [B.C.A. (Avadh) 2004] 


in. жг, 


dx 2 
. NY Imm 
12. xdy- ydx 24? -x dx. [B.C.A. (Kurukshetra) 2005] 


9 d 
13. (2 - y 9 = ау. 
е. йх У [B.C.A. (Meerut) 2005] 


d 
14. x 2 = y x tan 2. 
dx X 


[B.C.A. (Bundelkhand) 2007] 


15. (х2 «2xy) dy + (22у + у? +32) dx - 0. [B.C.A. (Bhopal) 2009] 


16. (х? —3xy*) dx 2 (y? - 3x? y) dy. 


dy y +322 у 


ТУ. : 
йх x? c 3xy 


[B.C.A. (I.G.N.O.U.) 2009, 07, 04] 


х=с(х- yy. 


Si. y? 2x (xc). 


log [x (Зу -2ху + 22 )] v2 tan! [Gy -x)/x 42] = с. 


(x - у) /3 (x2 + ху + y2) 6 = cel / 3) tan™ (x +2 у/х43) 


2xy / (x + у)” + log (x + y) =c. 9. w=, 
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(у- xy - сху” ; 


cy 2e 72 X, 


х(у? xy 4 x?) 2c. 


удару). : y=? о — рр. 


9.6 Non-homogeneous Equations of the First Degree in x 
and y 


Equations Reducible to a Homogeneous Form 
Definition: “Equations of the form 


dy ах+ђу+с (1) 
dx Ах-Ву-С "m 


as known as differential equations reducible to homogeneous form." 


Case I: When(a / A) z (b / B). 


In this case, (1) can be reduced to homogeneous form by the following substitution 


which change variables x and y to new variables X and У, 
x=X+h, у=У +k (2) 


where Л and Ж are arbitrary constants and they can be so chosen that the new differential 


equation may be homogeneous. Now (2) gives 
dx = dX and  dy-dY (3) 


Thus, (1) reduces to 


ЧУ  a(X+h)+b(Y +k)+c 
ДХ A(X+h)+B(Y+k)+C 


dY _ aX +bY + (ah bk + c) 


i aX AX +BY +(Ah+ Bk C): 


Now, choose Л and k such that 


ah+ bk +c=0 2) 
and Ah * Bk * C =0 ...(6) 
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Solving the above two equations for Л and k, we have 


h 7 k 7 1 (7) 
bC-cB cA-aC aB-bA Е 


With these values of /; and k, (1) transform to the form 


ЧУ _ aX & bY 


Bu аа ...(8) 
dX АХ+ВУ 


which is a homogeneous differential equation and can be solved by substitution Y = vX. 
Finally, replacing X and Y in the solution so obtained by x — лапа y —k respectively, we 
can get the general solution of the given differential equation in terms of x and y, the 


original variables. 


Case II: When (a/ A) = (b/ B). 


In such case the values of h and k become infinite, that is meaningless and thus the above 


procedure cannot be adopted. In such a case, let 


а/А=Ь/В =1/т or А=ат, В -bm ...(9) 


Then equation (1) takes the form 


dy _ ax + by +c 


= ...(10) 
dx m(ax + by) c 
where m is any number. In such cases, the substitution 
dy dv 
ах + ру =v, а оо (11) 
transform the differential equation to the form 
1 (2 ) рс 
= —_— a == 
р \ ах тр + с 
or E oppo m (12) 
dx mv +c 


which is a differential equation in variables separable form and it can easily be solved. 


Example 36: Solve 2 = ere d 


ах 2x+3y+4 [B.C. A. (Agra) 2009, 03] 
Solution: The given differential equation belongs to reducible to homogeneous form. 


Here (a / A) + (b / B),that 2 # = Hence, putting x = X + hand y =Y +k, then the given 


differential equation reduces to the form 


dY X+2Y +(h+2k+3) 


— = sat 
dX 2X+3Y + 2h - 3k & 4) 0) 
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Now, choose Л and k such that 


h+2k+3=0 and 2h+3k+4=0 


Solving these equations for Л and К gives 


E ME ARE UN — h=], k=-2. 
8-9 6-4 3-4 


Substituting these values in (1), we obtain 


цаг Х-2Ү 
4Х 2Х-3Ү 


which is a differential equation in homogeneous form in X and Y, Y being dependent 


variable. Hence, putting Y = vX 


and d =v+X B 
ах ах 
(2) transforms in the form 
dv X+2vX 243v ах 
v+ X — = — or dv = - — 
АХ DX +3vX Зу? -1 
e 2 3v 7 dX 
a =]. 3% -1 X’ 
which belongs to variables separable form in v and X. Hence on integration, we get 
1 Weyer: 1 2 
— lo + — log (38vy^ – 1) 2- log X + log c, 
o EBri ( ) g g 
c being as arbitrary constant. 
2 
Now, putting X=x-h=x-1,Y=y-k= у+2, (xL 
х- 


The general solution of the given differential equation becomes 
2 
EN 143 Qr2)/6-)-1 11683 gta —1|=1ор £ 
43 ВО 2 х-1 х-1 


1/43 1/2 
43 y-x 243 +1 АЈ Зу -2 +12 y+ 2x41] c 
BER лэн Se Es | ar = log 
43 у+х+2 3 -1] | (х-1 | х-1 


or log | 


[УЗ у+х+2У3-1| d (x + 1) | х-1 


[0] 


1/43 р 
. Узу-х+2 3 +1 ы Зу =? +12 y+ 2x41" | c 


ог (43 y-x4243 + ^8 (3? -x +12 y «2x «12 Hc (43 y e x & 23 1/3. 
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Example 37: Solve (2x + y —3) dy = (х + 2 у - 3) dx. [B.C.A. (Lucknow) 2011, 09] 
Solution: The given differential equation 


dy x*2y-3 


dx 2 so 
x+ y-3 


is reducible to homogeneous form. Here (a / A) + (b / B),that is G) # (2) .Hence, putting 


x=X+hand y=Y +k the given differential equation reduces to the form 


ЧУ X+2Y +(h+2k—3) 


=, (2) 
dX 2X+Y+(2h+k-3) 


Now, choose Л апа k such that 
h+2k-3=0; 2h+k-3=0. 


Solving these equations, we get 


h k 1 


6-3 6-3 1-4 


Л-1,К-1 
Substituting these values in (1), we obtain 


dy X+2Y 
dX 2X+Y 


...(3) 


which is a differential equation in homogeneous form in X and У, У being dependent 


variable. Hence, putting 


Y =vX and aY үс 
ах ах 
(3) transforms in the form 
ya Xa Xt 
ах 2X+vX 
dv 1+2v l- 24r dX 
Or — = = р = ог dy = — 
aX 2+v 24v 1—2 X 


which is in variables separable form in v апа X, hence on integration, we get 


| = | Pts 
y X 


Or >| к dv = 105 X + C 
2 1-р l+p 
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ағ ELLEN X И [+ v2Y / X] 


(1 - v? 125424: 
or (Х +Ү)/(Х-Ү)? Эй where cael’ 
or x+ y-2=c(x- у)? 1 X=x-1Y=y-]] 


which is the general solution of the given differential equation. 


Example 38: Solve 22 = шатаа 
dx 2х-2у-5 [B.C.A. (Kashi) 2010] 


Solution: The given differential equation can be written as 


йу _ (к-у) +3 (1) 
dx 2(x-y)+5 Е 
Here 2 = 2 , that is 1 = = Therefore, putting x — y =v and 1 - B = a (1) reduces in 
A B 2 -2 ~ dx dx 
the form 
l- dv _ vt+3 
dv 2v45 
E dvo y+3 _ 9+2 m 2v*5 w-d 
dx 2-5 2+5 +2 
1 
or Ё + — dv = dx 
v+2 
which is in variables separable form. Hence on integration, we get 
2v + log (v + 2) = x + c, c being an arbitrary constant. 
Or х-2 у + log (x- у+2) =с [^ v=x- y] 
which is the general solution of the given differential equation. 
Example 39: Solve (x + y) (dx — dy) = dx + dy. 
Solution: The given differential equation can be written as 
dy x+y-l 
(x+ y-ldv=(x+ у+1)4у or == 544413) 


dx х+у+1 


which belongs to reducible homogeneous form. Hence, putting 


х+ у=» and (dy/dx) = (dv / dx) — 1. (2) 
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(1) transforms in the form 


PEL. 


Or 


val 


Or dv =2 dx or (1+1/р) dv 22 dx 


y 
which is in variables separable form, hence on integration, we get 
v + log v 22x + c, c being an arbitrary constant. 
Or x+ yt+log(x+ y 22x +e [> v2 x * y] 
Or y-x-*log(x-* у) =с 
which is the general solution of the given differential equation. 


3 2 4 
Example 40: Solve » еу. does а 


4x+6y +5 [B.C.A. (Purvanchal) 2008] 


Solution: The given differential equation can be written as 


dy _ 2х+3у+4 (1) 
d 2 (2х+3у) +5 U 


Putting 2x + 3 y =v and 2 ue ааа 0) ера 
dx dx 
(2-2) 
3\de 7 2945 
— dv 3v*12 , 79422 — +3 w-d 
dx 2v+5 2v+5 7v +22 
3 С в ЖЕЕ ВЕ 8 
7 7 70+22 


which is a differential equation in variables separable form. Hence on integration, we get 


2 9 log (7v + 22) 


= х + сү, where сү is arbitrary constant. 


7 7 7 
> 14v —9 log (7v + 22) = 49x + 49с| 
> 14 (2x +3 y) - 9 log {7 (2x +3 y) +22} = 49x + 49с| 
=> 42 y - 21x -9 log (14x + 21y + 22} =49c) 
49c 
> 7 (2 y- x) -3 log (14x +2 1 y+22}=c, where с = 3 


This is the required solution. 
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Example 41: Solve D а RE 
dx 2x c 2y +3 [B.C. A. (Agra) 2002] 


Solution: The given differential equation can be written as 


dy х+у+1 (1) 
dx 2(x+ у) +3. = 
. dy dv, : : 
Putting x + y =v and l + — =— in equation (1), we obtain 
dx dx 
dv , vt 1 
dx 2-3 

2, dv v4l NEELA m 2v -3 ЭРЭ 

dx 2-3 2v -3 3v+4 
= ОЕ ded 

3 3v+4 
On integration, we get 
; 29+ 5 log Gr +4) -хка 
> 2 (x+y) +z log Gx 34) 2330 
> -3х+6у + log (8x+3y+4)=c, where c=9cy. 
This is the required solution. 
Exercise 9.4 
Solve the following Differential Equations: 
1 dy y-x*l 
det y+x+5 [B.C.A. (Avadh) 2005, 03] 
2 Чу х-у+3 
dx 2х-4у-5 [B.C.A. (Kashi) 2010, 06] 
3 dy 2x- у+1 
ode x+ 2y-3 | 

4. (x*2y-2)dx + (2x - у+3) dy=0. [B.C.A. (Aligarh) 2010, 04] 


5. (х-у-14-0у-х-14у-0. 


6. (3y-7x 7) 4+ (7 y -3x +3) dy - 0. [B.C.A. (Bhopal) 2006, 02] 
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7 dy x+ y«l 
! dx x+y-l 
8 d 2у+х-1 
dx 2x+4y+3 [B.C.A. (Kurukshetra) 2010, 04] 


9. (4x+6y+3) ах = (6x € 9 y +2) dy. 


10. (x - y -2) dx - (2x -2y -3) dy =0. [B.C.A. (Rohtak) 2008] 


Answew 9.4 


К 2*3 loge foy e 3) +(x +2)" =0. 
x+2 


tan 


loge (Gc 2)? -362 49 7” " 


GO y-7Y +(5x-1)(5y-7)-(5x-1? =k. 
х2 +4ху- y! -Ax «6y zc. 


3x? +З у^ -3xy -8y - 3x 41-3c -0. 


(у-х+1? (у+х-1? = с. 


log (x + y) y - x -c. 
2у-х+11о(8у+4х +5) =с. 


24x -36 y +5 log (24x + 36 у +12) + с=0. 


log (x - у-) =х-2у+с. 


9.7 Linear Differential Equations 


A differential equation is called linear if the dependent variable y and its derivatives with 


respect to independent variable x occur in the first degree only and there is no restriction 
of any kind on the occurrence of the independent variable x. 


Definition: “A differential equation of the form 


B coss 201 


dx 
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where P and О are constants or any function of x, is called a linear differential equation of first 


order." [B.C. A. (Agra) 2009] 


Equation (1) is called standard form of the linear differential equation of the first order. 


NOTE: 


l. Since the multiplication by the factor e ЇР а 


to both sides of the given differential 
equation, reduces it in integrable form, hence it is called integrating factor of the 


differential equation. 


Sometimes a given differential equation becomes linear if we take y as the 
independent variable and x as dependent one. Since as equation can be written as 


dx 
— + Рх = Q. 
„е 


y 


where P and Qare constants or functions of y only. Then its integrating factor will 
be of the form 
LF. =e P9, 


Students should remember that during the course of finding the solution of linear 
differential equation, for every f 


-log ef г 


апа е . 
f 


feat =f 


Working Rule 


To solve a linear differential equation of the first order, students should remember the 
following points: 


1. Arrange the given differential equation in the standard form. 


7. Py=Q or TPQ 


2. Write down its I.F. = n dt or ЇР V and evaluate it. 


3: The general solution of the differential equation will be written as 
yel? & - [Qe P ® ах +с 


Or xc]? dy 2 ge 9 дуже 


c being arbitrary constant of integration. 


Example 42: Solve (1 + 22 p 2ху – Ax? =0. 
[B.C.A. (Garhwal) 2007, 03] 


Solution: The given n can be written as 
d x? 
m = j= B an 
ах (1+ x^) (+ x^) 
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which is a linear differential equation and its of the form 


2x _ Ax? 


dy 
—+Ру=О, where Р = апа : 
т al (1+ 2) (1+ 22) 


23 
—— — а 
LE. =e P d ap (+9) = log ex) (ру 3, 


Hence, its solution is 


y X (LF.) = {Ох (LF.)) dx te 


2 
ie., »0«35- | [S m alase 
Or уйл) = [4] дэс or 3 y l+) -4x° -3c 


which is the required solution. 


Example 43: Solve (1 + а? ) йу + 2xy = cos x. 
dx [B.C. A. (Agra) 2002] 


Solution: The given equation can be written as 


dy | 2x _ cos X 
dx PE 1+ x2 


which is a linear differential equation in y. 


2x cos x 


Here Ps 7 and О- 7 


= , so that 
1+х 


1+х 


Гра | = dx = log (1+ x2). 


x? 
ТЕ ЇР dx neglt) үү 2 
Multiplying (1) by the integrating factor, we obtain 
d 2x 
14x? Е ИРЕ 
| ЇЇ: 14-27 ш 
ог (1+ x2) (ду / dx) + 2ху = cos x or d{[y(L.F.)]=cos x. 


Integrating this equation, we obtain у. (1+ х2) = [ соз х йк + с 
D 
Or y.(l+x°)=sinx+c 


which is the required solution. 
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Example 44: Solve (1 — x ) z + 2ху = хү! 4. 
x 


Solution: Writing the given linear differential equation in the standard form, we have 


dy 2х х 
Е = | aL) 
dx I? 1-2 
Ра = and Q= 
1-х 1—х^ 
| 2x x 
LE ЇР dx l- x шат log 1-12) 25 
1-х 


Multiplying both sides о equation (1) by integrating factor (I.F.) апа the integrating, we 


get 
1 | х 1 
: =| == .— dr +c 
a la" П- x? 1—х^ 
J Ly 2.-3/2 
Or =——}(—2х).1-х dx c 
M 2-31629.0- 6) 
EE 
2 


Or J = ! +c or узс(1-32)-41-32 


which is the required solution. 


Example 45: Solve (1 + y?) dx = (tan! y - x) dy. [B.C. A. (Agra) 2008] 


Solution: The given equation can be written as 


1 


Р dx 1 tan y 
i.e., — + — r= ? EP 

dy ley! 14-97 0) 
which is a linear equation in х. 

-1 
Here Р = 1 7 and Q= an, 
(Le y^) (1+ y^) 
Thus рф | -— y, 
[a+ 7) | 


ТЕ. —1Р dx шир Уу 
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Hence, the required solution is 


x (LF.) = {Ох (LE.)) dy + c 
1 


=i tan -1 E 
ie., yen 2 = | | 2 „е J dy c cm [tel dt+c, where t= tan Ly 
+ 


=i -1 
=te -e + с= бап | y, cn У Lun Ус 


=i 
ie, х= (кап у=) с.е" 7, 


= d 
Example 46: Solve (1+ y? ес tan 2 _0. 
rampie А o» dx [B.C. A. (Agra) 2000] 


Solution: Writing the given linear differential equation in the standard form, we have 


dx 1 QU у 


=. sx 
dy 14 1+ y? M 


This equation is linear in x. 


Now, LF. =e P% = 


Multiplying both sides of equation (1) by integrating factor (I.F.) and integrating, we get 


=1 
_ -tan у " 
pe] Сарай 7 jq ‘I dy te 
l+ у 
zz dy 
Or x etn 12] с 
1+ у 
tan7! y -1 
or х.е -tan yte 
which is the required solution. 
. dy 
Example 47: Solve sin 2x —— = y + tan x. 
dx [B.C.A. (Lucknow) 2007] 
Solution: Writing the given linear differential equation in the standard form, we have 
d tanx l 
Y _(cosec 2x). у= - = ѕес2 x 
ах sin2x 2 
12 
Р = – созес 2x and О=узес х. 
Now, integrating factor (I.F.) = ЇР d 
- : ү-1/) Ї 
Sy f cosec2 x dx - 608 (tan x) - 
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Multiplying both sides of equation (1) by integrating factor and integrating, we get 


sec? х 


тт Ж =| 2 Jian x X 
п =| й tc where t 2tan x 2 Jt c c2 Jtan x +c 
J: tan x 2 , | 
or y tan x+ c бап x 


which is the required solution. 


Example 48: Solve x (1 - 2) dy + Qi у - y- ax? ) dx =0. [B.C.A. (Kashi) 2012] 


Solution: Writing the given linear differential equation in the standard form, we have 


d 222-1 ax? 
MAIL d nc aT 
dx wary 1- x? 0) 
F 2 
pa and EN >. 
x (1— x^) 1-х 


Now, integrating factor (I.F.) = el Pu 


Ё 1 1 E 
-j = LM + L——— dx 
2 x 2(х-1) 2(х-1) 


= -[log x * — ; log (x-1)* ; log (x +1)] 2 2108 aN (x2 -). 1 


ida -1 


Hence, the required solution of the linear differential equation (1) is 


2 
х 
=a | — dx+c 
2 
" 1-х xx -1 
| me АЕ — + tting 3? -12£ 
meg msc с, on putting x^ -l= 
a a 
=—+C(= +e 
х2-1 
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Example 49: Solve (x+ y +1) S 1. 
dx [B.C. А. (Agra) 2000] 
Solution: The given differential equation can be written as: 


С or eee a (1) 
dy dy 


This is the linear differential equation in x. 
Now, JP dy s] (-1) dy=- y. 
Integrating factor (LF.) = ЇРФ 260, 
Hence, the required solution of the given differential equation (1) is 
хе J = |(у+ 1) e? фдужс 
(уж). (677) 0) (9) +e=( y-2)€7 е 

i.e, x 2c" —(y+2). 
Example 50: Solve (x + 2y3) By = y. 

dx [B.C.A. (Aligarh) 2010] 
Solution: The given equation can be written as 


3 
ar Pray Or 411 ушар sl) 
dy у dy y 


which is a linear equation in x and is of the form 
(dx /dy) + Px =Q, where Р--(/у) and Q-2j5? 
LF. = РФ ae SU dy сов y дов) шүү y. 
Hence, its solution is 
x.(LF.) = {Ох (LF.) dy +c 
ie., x.(l/ y)=J2y* .0/ y dy +e 
or x/y=y +e or х= pt+o 


which is the required solution. 


Example 51: Solve x cos x а. + y (x sin х + cos x) = 1. 
x 


Solution: Writing the given differential equation into the standard form, we have 


d in 2 
gue - 


ах X COS X X cos X 
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Or 9 (ааа) у= : aL) 


X cos x 
which is linear in variable y. Now, 
ра | (чаз + Jis tog sec x+ log x = log (x sec x). 
х 
Integrating factor (I.F.) = е ЇР dx _ дов (x sec x) 


= х Sec х. 


Multiplying both sides о equation (1) by integrating factor (I.F.) and integrating, we get 


y-(xsec x)= | 


x sec x dx + c | sec? xdx+c 
X COS X 


L6; yx sec x = tan x +c. 


This is the required solution. 


dy x 1 
Example 52: Solve — + = —————-. 
н d 1+2 2х463) 


[B.C. A. (Agra) 2002] 


Solution: The given differential equation is linear in y and is of the form 


dy x 1 
-4Ру-О, where Р = and О = ————-. 
dx "T 2x (1 x?) 


X 
dx 
LE zd Pu. n 143? = 5 log (Lex) = plogyl +x? _ m 
Hence the required solution is 


y (LE) = HQ x (LE)) de +c 


i.e., yy x X =| > 


dx 


2x ү! +x 


det ene] tc 


2x (4 x2) (+ x? 
(-1/t^) 1 2 
=| ———————— + ¢, putting, x = –, so that dx = – (1/t^) dt 
2 eiie t 


al m T ud 
- c-——sinh {+С 
E {+ 2 


Эф" L 
2 X 


Or y 14 x? 
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Exercise 9.5 


Solve the following Equations: 


dy | 
1. ---«ayze". 
Je ay =е 


2. paged +3x4+2. 
dx [B.C.A. (Rohtak) 2009] 


3. —X 
dx 


4. eae epee -1, 
dx [B.C.A. (Purvanchal) 2010] 


5. юм РТ ГУА 
de dx 


dy 
6. log x =2 log x. 
тайж САГ y =2 log x [B.C.A. (Kashi) 2011] 


7. D, 3x2 E x 


dx lex) Taiga 


8. х(к-)® -(х-2) y= (2x - 1). 


d 
9. x D y-2x? cosec 2x. 


dx [B.C.A. (Lucknow) 2008] 


10. аа х. 
dx [B.C. A. (Agra) 2001] 


11. (x+ tan y) dy =sin2 y dx. 


d 
12. D + y cot x = cos X 
dx [B.C.A. (Meerut) 2001] 
13. 32 2 4. y ә], 
dx [B.C.A. (Rohilkhand) 2009] 


14. 25 ax = be", a, b are constants. 
dy 
15. 1-32) -y 21(x»1. 
( €") ду=1(х>1 


2 3 
16. (1+ y+ x^ y) det (x + x") dy =0. [B.C.A. (Rohilkhand) 2006] 
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17, 24-02-у-1 
x [B.C.A. (Indraprastha) 2012] 


"M ЛИ И 
1S E ie I жыл. [В.С.А. (Aligarh) 2007] 


19. cos* x — + у= tan x. 
s y X 


ә. d -1, 
20. (1432) 2 + yoo =, 
dx [B.C.A. (Meerut) 2002] 


Answew 9.5 


=" /(т+ а) + се“. 
J 


peewee 22 + 2х. 
T 3 2 


y= — т (nx +1) DÊ -q/n. 
3 (х—1) yer -3х-с 
y(t bx) S b cx. 


y log x =c + (log xy. 


(+3) = ro Zin Que. 


(x-1) у=х° (x? —Х +С). 


y =x log tan x + cx. 


y tan? хе а? S442 tan xci 


X=C ytan J + tan J: 


: ] 
узіп х= sin? x +. 


у= 1! +1 
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x=(bt + c) et. 


у x -l=c-—log{x+ x? -]. 


Xy-c- tan! х. 


‘an (tan y —J). 


х 1 e tan Ix 


+ с. 


9.8 Equations Reducible to Linear Form (Bernoulli's Equation) 


Definition: “An equation of the form 


9 + Py=Qy" GA) 


where P and О are constants or function of x only and n is a constant, other than О and 1,is called a 
Bernoulli’s differential equation.” 
Equation (1) is called the standard form of Bernoulli’s equation. 


If we put n=0 in (1), the equation becomes linear and n=1 in (1) the variables are 
separable. We therefore concentrate on the case n + 1. Multiplying throughout by y" ,the 


equation (1) becomes 


gr y + py" -Q :4(2) 

—п+1 —n dy dv : : 
Now put y => and(-n-l)y 5 ao equation (2) transforms into 
0-0) Ру =(1-л) О (3) 


which is linear in v. 
LF. = 4! —n) P dx 


Hence, the general solution of the Bernoulli's equation is 


yel 0-9 P de рр) Qe! - 9 P dx TE 


or | Пе Qeld-P d үс 


Differential Equations of First Order and First Degree c 
шини! 


Remark: If we have a differential equation of the form 
ГО) (ay /ах) + P. f(y) = О 
then by putting f(y) =v and f’(y).(dy/dx) = ау / dx, this equation is reduced to the 


linear form. 


d 
Example 53: Solve (1 — x7) Z = xy”. 
атр шаг ) da ITY [B.C.A. (Rohilkhand) 2003, 01] 


Solution: Dividing throughout the given differential equation by y? l- 2 ), we get 


.— =x 54113) 


y = zd in equation (1), we get 
x 


Puttin 
$ dx 


үэ-Х (2) 


which is linear differential equation in v. 


Here P= 


521 


dx 


ЇР dx J E 1 Е log (х2 -1) 2 
Integrating factor (I.F.) =e 25 = e2 = |х —1. 


Multiplying both sides of equation (2) by integrating factor (I.F.) and integrating, we get 


War -1-641(-х) үх -14х 


-с-182 doe LP (on putting x? -1-12) 


or 13 Ү-1-с-208-137 


у 


or 8-1-5|с- 68 090). 


This is the required solution. 


Example 54: Solve D + Z- у? sin x. 
dx x [B.C.A. (Garhwal) 2008] 


Solution: Clearly, the given differential equation is a Bernoulli’s equation. Hence dividing 


the equation by ЭР, we get 


=sin x (Ll) 
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Putting 5 =v,so that — x y. E — in equation (1), we get 
шан .p=-sin x (2) 
dx х 


which is a linear equation in the variable v. 


ze 


х= іеї, 


х 


Integrating factor (I.F.) = ЇР 2. 


Hence, the solution of the linear equation in v is: 
1 sin x 
ЕС -| dx 
X x 


But v = —, thus the required solution of the given differential equation is 
y 


= | 5.2. 
Xy X 


Example 55: Solve З o 2 У 222. 
dx х+1 y 


Solution: Clearly, the given differential equation is a Bernoulli’s equation. Hence multiplying 


the equation by y? ,we have 


d 2 3,3 
7 ах x41" t (0 
9 2. dv , | 
Оп putting y? =p, so that 3 y ET — in equation (1), we get 
m 2 v=x (2) 
dx x«l 


which is a linear differential equation in v. 


| 2а 
Ри _, x+l (2108 (x +1) 


Integrating factor (I.F.) =e =(x + p*. 


Hence, the solution of the linear differential equation (2) in v is given by 
v (x + 1? =с+ [3 (x +1)? dx 


=с+ f(x +2x4 e) discs tir + 


But v = y , thus the required solution of the given differential equation is 


y^ (с+ = б e ela 


Differential Equations of First Order and First Degree EN 
MG) 


Example 56: Solve 4 - y sec x= y? COS x sin x. 
dx [B.C.A. (Kanpur) 2005] 


Solution: The given equation is a Bernoulli's equation. Multiplying throughout by gr А 


the given equation reduces to 


y? (dy / dx) ^ sec x . y7} = cos xsin x sl) 
d 
Putting y =v and - y? m = T. the equation (1) reduces to 
© + sec x re - cos rsin x /22) 


which is a linear equation in >. 
Here P =зесх and Qc--cos xsin x 


Its LE. „ЇР шоо lsec x dx = (198 (ѕесх + tan х) strita 


Multiplying the integrating factor to equation (2) and integrating w.r.t to x, we obtain 


v .(sec x + tan x) = | — cos x sin x (sec x + tan x) dx +c 


=— (sin x + sin? x) de eco =f (sin x e — cos 2x) de +e 
1 1. 

-cosx-—x--—sin2x-4c 
2 4 


-1 1 l. 
or y M ии 
which is the required solution of the given equation. 


Example 57: Solve B. e* J (е — eJ). 
dx [B.C.A. (Agra) 2007] 


Solution: Multiplying both sides of the given differential equation by eJ, we get 


1 А . d ig 
eI Dag? ry (e* — e) or е)! T =e* (e* — eJ) 
x 


dx 
Or e СА +е* еу = 2% 
dx 
i J уйу i 
Putting 67 =v and e? = = йу / dx, we obtain 
ИЙ out gus 2®, (1) 
dx 


which is clearly a linear equation in v. 
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Here Ре” and О=2* 


Its LF. =e P 2 ule d (69. 


Multiplying both sides of (1) by integrating factor and then integrating, we obtain 


ids ]2g. e de + C, wherecis arbitrary constant. 
Or v.e S fet ©) е^ deeft. e dt +c=(t—-l)e' +c, wheret =e" 
or e? 6") = (e* —1) dO uc Ге ис”, ts е^] 
Or gea 3651 


which is the required solution of the given equation. 


dy 2 

Е le 58: Sol =+ уз 1 : 

хамр dde Cl E dr ы [B.C.A. (Meerut) 2002] 
Solution: The given equation may be written as 


dy 1 log x 
+=. у= : 
dx х Х p 


which is a Bernoulli's equation. Multiplying throughout by y?, the above equation 


reduces to 
-2 dy 1 | logx 
y? ore 1 _ 108 4441) 
т x х 
d 
Putting y =v and - gr 2 -2 in (1), it becomes 
ОШ „= nu 48) 
dx x х 


which is a linear equation in v. 


Here pud and be PM 
^ x 
Its ЇЕ. ЇР —„—1@/х)4х _ log x 1. 


X 


Multiplying (2) by integrating factor and integrating with respect to x, we obtain 


Vis 1 =| (- 1 log 3 2 dx + c, where c is arbitrary constant. 
X х х 
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= | (- ien ee (log x) 2 - f (las 
х х хх 


.leg*x,1,, or 2522 lise eis 
х х X osx 
or y(t log x + cx) «1 


Example 59: Solve 2 + xsin2 y= x? cos? у. 
Ix 


Solution: The given equation can be written as 


d 
sec? у 2x tan y2 x? w(1) 
dx 
Puttin tan y=v апа sec” 2 zu in (1), we obtain 
5 J J 2-2 , 
8 90:42 ...(2) 
dx 
which is a linear equation in v. 
Its LE. - 2 Ie „7. 


Multiplying both sides of (2) by integrating factor and integrating with respect to x, we 


obtain 
ж та — 
р.е = |е dx+c, wherecis arbitrary constant. 
1 t 1 t 2 
== ве dt+c,=-(t-Ne'+e (where x^ =t) 
2 2 
2 2 
or е^ tan y= : e* (2 -l +e [^ у= ќап y] 
2 
Or tan y= > (х2 -1) євс" 


which is required solution. 


Example 60: Solve 2 ay — y sec х = y? tan x. 
dx [B.C.A. (Meerut) 2002] 


Solution: The given equation can be written as 


2 ФУ sec y= tan x l) 
ye y 
d 2 
Putting €— an LT the equation (1) reduces to the form 
J ye 


d 
I ѕесх.р= бап x 2:093) 
dx 


Pe B.C.A. Mathematics-IlI 
05 SELLE 
.-7 


which is linear in v. Hence its integrating factor, 


ГЕ = АР dx _ g Jsecx dx log (sec x + tan x) 


=e =sec x + tan х 
Hence. its solution is 
v (sec x + tan х) 2] tan x (sec x + tan x) dx + c 


= | (sec x tan x + se? x – 1) dr +c sec x + tan x - x &c 


sec x + tan x 
Or i 


[ 1] 
= 5есх + tanx-x+c E р=——у| 
Х | | 


J 


which is the required solution of the given equation. 


Exercise 9.6 


Solve the following Differential Equations: 


E ` [B.C.A. (Avadh) 2004] 


g кт 
d x x [B.C.A. (Purvanchal) 2006] 
d 
4 m = х3 yp = x 


[B.C.A. (Kashi) 2010] 


d E ups! sec x. 
dx [B.C.A. (Rohtak) 2007] 


в. 2 


2 х^/2 
+= 
РУ ху= у e 


sin x. 
[B.C.A. (Rohilkhand) 2006] 


dy tan y 
dx lx 


=(1+ x) е sec y. 


dy J J 2 
10. =+ — log у= = (lo : 
Ж х 5 х (log y) [B.C.A. (Purvanchal) 2008] 


Differential Equations of First Order and First Degree 


11. 


12. 


13. 


14. 


15. 


16. 


17. 


d 
xS + у= дуз. 
dx 1 


(x2 y? + 2xy) dy = dx. 


(у) 2ce* + x? +1. 


ү! n =cy+ y sin Их. 


cx? y 45341 y =1. 


sec x = y (c — tan x). 


gone = y (c + cos x). 


sin y 2c (l+ x) * e* (1+ x). 


_ | 
x (log y) 


=с+ 


суу 


[B.C.A. (Aligarh) 2012] 


[B.C. A. (Agra) 2000] 


[B.C.A. (Bundelkhand) 2008] 


[B.C.A. (Lucknow) 2009] 
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1+ x? y+ ay =0. 
(2 + cx) ху? =l; 


х(у? So ee 


(x + a) = пу (ax + c). 


ye (x -122 = Ex (x 


асу -2 + 7?) =0. 
у = cos х+ cos x 41- 2 : 


Example 61: Solve cos (x + y) dy = dx. [B.C.A. (Meerut) 2005] 


Solution: The given equation can be written as 


cos рут (1) 
dx 
Put x + yzv; vadis ao =” Or y w 
dx dx dx dx 


Substituting these in (1) the equation becomes, 


dv dv 
cos v | — – 1 | =1 or cos y—=1+ cos р 
dx dx 
or 2 dv = dx or 2-2 dv = dx 
1+ cos р 1+ cos р 
1 21 
or l= dv =dx [- 1+ cos у =2 cos* —v] 
2 cos? >y 2 
2 
Or teda ds 
2 2 


which is an equation in which variables are separable. Hence on integration, we obtain 
the general solution 


1 : : 
y — tan 2 v=x-+c, c being an arbitrary constant. 


1 
or + уклап e rou 


1 
or Je Tn DP on 
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Example 62: Solve z = ѕіп (x + у) + cos (x + y). 
x 
Р | dy dv, | . | | 
Solution: On putting x + y = р, ѕ0 that 1+ ET - m in the given differential equation, we 
x 
obtain 
A ea v) + sin v =2 cos? J a dic pcos ын 
dx 2 2 2 
=2 cos? ( + tan — 2 
- sec? ~ др 
or — r dx 
1+ tan — 
2 


where variables are separated. Hence on integration, we get 


1 
log (I+ tan ду хас 


But x + y = р, thus the required solution of the given differential equation is 


log [I+ tan 5 [хе 


dy 
Example 63: Solve 27 = (4 Dn. 
dd БЫ Д у [B.C.A. (Agra) 2010] 


Solution: On putting4x + y+1l=p,so that4 + y - z in the given differential equation, 
x в 
we have 
LL M — a = dx, 
dx y^ +4 


which is an equation in which variables are separated. Hence on integration, we get 


Тай" P xe 

2 2 
Or gran (2x + c), where c=2C 
Or 4x * у+1=2 tan (2x + c) 


This is the required solution. 


3 2 
Example 64: Solve ŽŽ +) ке 
x dy - y dx ын у [B.C.A. (Lucknow) 2009, 07, 04] 


Solution: Let x = г cos Ө, у = sin Ө. 


Then x? + 3 -;? and y/x = ќап Ө. 
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Differentiating these relations, we obtain 


: ИРУ х йу – y dx 2 
x dy+ y dx «r di and Баг ин 040. 
Substituting these in the given equation, we obtain 
r dr 7 a^ —т° 
x? sec? 0 40 E 
r dr a -r : 
=> 7 = 7—, since х= г соЅ Ө 
т“ 40 r 
=> _ a = 10 


2-0 


which is an equation in which variables are separable. Hence on integration, we obtain 


the general solution 


р : 
sin!  204c Or r =asin (0 + c) 
a 


or D + у? =asin (tan! J + 3 
x 


Example 65: Solve (х2 + у? + 2x) dx + 2 y dy = 0. 


Solution: The given differential equation can be written as 


$58 y ass sb) 
dx 
. 2 dy dv, Р 
On putting y^ =v, so that 2 y de = T in equation (1), we get 
E. р=-(х^ +2x) (2) 


which is a linear equation in v. Hence its integrating factor, 
LE, =e P & Lu Iud _ yx 
Hence, the solution of equation (2) is 
v.e* =c- | (2 + 2x) е" dx 
-c-[G? +2x) е -Qx +2) е + 2e] 2c - xe" 


But v = y? , thus the required solution of the given differential equation is 


yer =c- xe” or y? =ce *-x 


Differential Equations of First Order and First Degree EN 
—————— 6) 


Example 66: Solve (x — y?) dx + 2xy dy =0. 


Solution: The given differential equation can be written as 


d d 
2y 29 у 4x20 Or Хуулга :4(1) 
ах dx х 
. 2 dy dv, | 
On putting y^ =v, so that 2 y — = — in equation (1), we get 
dx ах 

w lz] 
dx x 


which is a linear differential equation in v. 


1 
7 -| -dx " 
Integrating factor (I.F.) =еЇРФ e J x^ =e ЮЕХ = l 


Hence, the solution of equation (2) is 
TEE T 
X X 
Or 3^ =cx — x log x [= Га 
This is the required solution. 
Example 67: Solve (2 + y^ + 2) dx + 2 y dy =0. [B.C.A. (Bhopal) 2012, 06] 
Solution: The given differential equation can be written as 
jg uu yas ый (1) 
dx 
| 2 dy dv, : . 
On putting y^ =v, so that 2 y E = - in equation (1), we obtain 
dv 2 
—+v=- +2 2 
1 (x ) (2) 


which is linear differential equation in v. 


spl? ПИК я 


Integrating factor (I.F.) e. 


The solution of equation (2) is 


v.e” =c- | (x? +2) dx s c- [G2 +2)е* - 28? (x - 1] 
Or ye" =с-е* (x -2x € 4), 


which is the required solution. 
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9.9 Exact Differential Equations 
The differential equation of the form M (x, y)dx+ N (x, y)dy=0 is called exact 


differential equation if oM = Эн, 
ду ox 


M 
where ul = partial differentiation of M w.r.t. y when x as constant 
J 


N 
and ~ = partial differentiation of № w.r.t. x when y as constant. 
X 


Working Rule 
I. First integrate M with respect to x regarding у as a constant. 
2. Integrate N with respect to y, keeping x constant, and retaining only those terms 


which have not been already obtained by the integration of M. 


3. The sum of the expressions, thus obtained equated to an arbitrary constant will be 


the required solution. 
Example 68: Solve the equation (1 + 4xy + 2 y?) dx + (l + 4xy + 2x? ) dy « 0. 


Solution: Here М =1+4xy +2 у? and N =14 4ay +222 
эн заган and СИЕ 
ду ox 


ам Әм 
ду ax’ 


Hence 


it follows that the given differential equation is exact. 


Now, | stone M dx =Í (1+ 4xy + 22) dx =x + 2x y + 2x? 


and | a-constnt N dy- | (L* 4xy + 2x”) dy= yt 25у? T 2x3 y 


Again, the only new term obtained on integrating N with respect to yis y, аз the terms 


2 ху? +222 y are already present in the integrating of M. 
Hence, the solution of the given differential equation is 
(x + 2x2 y «2x ) + y 2c or x+ yt2xy(x* у) =с 


Or (x + y) (1+ 2xy) 2c. 
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Example 69: Solve ay + хээ 


-0 and show that this differential equation 
dx hx+by+ f 


represents a family of conics. [B.C.A. (Indore) 2012] 


Solution: The given differential equation can be written as 


(ax + hy + g) dx + (hx + by f) dy =0 


Here М (x, у) sax + hy + g and N (x, y) 2 hx + by + f. 
aM aN aM aN 
—=h and —=h >» = —— 
ду дх ду ox 


Hence, the given differential equation is exact. 


2 
ax 
Now, о М dx = Í p-constant (ax + hy + g) dx = Em + Љу + gx, (1) 
T 
and рэн М ду = Гаганы (hx + by + f) dy = у + EX * fy ...(2) 


The term Лху is already present in the integration of М. Therefore, the only new terms 
2 
obtained by integrating N with respect to y is x + fy. 
ру? ; 
Thus, adding T + fy to the R.H.S. of (1) and then equated to an arbitrary constant C, 


the solution of the given exact equation is 


2 by 
а hoy + g+ + рес 
2 2 
or ax? + Qhxy + by? +2ex+2 fy+c=0, where c 2 - 2C. 


This equation clearly represents a family or conics. 


Example 70: Solve x dx + y dy + LE -0. 
+ 


J [B.C.A. (Rohilkhand) 2008] 


Solution: The given equation can be written as 


| 7 IP " |dy =0 
x- у 1у = 
[ии] Г Жи 
+ -у| [y+ Peel 
dx + =0 (1) 

à bee | [sys |” 

ж+ж фу yt pre 
H M =; № == e 
ere (х, y) (x2 y) , (х, y) (х2 + y^) 
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aM. р-а? gN yr ам _ ƏN 
Эу (2-р Ut У y а 
J бу) х (x + yy") y Ox 


Hence, equation (1) is an exact differential equation. 


X ra^ -y J. 
Now, f M dx | ё-| |x- dx 
J-constant х? F БАТЫН | x? шт y! | 


-Їхах- Пан riage уч шн! | | 
x ку 2 y У 
zig edu e. 
2 


2 3 
Also, | мФ- | = у= yta dy 
x—constant X ty X ty 


- 
SM 


The only new term obtained on integrating N with respect to y is — 2 ya 


Hence, the solution of the given differential equation is 


l2 _ tan a C, 
2 
Or ау =? wy where с=-2С. 
J 


Example 71: Solve y sin 2x dx - (+ y? + cos? x) dy =0. 


Solution: Here М = ysin 2х; М = - (1+ y? + cos? xs 


Therefore, ЭМ =sin 2x; Эх =2 cos x sin x. 
oy ox 

Since EM "ud =sin 2x, 
y EF 


it follows that the given differential equation is exact. 


Now, | y-constant М dx = J ysin 2x dx =- - y cos 2x 


1 
Also, J x-constant N dy = - J (1+ у? + cos? x)dy=- y- 27 - у cos? x 


=- y J о. + 008 24) e F y - p -5 у cos 2x, 


The term - > Jy cos 2x is already present in the integration of M. Therefore, the only new 


terms obtained on integrating N with respect to y are — 2» - 32 
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Hence, the solution of the given differential equation is 
1 3 l 3 
шээж 2х+(-= у- = EUG 
zI Соз2х ( 22-07 ) 


or 3ycos2x 49y 42 y? =c, where c2- 6C. 
Example 72: Solve (1 + e*!J) dy + e*! h - х) dy = 0. 
У 


Solution: Here М = (1+ eJ); N 2e | = | 


М 1 : 
Therefore, os agli) = -ү =- => el 
ду J J 
and ЗЕЕ 
m J 7 EE 
Since x = 2 it follows that the given differential equation is exact. 
у 4 
Now, | p-constant M dx = Га + ghd) dx =x + ye! у 
| = х/ y X E, . l 
and J-constant N dy=e m y y; put y= t 
dt т dt 1 
= t = xt xt 
je l- t) (-5)--1€ +] е 2-2 
= еї d xt 1 | xt 1 d E "P b 
--[ z t+4e га е E It >, on integrating by parts 
- et as the two integrals cancel each other = ye J, ast =1/ y. 
The term уе“ / J has already occurred in the integration of M. Therefore, no new term is 


obtained by integrating N with respect to y. 
Hence, the required solution is 
x/ y 


х + ye = с, c being arbitrary constant. 


Example 73: Solve (e? + Y) cos x dx е? sin x dy =0. [B.C.A. (Kurukshetra) 2007] 


Solution: Here М = (eJ + 1) соѕ х and N = е sin х, ѕо that 


9M - eJ cos x and Y - eJ cos x 
9y ox 
Since ч = са it follows that the given differential equation is exact. 
Jy x 


Ss B.C. A. Mathematics-IlI 
oom 
eA 


Now, а санае М dx = [сойкан (e? +1) cos x dx = (e? +1) sin x 
and НЭРЛЭ N dy= |e constant e? sin x dy = e? sin x. 


But the term e/ sin x has already occurred in the integration of M. Therefore, no new 


term is obtained by integrating N with respect to y. 


Hence, the required solution of the given differential equation is (e? + I) sin х= c. 


Example 74: Solve x dx + y dy = „ы шу 
Ху 
Solution: The given differential equation can written as 
ey | | ax 
|x ty lav |у a =0 
L *J | | #+y] 
[32 хус ча yl [32y& y) ах 
Or | 7 7 | dx + 7 |dy 0 
| x«y | | ХУ | 
3 2 
Clearly, here Mz 221 py and N ad 22 7 , so that 
x^ y x^ y 
эм 22-20 гэм TEE 
3 2. 23 т Tee 2+ y 
у +y) х (жу) 
Since “ч = = , it follows that the given differential equation is exact. 
)y x 
а? 1 1 Scy 
Now, Í -constant M dx = ТЭРГЭЛ [х+ -— ы 7 |йх => +a tan! = 
| x+y | 2 J 
ai? +a (ат 2) 
2 2 x 
[ а х 1 1 
and Îx—constant N dy = | x-constant |y- 7 7 | dy == y -a tan! 2 
| + | 2 х 


But the term — 42 тал?! 2 has already occurred in the integration of M, therefore, the 
X 


: : : а s 
only new term obtained on integrating N w.r.t. to y is 2 J. 
Hence, the required solution of the given differential equation is 
l 


Iarla tan! 242 B gn 
2 2 х 2 


ie., х2 + y? — 242 tan! J E where c -2C - ла2. 
X 
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Example 75: Solve y sin 2x dx – o? + cos? x) dy =0. [B.C.A. (M.D.U. Rohtak) 2012] 


Solution: Here M = ysin2x and N =- o? + cos? X), so that 
oM aN 


—— -sin 2x and —— --2 cos x (- sin x) = sin 2x 
9y 


ox 


м aN ; hence the given differential equation is exact. 


y EE" 
: 1 
Now, Í -constant M dx= Í constant J sin 2x dx =- 27 cos 2х 


р 1 
and —— N ду = | -constant = (2 + cos? x) dy =- (s Ў + у соз” 2 


y 2” 52 = у cos2x 


--23 = 59 (I+ cos 21) = - 
But the term — E .y cos 2x, has already occurred in the integration of M, therefore, the 


only new terms obtained on integrating N with respect to y are — - y - - y. 


Hence, the required solution of the given differential equation is 


- 2) cos 2x — P» - E y=- ze wherecis arbitrary constant. 


Or 3ycos2x 425? +Зу=с. 


Exercise 9.7 


Show that the following Equations are Exact, and Solve Them: 
1. xdx+ ydy=0. [B.C.A. (Meerut) 2006] 


2. xdy+(x+ у) ах =0. 


(x + y) dx + (x — y) dy =0. [B.C.A. (Lucknow) 2007] 
4. (Ax+ y) dx * (x * 2 y) dy «0. 
5. 2xy dx + (x? +1) dy - 0. 
6. (x«2y-3)dy-Qx- y «D dx =0. [B.C.A. (Avadh) 2010] 


7. (x? + Злу?) dc + (3x? y + y?) dy =0. 
8. (х2 — ау) dx = (ах — y?) dy. 
2 2 
9. (x? -2x- у^) de -(x + yy dy =0. [B.C.A. (Rohilkhand) 2002] 


10. e* sin y dx * ес" cos ydy=0. 
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Ї 2 
+ = =p 
xy 5 Жор 


2x? +y + у =: 
у? -x + ху-х-Зу=с. 
à -3axy + y) E36 


e” sin y -c. 


9.10 Integrating Factors 


Definition: "If the differential equation 
M (x, y) dx + N (x, y) dy =0 aL) 


is not exact, it may be possible to make it exact by multiplying by an appropriate function F(x, y). 
Such a function is called an integrating factor for the differential equation. The number of such 
functions can be more than one." 


9.11 Rules for Finding Integrating Factors 


Rule 1: When Mx + Ny #0,and the equation is homogeneous, then an integrating factor 


of the differential equation 


M dx + N dy 0 is —————. 
Mx + Ny 


Rule 2: If the equation M dv + N dy =0 has the form 
Л (ху) y dx + fo (xy) x dy =0, and Mx - Ny £0, 


an integrating factor is : 
x — Ny 


Rule 3: If in the equation M dx + N dy =0, 
1 u - 


Е r 


7 zm - f(x) 


(a function of x alone), then е1) ё isan integrating factor. 


Differential Equations of First Order and First Degree oy 
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Rule 4: If u ЕЗ Ed = f(y) 


be a function of y alone, then 2170) 4) is an integrating factor of the differential equation 
M dx + N dy=0 
Rule 5: For the differential equation 
xy" (my dx + nx dy) + x" y? (py dx + qx dy) 20 
where a, р, m, n, s, p, д are constants, an integrating factor is х! y where h, k are obtained 


by applying the condition that after multiplying by х! y , the equation must become exact. 


Example 76: Solve x y dx — (х5 + y? ) dy =0. [B.C.A. (Lucknow) 2008] 
Solution: The given equation is homogeneous, and 
Mx + Ny 2 (G2 y) x - (2 + уура + 0. 


An integrating factor (I. F.) = с z- 7 


Therefore, multiplying the given equation by — = , we have 
J 


2 3 
(2) ао (1) 
y J J 


From the equation, we observe that 


aj “| әре 1 
Гу) y «(y y) 


Therefore, equation (1) is exact. 


2 3 
Now, | si | =- (2) 
J-constant( y 3y 
3 3 
Я 1 х 
апа | E ьг-| =-= +lo NE 
x—constant [5 d 4 Зу! БУ 8) 


3 
But the term - st has already occurred in (2), therefore, the only new term in (3) is 


3 
log y. Hence, the required solution is — т + log y =1ор с, c being arbitrary constant. 


3 
x 23 3 
or log 2 = or j=” Ву. 


с Зу 
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Example 77: Solve y (l+ xy) dx + x (l ху) dy =0. (1) [В.С.А. (Agra) 2011] 


Solution: The given differential equation is of the form 


M dx + N dy =0, 
where M = y (1+ xy) = УД (xy), N =x (1-49) = xf (ху) 
and Mx = Ny = y (1+ xy).x-x(-x).y-2x? y #0 


As integrating factor = 


1 
— = or simply ——,. 
Mx-Ny 2x1y) РУ 3 yl 


Hence, multiplying the given equation by integrating factor 1 / х2 JP, we obtain 


зи dx + aoe dy =0 
my x Xy у 


From equation (1), ме have 


Hence, equation (1) is exact. Therefore, the required solution is 


О (x, у) = C 
1 ] il 
where U (x, y) - IM de + (n =] ао 
апа йе йм 1,1 2|. Lagos s] 
ду x" у a | ху | 


Thus, on integration, we obtain 


o(y)=-log y+ C. 
Hence, the required solution is 
еее =G 
Xy 


Or Je вре Baten Е where logc=C-G 
Xy 


or x= d, 


Differential Equations of First Order and First Degree ow 
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Example 78: Solve о? + 22 у) dx + (23 — ху) dy =0. [В.С. А. (Rohilkhand) 2009] 


Solution: The given equation is of the form 


M dx + М dy 20, 
where M = у> +222 у апа М =2x° — Xy. 
ЭМ 25 Ga?) and Ж е И 
oy ox 
: oM 2N 
Since 
y UU» 


Therefore, the given equation is not exact. 
Now, the given equation may be written as 
y (y dx — x dy) + x? (2 ydx + 2x dy) = 

Hence, its integrating factor must be of the form х! y (refer rule 5), where Л and k are 
constants to be determined. 
Thus multiplying the given equation by х! yf , we get 

ти + ОА) dx та (2x *3 уќ 2 y yy dy 20 4401) 
Now, the equation (1) has been obtained by multiplying the given equation with its 


integrating factor, so it must be exact. 
5 5 


For the equation (1), we have 


2ghy +2 uer uen and N 2243 yk E xttl ye 
M tegis tyl +2. (Е+1) х”*? у 
апа A 22 (h+ 3) 3x? y — (h+ 1) x, 
n 
Since the equation (1) is exact, we must have 
aM ON 
ду Әх 
> (k +2) y 9 ага pe yE 22 (h+ 3) x yg ahy 
Equating on both sides the coefficients of yh and ght? ud we get 
k+2=-(h+l) and 2 (k + J) =2 (h+3) 
> h+k=-3 and h-k=-2 
=> h=- 3; k=- 1 
2 2 
-3/2 -1/2 


An integrating factor is x y 


То: В.С.А.Мапетайс$-Ш 
oom 
eA 


Multiplying the given equation by x? By e we get 


(к? Pe +2х1 у, ded: ох? y Ve + x3 у?) dy =0. 
which is an exact differential equation of the form 


M dx + N dy =0 


Now; M dx | (47372 3/2 6251/2 2) dy 


oceans .y-constant 


--2,3njn ul 


1/2 1/2 
3 J 


(2) 


Also no new term is obtained by integrating N with respect to y. Hence, the required 
solution is 


ey + i22 2С 
or 1241/2 у? - gy 92 ys 225 С where с = ЗС is an arbitrary constant. 
Example 79: Solve (x + у? + 1) dx - 2xy dy = 0. 


Solution: Here M = x? + у? +1 and N = – 22у, so that 


oe an Em J 
1 (aM әм 1 
—— — —À — = 2 = — — = 
ss M р" Л F(x) 


L 
E | 
or [id | ae + | Za 2(2) a|=0 
ЯВСНЫГ 2 
2 Г 21 
or П lave J |=0 or ри a 0 
| x | х | x xj 
Hence on integration, the required solution is 
2 
"m Or Ó-1-y-m. 


X x 
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Example 80: Solve (х2 y - 23y?) dx — (х5 - 3x’ у) dy =0. [B.C. A. (Kanpur) 2007, 04] 


Solution: The given differential equation is homogeneous. 
Also, Mx + Ny = (2 y - ур) - (8 y -3:2 y?) 2 3 у” #0 


1 1 


Integrating factor (I.F.) = ————— = ——;. 
g 5 (LF.) Mx + Ny dy 


Hence, multiplying the given differential equation by this integrating factor, we get 


1 3 xX 
— —-2x|ud ----»4у-0 sall 
Е Ч Өр E к 


Clearly for equation (1), 3M =— = = oN 
oy J ox 


Therefore, equation (1) is an exact differential equation. 


Now, | M dx | [а-я 
y-constant y-constant V Y J 
3 x x 
and | м4 = | — – —у | dy =3 log y * —. 
X—constant x-constant( У y J 


The only new term in the integration of М is 3 log y, hence the required solution of the 


given differential equation is 


*_2 +3 log у = с. 
J. 


Example 81: Solve (х2 + у? + 2x) dx + 2 y dy = 0. [B.C. A. (Agra) 2003] 


Solution: Here oM =2y and oN. =0, so that Эм z эм, 
ду ox oy ox 


Hence, the given differential equation is not exact. 


1127-2) l 


ду Әх 


Now, x =— (2y-0)-123? = f(x). 


2y 


Integration factor (I.F.) = ео Lu de ух, 


Hence, multiplying the given differential equation by integrating factor, we obtain 
(x7 + y? + 2x) e" dx +2 ус" dy 20 aL) 
Now, from the equation (1), we have 
OM y gt ӘМ. 


a 
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Hence, the differential equation (1) is exact. 


Now, M dx -| (х2 + у? + 2x) е dx 2 (х2 + y) e* 


] шан J/-constant 


and J ма={| 2 ye? dy = у?е“ 
X—constant Xx—constant 


No new term is obtained by integrating N with respect to y. Hence, the required solution is 
(х2 + y?) E 
Example 82: Solve (х2 y? + xy +1) у dx + (42 y? —xy+1)xdy=0. 
[B.C.A. (Purvanchal) 2004, 02] 


Solution: The given differential equation is of the form Д (xy) y dx + fo (xy) x dy =0. 


Also, Mx - Ny = (2 y? + xy +1) xy - Q2 y? -xy + D y 22x? y? z 0. 


1 1 


1 
Integrating factor (Г.Е. = ————— = —~—~ or only ——7Z. 
5 S (UE Mx - Ny 2:1) "y 


Hence, multiplying the given differential equation by 2. , we get 
х 


For the above equation, we have 


oM 1 oN 


y у д 


Hence, the differential equation (1) is exact. 


Now, | мё- | ЕЕ ее TA 
y-constant y-constant x ху xy 


1 1 1 
and J Nd -| ГЕРЕС гэ ЕЯ 
x—constant T x—constant | у ху? | 4 57 ху 


The only new term obtained by integrating № with respect to y is – log y. Hence, the 
required solution is 


glee ole y=c or БЕ 
: 0X ` ху 7 


Differential Equations of First Order and First Degree » 4 
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Example 83: Solve (ху? - x?) dx + (3x7 y? + х2 у -2x + y?) dy =0. 
[B.C. A. (Agra) 2001] 


Solution: Here om =2xy and aN, = бху? 42ху- 6x, so that 2M z oN. Hence, the 
oy ox oy ox 


given differential equation is not exact. 


Now, 


1 (әм әм 20. 
x м =т=т (бу? – 6х2) =6 =6 у° = f(y) 


Integrating factor (LF.) = е IFW = „164 _ (67 


Hence, multiplying the given equation by integrating factor 6.7 ,we obtain 
(ху? = x2) OF dx + (332 y? + x? y -2:2 + y?) 67 dy =0 (1) 


Now, for differential equation (1), 
6y _ oN 


OM oou, - x?) 666J + (2xy) ef = (блу? + 2ху - 6x7) e 3 
)y 39 


Differential equation (1) is exact. 


Now, | мё- | (ху? - х2 ) oF dx = (5 y e +]? 
Jy-constant .y-constant 3 

and J ма= {| (333 y? e 3? y-2 + y?) 7 ду 
x—constant x—constant 


6 y бу бу 
= (3x2 y! ++? y-2x3 o [z)- en x! 2 y) к] = +2) [= 


[E PX Lew 
2 


—-— + = 


3 6 18 108 


3 
Hence, the term E x? y? ES 665 is common in integrals of M and N. Hence, the 


required solution of the given differential equation is 


222 3 2 
— EO. гэж 


2 3 6 18 108 
Example 84: Solve (x? y? + зу? + xy +1) y dx + (x3 y? -2y = xy + 1) x dy =0. 
[B.C. A. (Agra) 2006, 05] 
Solution: Here — -4) у? t 3x у? +2ху +1 
Jy 


aN 
ox 


and ЭМ deep 2Bx^ y e -2ху-1, заг аг 
дх ду 
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Hence, the given differential equation is not exact. Also, the given differential equation is 


of the form fi (ху) y dx + fo (xy) x dy =0 and 
1 1 


Mx-Ny (ху +2 у? +ху+1)ху (х? у? x у? xy +1) ху 
oe ЧЕСИ 
2(8 par у) 2x y (y+) 
І 


Integrating factor (I.F.) = 


Now, multiplying the given differential equation by this integrating factor, we have 


2 [G2 y? (xy € D + (xy + DF y dx t (02 y? + 1) - xy y + D) x dy] 20 


[52 ,? «5 [52 ? - xy + 1) - xy] 
бт Oa ы ) | yar 9 1-9 |, a0 
| x» | L E ] 
or pare x dye 0. 28 + dy =0 or 4 (y) + 2) -2 дуо 
vey gy (у I 
or 4-2 -2 во = 
Xy 


Hence on integration, the required solution is 


ке 4 
ху 


Example 85: Solve (3x + 3 y*) y dx + 2x (2х + Зу?) dy =0. [B.C. A. (Agra) 2002] 


Solution: The given equation is of the form 


M dx + N dy =0, 
where М =Злу + 2y and N=4x2 + бху? 
SERA and вк 67, 
Thus, oM ,9N 
y as 


and so the given equation is not exact. 


Now, the given equation can be written as 


x (3.y dx + Ax dy) + y? (2. y dx + 6x dy) - 0. 


Differential Equations of First Order and First Degree al 
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Let x! yh be its integrating factor (refer rule 5), where h and k are constants to be 


determined. 
Thus, multiplying the given equation by х! y ‚ме get 
(Bxl ue Ё 2х* у?З) йх + (44 49 yf + б^! УЗ йу =0 (1) 


Since this equation has been obtained by multiplying the given equation with its 
integrating factor and so it must be an exact equation. 


Now comparing (1) with M dx + N dy =0, we have 


M 2347 + " gh yh? and N = 41! у k x beg 


oM _ 3 (k + П) xy k +2 (k +3) ey, 
and — =4 (h+ 2) x yk + 6 (h+ 1) x^ yc? 


Since (1) is exact, we must have 
aM _ aN 
д Әх 
Therefore, 3 (k +1) x*! yk +2 (k +3) х7у 2 24 (h+ 2) x" yk + 6 (h+ 1) x^ y^? 


Equating on both sides the coefficients of gl yf and x Rye. we get 


3 (k+]) =4 (h+2) апа 2 (k+3)=6(h+1) 
> 4h-3k=-5 and 3h-k=0 = hzl and kz3. 
Thus, the integrating factor is хуз. 
Now, multiplying the given equation by xy, we get 
(3:2 уќ + 21y? ) dx + ( (4x3 y? + 6x? у?) )dy = 
which is clearly an exact differential equation of the form 
M dx + N dy =0 
Now, Í y-constant М dx = ЭЭ” (3x7 y 2 236) dx = oy + zy (2) 
Also, no new term is obtained by integrating N with respect to y. 
Hence from (2), the required solution is 
yt 4 x2 y6 = 


where c is an arbitrary constant. 
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Exercise 9.8 


Solve the following Differential Equations: 


l. 


2 


y dx - G6?) dy - 0. 

(x + y) dx + tan x dy =0. 

2 y dx + (x —sin Vy) dy - 0. 

(4x7 y 4 2 y?) dx + 3:2 + 4xy) dy =0. 


(2 ух? £2 y? + x) dy — удс-0. 


Answew 9.8 


Integrating factor : 1/ y? ; General solution : (x / y) - 6 y «c. 


Integrating factor : cos x; General solution : y sin x + x sin x + cos x = c. 
Integrating factor : 1/ Jy; General solution : ху + cos Уу =й, 


Integrating factor : ху? ; General solution : x* y +22 y! =с. 


=0; у? + tan” 


ООО 


Mer ad 1 0 


Differential Equations of 


Second Order with Constant Coefficients 


10.1 Definition 
[B.C. A. (Agra) 2011, 09] 


e have already defined a linear differential equation of the first order in chapter 9. 
W If a differential equation in variables x and. y is such that the dependent variable 
.y and its derivatives occur only in the first degree and there occur no term containing 
product of derivatives of different order and the product of the derivative and the 
dependent variable, then such an equation is called a linear differential equation (of 
higher order). Also, the coefficients of the derivatives and the dependent variable y are 
constants, then it is called a linear differential equation (of higher order) with 
constant coefficients. [B.C.A. (Kanpur) 2008, 06] 


Thus, a linear differential equation of nth order of the form 


d” А") q^? d 
2 7 а —+ау=О 


dy"! хар dx"! Tu dy"? dx 
or P ta yd +a у" +...+а„у у +а,у=О (1) 
where aj, 5, ..., 4. 1, бу are all constants апа Q is some function of х, is called a linear 
differential equation with constant coefficients. [B.C.A. (Avadh) 2010, 08] 


If О 20, then the equation (1) is called homogeneous differential equation. If Q #0, 


then the equation (1) is called non-homogeneous differential equation. 
[B.C.A. (Bundelkhand) 2008] 
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Thus, the general solution of (1) consists of two parts, one of which contains n arbitrary 
constants and is a solution of the equation obtained from (1) by putting the second 


member equal to zero, and the other contains no arbitrary constants. 


The first part that contains n arbitrary constants is called the Complementary Functions 


(С.Е.) and the second part, ф (x) which does not involve any arbitrary constant is called the 


Particular Integral (P.I.). We often denote these by y, and Jp respectively. 


Thus, the general solution of (1) is 
У=С.Е.+Р.. or y= у + Wp 


10.2 Auxiliary Equation 


Let us consider the differential equation 


d" y а" y d" ^^y 
dx” тай) do + 


Let y = е" be a solution of equation (1), then by actual substitution, we have 
е" Um" + am" + аут" 2 + ...+ ay] 20 
Hence, с" will be a solution of (1) if m is a root of the algebraic equation 
m" + am" + аут"? +... + a, =0 ...(2) 


This equation is called the auxiliary equation or characteristic equation of the given 
differential equation (1). 


In order to solve (1), we write the auxiliary equation (2) and solve it for m. Which gives 
different cases, according as the roots of the auxiliary equation (2) are real and distinct, 


real and repeated or complex. 


NOTE: 


It is worthwhile to note that the auxiliary equation can be written down from (1) by 

replacin byl Ф Бут ыг, 
у 1, у m, 

5 J l lx ) 


2 


Py 3 
, —= by m? and so on. 
dx? T 


Бу m 


10.3 Auxiliary Equation Having Distinct Roots 


Let the roots of the auxiliary equation 
m" + am" + am"? +... + a, 20 41) 


nix " e 
. . lo J 3 
be my,mp,...,m, and they are all distinct. Then e ",е”27,...,е””" 


are all distinct 


solutions of the differential equation 


Differential Equations of Second Order with Constant Coefficients суу 


S 
n n-l n-2 
Ln e eat wl) 
and it can be shown that these are linearly independent on any interval [a, В]. 
Thus, the general solution of (2) is 
ус eat deg t. pug 43) 


where c},¢9,...,¢, are arbitrary constants. 


— o Solved Examples — — — — — 


2 
Example 1: Solve У -3 dy -4у-0. 
dx? dx [B.C.A. (Bhopal) 2012] 


Solution: Here, the auxiliary equation is 
n? -3m-4 20 
s (m — 4) (m+ 1) 20, [:. m=-1,4] 
Hence, the general solution of the given differential is 
у= се + coe 
where су and бу are arbitrary constants. 


2 
ad -4Ф + y= 0. 


Example 2: Solve 
" dx? [B.C. A. (Agra) 2009] 


Solution: Here, the auxiliary equation is 


4+ 16-4 
т^ —Ат+1=0 > кыс =? + 43. 
Hence, the required solution is 
ус Qs + © «@-УЗ)х ог у= 2 {ey бы © e, 


where сү and су are arbitrary constants. 


Exercise 10.1 


Solve the following differential equation: 


20, dy dy dy 
p 3524997 55329 2, EJ o8 Vy 
Qd ae кї 7 


[В.С.А. (Purvanchal) 2006] [B.C.A. (Meerut) 2003] 
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d'y d d'y йу 
3 —+6—+5y=0 4. —54+5—+4y=0 
2 J dx? dx J 
[B.C.A. (Kashi) 2010, 06] 
2 2 
5. E dd ado =0 6 TI АА =0 
dx dx dx dx 
[B.C.A. (Meerut) 2008, 04] [B.C.A. (Kanpur) 2009] 
Py jd dy nE 32 
7. -25 +4у=0. 8. Cua p Rab у=0. 
dx? dx 7 dx? ( ) йх d 
[B.C.A. (Meerut) 2001] 
3 2 3 
9. 3-973652 -15у-0, 10. — 132 «12-0 
: х Е : : 
[B.C.A. (Meerut) 2009] [B.C.A. (Purvanchal) 2008] 


Answer 10.1 


у= де! + ge 23 ‚о утас o. 


у=ае + суе". у= де + се, 


: : х 
у= де“ өг, . pre 2 L cos а 222) 


Jy =e*(q cos „Зх + Сә sin 43x). Ш, agers + prr, 


у=сүе* + cert + Be”. . узас + oe + вв, 


10.4 The Symbol р 


n 
For the sake of convenience, the symbols D and D” are used for £ and i respectively in 
X AX 


the treatment of linear differential equations with constant coefficients, because if an 


expression has a number of terms involving y, Dy, p? J, ..., then y may be written only 


ones by making use of brackets. Thus, a linear differential equation with constant 
coefficients 
d" y qn-l ay 


d 
Uum Ub xp "90759 72870841 ын ayy =0 
a А ag T ga P 


may be written as (D" + aD" ^! + à D"? + ...+a,_)D + aj) y =0 841) 


° 387 
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or f(D) y =9. (2) 


The expression 0" + aD"-1 + @D"~? +...4.4,_|D + a = f(D) 


is called a differential operator of the nth order. 


The symbolic coefficient of y in (1) is the same function of D that the auxiliary equation 
(2). Since the roots of the auxiliary equation are m,m,...,m,, equation(1) may be 


written as 
(D - m)(D - my) ...(D – т) y «0. 3) 


Hence, the integral of (1) can be found by putting its symbolic coefficient equal to zero, 
i.e., f(D) «0, and solving for D it is thus apparent has the complete solution of (1) or (3) 


is made up of the solutions of 


(D - m) y - 0; | 
(D - т) y =0; 

...(4) 
(р =. My) y =0. 


Hence, the general solution of given differential equation (4) is 


у = деті + соет +... + cue nt 


10.5 Auxiliary Equation Having Equal Roots 


1. If the auxiliary equation has two equal roots, say т = т, the solution of the 
equation f(D) y =0 obtained is given by 


у= (e * e) е" + се" 37 +... c e” 


түх тух yx 


Or у= Ав! t00 3 +...+ c£ "^ where А = + с. 


2. f f(D) =0 has two equal roots equal to m, the general solution f(D) y =0 is 


mix тух 


у= (à + сох) e" + све" + + eye". s1) 


3. И f(D) =0 has three equal roots equal to m, then as before we can show that the 
general solution of f(D) y «0 is 
2) cn 


у -(q-* xx +в ета ++ e" ny, ...(2) 


4. Proceeding in the similar manner, if f(D) -0 has г equal roots equal to m, the 


general solution of f(D) y «0 will be 
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ya +сух + сах +.. +e qx +6, 


2 
Example 3: Solve 4 2 -3 ay +4y = 0. 
dx dx? [B.C. A. (Agra) 2005, 02] 


Solution: Using the symbol D = £ the given differential equation is 
(D? -3D? +4) y =0. 


Thus, its auxiliary equation is 


m? -3m? «420 = (m + 1) (m 2y* =0 = m=-1,2,2 


i.e., the roots of the auxiliary equation are m =- 1, m = 2,2 (two equal roots). 
Hence, the required general solution is 
у= де + (c3 ex) pg? 


where сү, ¢),c3 are arbitrary constants. 
Example 4: Solve (D* — 40? + 4) у = 0. [В.С.А. (Meerut) 2002] 


Solution: Here, the auxiliary equation is 


тэ An? +4 20 > (m? 2) =0=т=+ 2, + 2. 


Hence, the required solution is 


у =(сү cx) 0х + (сз + c4x) m 
Example 5: Solve (DÍ 7D? +18D? -20D +4 8) y =0. 
Solution: Here, the auxiliary equation is 
> mê — 7m? +18т? -20т+8=0 
> n? (т-1)- 6m? (m – 1) + 12m (m - 1) - 8(m - 1) =0 
> (m — 1) (и? бт? +12т 8) =0 
> (m — 1) (m -2р -0 
> т=1 andm=2,2,2 (three equal roots). 


Hence, the required solution is 


уа + (су) + езх + cx?) re. 
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Exercise 10.2 


Solve the following differential equation: 


d'y sa 
1 pe E hr дын 
d y ly 
2 16:12 ted TN: 


з. (D? «3I? -4) y=0. 


4. [D? + (2483 - )D? + (3 2483) D -3] y =0. 
5. (D* +403 -5D? -36D -36) y -0. 

6. (D* -8D? +16) у=0. 

7. (D* D? -9D?° -11D -4) y=0. 


Answerw 10.2 


у= (6 + сәх) е^. 


oefficients 5 
(589) 


Ne 


[B.C. A. (Bhopal) 2009, 08] 
[B.C. A. (Kanpur) 2007, 04] 
[B.C. A. (Delhi) 2009, 04] 
[B.C.A. (Meerut) 2006] 


[B.C. A. (Rohilkhand) 2007] 


[B.C. A. (Agra) 2010, 06] 


——X 


yz-(q-*ox)e^. 


у= дех + (0 + сх) e 27. 


x 


БҮТЭЭЛЭЭ (з + сах) € 2%. 


у=е (qox cx) + eget". 


у =сүе* + (co + езх) е 


у =(с + ex) e?" + (з + сах) е7 


—УЗх. 


2x 


10.6 Auxiliary Equation Having Imaginary Roots 


l. If the auxiliary equation f(m) =0 has its roots imaginary, (say a + ib), then 


C.F. =e (сү cos bx + су sin bx) 


2. Ifthe auxiliary equation f(m) =0 has two pairs of imaginary roots at ib and c + id, 


then general solution is 


ах ( 


Y i 


ср cos Dx + c» sin Dx) + e (cz cos dx + c4 sin dx) 
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3. If roots are repeated, then general solution is given by 


уз" (aq + сох) cos bx + (c + c4x)sin bx) 


NOTE: 
If the roots of f(m)=0 be a tb where b is positive, then general solution of 


differential equation is given by 


у=е® [o cos л Мх + сә sin h Ух]. 


NOTE 2: 


The solution corresponding to the pair of imaginary roots о + В of f(m) =0 can also Бе 


written as 


у= де sin (Вх + со). 


NOTE 3: 


If a pair of roots of the auxiliary equation f(m) = 0 involves surds, say it is о + vB. 


where is positive, then the corresponding term in the C.F. can similarly be written as 


y =e" (q cosh JB x + c; sinh JB x) 
у= де cosh (xyB + со) 


у= де sinh (х + со). 


Example 6: Solve: (р? xw? )у = 0, w #0. 


Solution: Hence, the auxiliary equation is 


n? +w =0 
> m +w =0 and m?-w-0 
=> m=O+iwandm=+t+w. 


Hence, the required solution is 


y= COS wx + c sin wx and y=cge™ + ege ™ 


or у = сү COS wx + Cy sin wx + c4e"*  c4e "7, 
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Example 7: Solve 7 -8у = 0. 
dx [B.C.A. (Purvanchal) 2010, 07, 03] 


Solution: Here, the auxiliary equation is 


m -820 5 (m-2) (n? + 2m * 4) 20 


-2 + 4-16 
———=т=2,т=-1+ З. 


> m=2,m= 
2 


Hence, the required general solution is 


у= де 7" (e cos 43x + сз sin Зх). 
4 
Example 8: Solve d Ї + тё y = 0. 
dx [B.C.A. (Meerut) 2006 (B.P.) 05; B.C. A. (Agra) 2002] 


Solution: The given differential equation can be written as 
(DÍ + пй) y =0. 


Thus, its auxiliary equation is 


D* + лё =0. 
> D* +2D2n2 + m* -2D?n? =0 
> (D? — Р - (V2 Рт)? =0 
> (D? - 42 Dm + n?) + 49 Dm 4 m2) =0 
— D? - 42 Dm + n? -0,D? + 42 Dm + n? =0 
2 + Jan? -анд - 42m + 2n? - An? 
Р ЩА т т т D= Ут т т 
2 2 
т.т т т 
=» = 


Hence, the required general solution is 


gine V2 m ES m m | 
ё бё За sin —= x | + e Са COS == х + cy Sin—— X 
= "(a о | B 255242 


where ¢ ,c9,¢3 andc4 are arbitrary constants. 


Example 9: Solve ам + 8D? + 16)у =0. [B.C. A. (Agra) 2003, 00] 


Solution: The auxiliary equation of the given differential equation is 


тї + 8m 41620 > (м? +4)? =0 
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> n? «4-0, m +4=0 > m= t2i-2i 


Hence, the required general solution is 

„у = (сү + сх) cos2x + (63 + c4x) sin 2x, 
where ¢ ,c9,¢3 and сд are arbitrary constant of integration. 
Example 10: Solve (р? + І)? (р? + D+ 1? у = 0). 
Solution: Here, the auxiliary equation is 


(m? + 13 (m +m+ 1? =0. 


> ne = —1 (thrice)and т? +m+1=0 (twice) 
> m = + i (thrice) and m={-1+ 4 —4}/2 (twice) 
> т=0 + i (thrice) and m =(-1+ 3) /2 (twice). 


Hence, the required general solution is 


y= (q+ cox + сзх2) cos x + (c4  egx + CX") sin x 


47909 le + cg x) cos 5, + (c9 + ддт Ë 7 [5 07 = 1] 


Exercise 10.3 


Solve the following differential equations: 


dy „фу d'y dy 
1 +2—+2у=0 2. += +7у=0. 

д? d dl d 7 

[B.C.A. (Rohilkhand) 2009] [B.C.A. (Bundelkhand) 2006] 
3 ау 29 45 y=0 а #249 poe e у= 0. 


[ B.C.A. (Rohilkhand) 2006] 
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5. Solve =z + y =0 given that y =0 when x 20 and y 2-2, when x 2 n /2. 
X 


[ B.C.A. (Rohilkhand) 2010; B.C. A. (Agra) 2002] 


6. ee 0. 7. (03 +1)у=0. 
dx? dx [B.C.A. (Agra) 2008] 
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у=е (6 cos x + со sin x). > y= e? 1 cos 2d X + Сә sin a +} 


у=е "(c cos2x + cy sin2x). у= де Е cos(qx + c). 


yz-2cosx-2sinx . 6. y2e7?*(q cos 3x + су sin 3x). 


= х/2 43 : ‚Уз 
у=ае “+e ca cos | 


l 
=Q 

D -a [B.C.A. (Bhopal) 2012, 08, 04] 

1 
Let =y. a 

B D-a M (1) 
We have, (D -a)v =(D - «| l о 
D-a 
т B ossi E 
dx 


which is a linear differential equation of first order. Hence its solution (on leaving the 


constant of integration, since we need the particular integral ) is given by 


v. LE)» [Q. E) dr 


=> kate Oa ae 

=> vac foa Өс 

Hence, 5-9 = e| Q.e “dx. a(S 
d? y 


Example 11: Solve + а? y = sec ax. 


dx? 


[B.C. A. (Agra) 2011, 08; B.C.A. (Lucknow) 2010, 06, 04] 
Solution: Here, the auxiliary equation of the given differential equation is 


n? +a =0 [-- m=+ ai] 


" B.C.A.Mathematics-III 
С̧а мам 
eA 


Therefore, the complementary function is 
С.Е.= д cos ах + су sin ax. 


Also the particular integral is, 


1 1 1 
Р.І. = sec ax = ——4——— sec ax. 
2 + =F 2SulD-au D+ a 

But Dow = " с М sec ax dx 

— ia 

iax | COS ax — isin ax 
=e ie mp ea log cos ax}. 
COS ax a 

Similarly, sec ax =e! e i — — log cos 2 

+ ia a 


Therefore, the particular integral is 


Pis J ens de log cos ax) =g Е и log cos a) 
2ai a a 


: 1 
— ух sin ах + — (log cos ax) cos ax p. 
a a 


Hence, the general solution of the given equation is 


у= С.Е.+ P.I. 


; : 1 | 
1.6., J Hq COS ах + с) sin ax + — 4 x SIN ax + 


— (log cos ax) cos в} 
а 


а 


Exercise 10.4 


Solve the following differential equation: 


2 2 
1. а у=зесл 2: TZ +9у=зес3х. 
3. (р? +4) у= tan2x. 4. (D «1? у=2е°*. 
[B.C.A. (Purvanchal) 2008] [B.C.A. (Bhopal) 2004] 
2 2 
5. Сэр» y=cosee 6. <2 +6 9 +9ду= 563%, 


[B.C.A. (Rohtak) 2011] [B.C. A. (Agra) 2003] 
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Answer 10.4 


сү COS X + су sin x + xsin x + cos x log (cos x). 


c COS 3x + су sin3x sin 3x + Joos 3x log (cos 3x). 


J = сү cos2x + су sin2x — - cos 2x log «(5 + J 
J 


X 
у =(сү + сух)е + — 


у = сү cos x + су sin x + sin x log (sin x) — x cos x. 


E" 5 . 
у= (e + сх)е 25 po. 


10.8 To Find a when f (a) = О 
f (D) 


By successive differential equation, we have 
D (e™) = де р? (e^*) =g e р" ес — qe 
In general, if f(D) is a polynomial of D i.e., 
f(D) 2 aD" + 40"! +...+ a, 1D ар 


then f(Dye™ = f(aye^. 
Now operating AD on both sides, we get 
LU Dy] = flae" 
f(D) РР) 
> e^ = f(a). AD e™ [e f(a) is merely an algebraic multiplier] 
Hence, 2m = Ec e^, provided f(a) #0. 


NOTE: 
This method fails when a is a root of f(D) =0, because in this case f(a) 20 and so 
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10.9 To Find : е“ 
f (D) 


When f(a) #0, where f(D) =(D - a)"0(D) 
Let f(D) =(D - a)" (D), where (a) #0. 
Then EN e = 1 ах _ 1 1 сах 


JD) р-р) D-a" 40) 


БЕ. Гайс. ў (1) 
(D — ay" 4(4) (à) (D а)" 


а 


[> Ф(а) #0] 
Now D l е = e gg “dx = хе, 
-а 
1 ах 1 : 1 ейх 
(р - ay? D-a D-a 
2 ux 
= = (хе) = шээж. 5 e x d = 
-a 


Proceeding in a similar manner, one can see that 
1 "Ээ xe 


D-a" al 


Three lines n/A. 


2 
EE Solve 552 + 3147 + 240 y 2272 e. 
dx? dx 
[B.C. A. (Agra) 2010, 07, 04; B.C.A. (Purvanchal) 2008, 04] 
Solution: Here, the auxiliary equation is 


n? + 31m + 240 20 


> (т + 15)(m - 16) =0 or т=-15,-16. 
Therefore, the complementary function is 


С.Е.= се b>? + wet, 
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Ne 
Now, the particular integral is, 
1 -Х Ї =x 
P. = — — — Q72e ) =272 ———— — — € 
D* + 31D + 240 D* + 31D + 240 
I -x 
= SS i [- D -a-- I] 
(= < +31(-1 + 240 
136 y 
=—е 7. 
105 


Hence, the general solution of the given equation is 


-15х -16х (136 -y 
=ce + сое + — e `. 
F= 2 105 


2 
Example 13: Solve —- + tm +3у = 23%, 
[B.C.A. (Bundelkhand) 2007; В.С.А. (Kanpur) 2007] 
Solution: Here, the auxiliary equation is 


n? +4m+3 = 0 


> (т+1(т+3)=0 or mz-1-3. 


Р.1.= | pu - ЕА 


апа -ye ЕЕ, 
D^ +40 +3 (D +3)(0 +1) 


21 ЗЕ 1 qu 

D+3 |(—3)+1 20 +3 

=-уе |а ed allie. 
2 2 


Hence, the required general solution is 
nX -3x l -3x 
у=ае + ce Tn | 


2 
Example 14: Solve Lama (qp + 42)у = е“. 


[B.C.A. (Kurukshetra) 2012] 
Solution: Here, the auxiliary equation is 
n? +2рт + p t f -0 


> (m+ р)? = f =эт= p ig. 


Therefore, the complementary function is 


C.F.= eP" (q cos qx + c» sin qx). 
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Also, the particular integral is 


1 | 
P _ е 
É +2рр + p? 4-4” 


Ї ах Ї ах 


"2 "I wd "aspe 


Hence, the general solution of the given equation is 


у=С.Е.+ P.I. 
ie., Jy 2 € P* (q cos qx + со sin qx) + e^ /[(a + p? + 41 
d? y 62 х+ е7 Ж. 


Example 15: Solve —;- — +7у=е 
” dx? ш. [В.С.А. (Kashi) 2010] 


Solution: The given differential equation can be written as (D? -6D +7) у=е ve 
its auxiliary equation is 


n? -6т+7=0 


Bay qum 
7 =3 + 2. 


= m= 


C.F.= е *(qe2* + сое -У2ху 


and Bis- ЖИ yu ПИ ай 
D^ -60 +7 D^ -6D +7 D^ -60 +7 


е“ a ех е“ 
и 
É -60)-7 (-M-6(-)47 


Hence, the required general solution is 


y=C.F.+ P.I. 
Le уе (деҮ23 + coe 2022-2276 
E 2 14 
dy 25 
Example 16: Solve 22 +2y=e* 
Solution: Here, the auxiliary equation is 
n? -Зт+ 2 =0 
> (т-1(т-2)-0-» mzL2. 


Therefore, the complementary function is 


С.Е. = де" + oe”. 
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Now, the particular integral is 
Pies a er 
D? -3D +2 =i D2) 
X 
sl i = 5 =- А s-e" fee *dy = — xe* 
3 2 
Example 17: Solve ae + 392 + 32 +y=e* 
Solution: Here, the auxiliary equation is 
n? + 3m + 3m+1=0 
> (m + 1? =0 (Г. m2-L-L-I] 
Therefore, the complementary function is 
С.Е.= (д + ex + eqx?)e 7. 
Now, the particular integral is 
1 e. x дея | 
"cp DUET 6 [5 а--1,и-3| 
Hence, the required general solution is 
3,-x 
y=, cxt бух” )e* ae л 
Example 18: Solve (D + 2)(D - 1) у= е“. [B.C. A. (Agra) 2001] 
Solution: Here, the auxiliary equation is 
(т + 2) (m - 1? 20; [- m --2,L L1] 


Therefore, the complementary function is 
_ Až Ja X 
C.F.2qe ^^ + (c3 + езх *te4x^)e. 


_ 1 as wer же“ 
(D -1P(D + 2) (1+ 2).31 18` 


Hence, the required general solution is 


: х?е* 
2x 2)4 


y =ае 57 + (c3 + зх + cx 
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Exercise 10.5 


Solve the following differential equation: 


2 ен 
1. (D^ -2D +1) у=е*. [В.С.А. (Meerut) 2002] 
d В 
2 a 3S +2 yao 
ay „йу /2 3x 
3. 325 +22 - y=" 420%. 
de dx J ° ° 
2 | D x 92x 33x 
4. (3D -4D +5)y=¢6" -26* 4367, [B.C.A. (Rohilkhand) 2009] 
3 ЭЛС 
5. (D? -)y-(e +1]. [B.C.A. (Lucknow) 2008] 


у= (6 + сух)е* + эн 


х 2x 1 3X 
—(0 + сое + —хе ^. 
утаа 2 12 


ET d 22242 
3 16 


у= де" 3x 


_ 2x/3 vil | ‚ МП lx 
pre C cedi сы uu 


ааг cos Bre КОШЕ 


sin ax and 


D?) f(D?) 


10.10 To Find | cos ax when f(—a’) = О 


By successive differentiation, we get 
D sin ax = a cos ax 
D? sinax = - а2 sin ax 


3 COS ax 


D? sinax =-а 
D^ sin ах -а sin ах -(- a y sin ax 
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In general, (D? y! sin ax = ( — à?) sin ax. 
So that, f(D) sin ax = f(- d? sin ax. 


Operating both sides of above by ! zywe find 
JU 


1 : 1 | 
Ap [f(D*) sin ax] “арал - @)sin ах] 
= snars f=?) sina 
Непсе, тау Fin fd) #0 
Similarly, 


1 
qp үле Г 


Example 19: Solve (D? + l)y =cos2x. 


Solution: The auxiliary equation of the differential equation is 


m +1=0=—т=+ і ie, O47 


(C.F.) = д cos x + c sin x. 


1 1 
and Р.І.) = cos 2x 2 ——,—— 
цан D? +1 27) +1 


+ (— 


Hence, the complete solution of the given differential equation is 


у= С.Е.+ P.I. 


: : 1 
1.6., 94.4: COS X + сә sin x – — cos2x. 
1 2 3 


d? y PD 
Example 20: Solve -4y =e" + sin2x. 
dx? 
Solution: Here, the auxiliary equation is 
n? -4-0: . m=+2 


Therefore, the complementary function is 
C.F.= qe? + cge". 
Also, the particular integral is 


Р.Їс- 


D? -4 


(е^ +sin2x) = 


1 
D? 


= l cos ax, /( — а^) +0. 


cos2x = – 


bu" 


[B.C. A. (Agra) 2003] 


cos 2x 


[B.C. A (Agra) 2005, 02] 
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1 ? : e sin2x 
=-5 е^ + 5 sin2x =-— – 
Г -4 (- - 8 
Hence, the general solution is 
yzCF- PI 
ie., у=се?^ + сое? ый = indy 


2 
Example 21: Solve “2 -8 z + 9 y = 40sin5x. 
[B.C. A. (Lucknow) 2004; B.C.A. (Agra) 2000] 
Solution: Here, the auxiliary equation is 


т^ —8m+9=0, so that m=4+ 7. 


Therefore, C.F.= qet" cosh(47x + со) 
1 3 1 : 
and P.I. = —— — — 40sin5x 240 — — — sin5x 
D^ -8D +9 D^ -8D +9 
1 . . 
=40 —25— — —sin5x 2-5 sin5x 
-5^ -8D +9 D+2 
D-2 1 
2-5 sin 5x 2—5(D - 2) —  ——sin5x 
Г? - | игу =й 


= [D(sin5x) —2sin5x] = O 5х - I9 dis 
29 29 29 


Hence, the complete solution is 


у = дей" cosh(¥7x + о) + 2 соз х= sg sin Sa. 


3 
Example 22: Solve ay +—=- a — y = cos2x. 
ae de dx [B.C.A. (Aligarh) 2010, 04] 


Solution: The auxiliary equation of the given differential equation is 
n? +m -m-1=0 
=> (т +1) (nm? —1) =0. [.m=1,-1-1] 


C.F.=ce* + (со + сзх)е “. 


| 
Р.1. = —5 : cos2x = : 1 _ cos 2x} 
D? + 0+ -D-1 D+1|D -1 | 
| | 
= ЕЕ Бе-2 1 mete 
D«l|-2-1] 5041 


e 40 
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1 р-1 

== cos 2x 
5 (D* D(D -1) 

__1 D-1 с EORR = cos 2x 
5 р? =; == 


= ЕЗ (D cos 2х — cos 2х) = ЕЗ ( -2sin2x — соз 2х). 
25 25 
Hence, the required general solution of the differential equation is 
у qe + (с) + cyx)e * — (2/25)sin2x - (1/25) cos 2x. 


Example 23: Solve (D? -3D + 2)y = бе2 + sin2x. [B.C.A. (Avadh) 2004] 


Solution: The auxiliary equation of the given differential equation is 


n? -Зт+2 =0 => (л – 1) (0-2) =0 


> m-L2. 
C.F. = де“ + сое? 
and prae —— (6е2 + sin2x) 
D* -30 +2 
TEM ЭРЭР e? M — sin2x 
(D - (D -2) D* -3D +2 
2% 
EB — и НЕ, 
2-1D+2-2 -25-30-2 
=62х 2 1- ! dete Ци Е ты и?» 
D 342 (3D +2)3D—2) 
1 р-2 
= 6xe77 — 2 sin2x 


Р 1 
sin 2.x =6xe7* (30-2 
D*-4 | 22 
=6x + + (8D-2)sin2x= 6xe7* 4 4 6 cos 2x -2 sin 2x) 
40 40 
= 6xe7* + 1g cos 2x -sin 2x). 
20 


Hence, the required general solution is 


у=С.Е.+ P.I. 
Ur ЗЭЭ 2x 2x Ї E 
Tm уди + сое” + бе +5у8 cos 2x — sin 2x). 
2 
Example 24: Solve ал —4у= cos? x. 
dx? [B.C.A. (Kurukshetra) 2008, 04] 


Solution: The given differential equation can be written as 


(02 – 4) y = cos? X zall) 
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-. Its auxiliary equation is 


n? -4-20 =» т= +2. 


С.Е. = дег + cge?" 
а Pisa РЕ. 1 2 
an lepa" Хх = —7— — (1+ cos 2x) 
1 I ox 1 
B =e —cos2x 
р? -42 De 
1 1 1 1 cos2x 
= —. + —.—,—- cos2x =-=- 
20? a4 2 95-4 8 16 


Hence, the required general solution is 
у=С.Е.+ P.I. 


ie., у= де + ое“ Tis 


2 
Example 25: Solve ay -5 224 + бу =sin3x. 
ae dx [B.C.A. (Rohtak) 2012, 06] 


Solution: Here, the auxiliary equation is 


m? -5m«620 
> (т-2)(т-3)=0 ог m=2,3. 
С.Е. = qe" + се" 
1 : 1 : 
and Р.1.= —55—— ——— sin8x = —,— ———-sin3x 
D* -5D +6 -3^ -5D+6 
50-3 


= — —— sin 3r 
GD +3)6D-3) 


1 
=- (5D -3).——— unüy 
( 25Р° -9 


=-(5D – 3) sin3x =- (5D -3)sin3x 
234 


25(-3?) -9 


Ш 15 cos3x -3sin3x E 5 cos 3x -sin 3x 
B 234 Е 78 | 


Hence, the required general solution is 


у= С.В.+ P.I. 


ie., yaqe* + се? +56 cos 3x — sin 3x). 
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Exercise 10.6 


Solve the following differential equations: 


1. 20 39 «2 y - cos2x 
Фу 
2: EY + а y - sin ax. 


2 


d 

3. Se -4y=2sin5. 
2 

4. й TI phys t sin2x. 
dx [B.C. A. (Agra) 2002] 
42 

5. Sa + Ay =соз3х —sin3x 
X 

6. 20 49 44 y=sin2x 
2, 

7. — 4® + y= а cos 2x. 
d? d 

8. ex ДЕС eo y= 10 sin t. 
dt т 

9 — 32 +4у= 3 cos 2. 

x 


10. (р? -D -8)y =-2sin? х. 
11. (02 +0 +10)у= (1+ віп x). 
12. (D* -l)y=sin2x. 


Answer 10.6 


у= дег + се" — (1/20) cos 2x — (3 /20)sin 2x. 


: X COS аХ 
у = с COS ax + CSIN ax —— ——. 
~ a 


2X -2x 


= се + сое = 
Jl 2 17727 


у = д с0$2х+ со зт2х+ ze 2 cos 2 x. 


s B.C.A.Mathematics-III 
(до 
eA 


у = сү cos2x + c sin 2x - (1/5) (cos Зх + sin 3x). 


у= (о + сох) + (1/8) cos 2x. 


у= ae cosh( 3x + со) — ZG cos 2x + 8sin 2x). 


у= де + oet + sint + З cos t. 


3 
423 . 423 == 3 х 20x 
у= | д cos x + сә sin ——x Jet *—]|7cos--3sin-|. 
4 4 29 2 2 


уе"! (гү 9322 + с 05992, + 1 du 10-292: -12 cos 2x). 


y -|a TEE + с 222 eae” - + (1/26)(3 cos 2x -2sin 2x) — 2 cos x. 


у= дех + сое "+ c sin x + c4 cos x + (1/15) sin2x. 


1 
10.11 To Find KD) x", where m is a Positive Integer 


To evaluate 


l З x” we bring out common the lowest degree term of D from f(D). Then 


the remaining factor in the denominator is of the form [1 + F(D)] or [1 - F(D)], which is 


taken in the numerator as a negative index. 


Now, we expand [1+ + F(D)] -lin ascending powers of D by the binomial theorem upto 


D™”. Then operate upon x”, using each term of the expansion thus obtained. 
Example 26: Solve (D? -5D + 6)y =x. [B.C. A. (Kanpur) 2009, 06] 


Solution: Here, the auxiliary equation is 


т^-5т+б=0 


> (m —2)(m -3) Z0; m=2,3. 
С.Е. = qe" + сое? 
Also, Pana 1 : 


о aes То. x 
D* -50 +6 6022 20419) 
(50 - D°’) 'x 


6D-D*)«...]x =cl+2D+...Jx 


а 
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= 1 [x + 2 pat as all other terms vanish = 1 x+ 2 
6 6 6 36 


Hence, the complete solution of the given equation is 


TRUM 
6 36 


y 2 qe* + oe 
Example 27: Solve (р? – 4)у = x. [B.C. A. (Agra) 2010] 


Solution: Here, the auxiliary equation is 


т? —-420; m=+2. 


C.F.2 qe?" + cye~?*, where с] and су are arbitrary constants. 


Also P.L= = 02 102 
D -4 -4(1-— р?) 
4 

=-1(1-1 р?) -L2 => ра 1р2 + m 
4 4 4 4 

=— : [x + 10202), as all other terms vanish 
1,2 | 

=--— +=): 
Fix 5) 


Hence, the complete solution of given equation is 


2х О 2,1 
= + Sale +2). 
Fane” + cze I) 
Example 28: Solve (D? + 3D? + 2D)y = 22. [В.С.А. (Agra) 2004, 03] 


Solution: Here, the auxiliary equation is 


т? + 3m? +2m=0 


> m(m + 2)(m +1) =0 | m=0,-2,-]] 
Therefore, the complementary function is 


2 х 


C.F.2q + сое + ege ^. 


Also, the particular integral is 


"E 
pe l e-l fin 2*] 2 
2D+3D*+D 2D 2 2 


= 4 ра ipe 
2D' 3*3 


Тоо B.C.A.Mathematics-III 
(ао 
eA 


Nw 


D(x”) + D^, as all other terms vanish 


3 
55? — (Зх + 2)-15- z En) as (/D)s = | x dr etc. 
Hence, the complete solution of the given equation is 
у=а + mt + зе + (je? -9х-21). 


Example 29: Solve (D? 4-2D* + D)y = e* x uy x. [B.C. A. (Agra) 2008] 


Solution: Here, the auxiliary equation is 
n? «2n? + т=0 >m (т? +2т+1 =0 
> mm + 1)? -0-эт-0,-1,-1 


C.F.2q + (с) + ex) ^ 


and Pis — {e +x x) 
D(D +1) 
за ул: E 
D(D +1) D(D +1) 
I 2x, l -2,2 
=“ +— (+D x“ +x 
2(2 +1)? тийн 
Та _20 +30? 3624) 
EAE | 2 
45514102 2004) +6} 
18 D | 
2% 
= (28-3444) 
18 (3 2 


Hence, the required general solution is 


TN sid 
у= + (co + хе +— 4 


3 2 
Example 30: Solve d 2 ын 2568 =1+ х7. 
d de 


[B.C. A. (Bhopal) 2009, 05, 03] 


Solution: Here, the auxiliary equations 
n? -m —6m=0 


> m(m + 2)(m -3) =0 [. m 20, -2,3] 


Differential Equations of Second Order with Constant Coefficients $ 
SS) 


Therefore, the complementary function is 


С.Е.= с + ce ?* + зе“. 
1 2 
Also, P.I. = —— (l tr 
-6D-ID* трт 
-1 
-a(1+2p-20"} (1+ x?) 
6DV 6 6 


-- 51-2 +352? + је) 


6р 6 36 
=- 55 + х2) - lpa t x2) + Jp? d+ 21 ,as ай other terms vanish 
6D 6 36 

e zoe? Ev a 

6D 3 18 
3 2 

Зэс x or Ый m : as 5 x= [dr ete 

613 3 2 18 
Hence, the complete solution of the given equation is 
yao c£ 27 + зе“ ат" 


18 36 108 
Example 31: Solve (D? -4D +4)y = + e*+cos2x. [B.C. A. (Rohilkhand) 2009, 06] 


Solution: Here, the auxiliary equation is 


n? -Ат+4=0 = (т 2)? =0 =т= 2,2. 


С.Е. = (4 + cy x)er* 


and pin НЕШЕ Г. + ех + соѕ 2х). 
D* -4D+4 
-1 
T me к 
D^ -4D +4 4 4 
-ife eio mz) 
- 1 x. 1 x _ „х 
=—5 е“ = 5 = 
D* -4р +4 Е -40) +4 
Р. of cos 2x = — A put D? =-4 
(0 -4D +4) 
= uL = 21 aids 


Hence, the required general solution is 


2x 1,2 3 IN UM 
=(ġ + сох)е * (х +2х+ А) +e --sin2x. 
J =(q + ex) о ( х 2 4 


Vos 


Example 32: Solve (D? + D -2)y = x + sinx. 


Solution: Here, the auxiliary equation is 


> (m—1)(m+ 2) 0 
> т-1,-2. 
C.F. = де + ce ?* 
and Ра + sin x) 
D*+ D-2 
1 


1 


Hence, the required general solution is 


sin x 


B.C.A.Mathematics-III 


== 72x +1) - cc (cos x sin 1). 


[B.C. A. (Agra) 2000] 


y2qe + се? -12x +1) -= (cos x+3sin x). 


2 
Example 33: Solve —- + 22 + У=2х+ 22. 


Solution: Here, the auxiliary equation is 


n? +2m+1=0 = (m 4 1 =0 


> m=-1,-L 


C.F.=(q + cox)e* 


and 


1 
L=———z 
(0-1 


=(1-2D +3D? -...)(2x+ x?) 


[B.C.A. (Bundelkhand) 2008] 


(2x + х2) =(1+ Dy 2Qx4 x?) 


= (25+ x?) -2 (2 +25) +3 (00 +2) 232 -2x 4 2. 


Hence, the required general solution is 


у=(с+сух)е * +х^-2х+2. 


Differential Equations of Second Order with Constant Coefficients суу 
————— mmt | | 


Хо, 


Exercise 10.7 


Solve the following differential equation: 


7: 
1.54 - у=2 +51 
dx [B.C.A. (Rohilkhand) 2009] 
2 2 
2. (D°+2D+2)y=x". [B.C.A. (Avadh) 2009] 
3 (D? -5D + 6) y=x+sin3x. 
3 p2 2 
4. (D? -D° -6D)y=x +1 [B.C.A. (Kurukshetra) 2012] 
5 (р? —2D + 4) у = xt + 3x2 —5x +2. [B.C.A. (Agra) 2011] 
43 d? d 
6. 0 +27 +427 igy 
dx dx [B.C.A. (Kanpur) 2007] 
3 
7: £289.95 02. 
dx dx [B.C.A. (Bhopal) 2009] 
8. (D'«D? +16) y=16x" +256. [B.C.A. (Lucknow) 2008] 
2 
E -42 +4y 282 + &?* +sin2x). 
dx dx [B.C. A. (Agra) 2009] 


Answer 10.7 


у= дех + суе -2-5x. 


у=е "(qcosx со sinx) + 202 = 2х +1). 


у= де + ое + ze + >) + (1/234) (15 cos 3x -3 sin 3x). 


у= + сое? + сүй? 


2х + &* (o cos x + cs sin x) 4 


у= де 


1 
4 


(33233 + 6x? -5x 2. 


y =ае 2% + со COS 2x + сз sin2x + 2x -]. 


y- е2 + (2 + езх) * -10 -6x +9). 


y-e 
1 


у =(сү + cx) х +(x +2х + eds 


5v7 
2 [а cos(3 /2)х + су sin(3 /2)x] 


22 х 


Тат | " 
+22 [оз соѕ(3 /2)х + c4 sin(3 /2)x] + x^ + P 


+ cos 2x. 


127 


Тоо B.C.A.Mathematics-III 
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10.12 To Find To e"V, where V is a Function if x 


By successive differentiation, we get 
D(e^ V) = e^ D(Vj) + ae" V4, (V is any function of x) 2 e^ (D + a)V, 
D? (еу) = e** D(D + aV, + ae™(D + а) 2 e* (D + a? V, 


In general, D"(e“V,) 2 e" (D + a)"Vy 


Sothat f(D) еу =e" f(D + aM. $1 

Now, suppose that f(D + а)у = У, then V will also be a function of x, since Vj is a 

function of x, апа Vj = -—— ...(2) 
р * à) 


Substituting this value of Vj in (1), we get 
1 


f(D)“ pov = еу. 
21: | ADe ү} 441 шү 
f(D) f(D * a) f(D) 

ie., ей 1 V= | e" V, 


f(D+a) У) 


I ax ax 1 


е ве 


fD) | f(D + а) 


Hence, 


where V is any function of x. 


NOTE: 


1 " 
To find e^, when f(a) « 0. 
FD) й 


In this case, we have 


Differential Equations of Second Order with Constant Coefficients $ 
== 


3,2 
Example 34: Solve (D? – 50 + 6)y = хех. [B.C.A. (Bundelkhand) 2005] 


Solution: Here, the auxiliary equation is 


т^ —5m+6=0 


> (т-2)т-3)-0 л: 252:5| 
Therefore, C.F. = qe" 4 de, 
And — 82 setny 
D^ -5D+6 (0 + 2) -5(D+2)+6 
apt = PM Em х3 = —2х La-py 2 
р? -D р-р) D 


= -2(4) (х3 +322 +бх+ 6), all other terms vanish 


=- 1l +53 +3х° + бх), аз (5) = [ree 
4 D 


Hence, the required general solution is 


2 Зх 2х1 


у= де oec -e Ge 


+23 +322 + 6x). 


Example 35: Solve (D? -3D + 2)y = е^“. 


Solution: Here, the auxiliary equation is 


n? —3m+2=0 


> (m —1) (m - 2) 20; | mz 1,2] 
Therefore, СЕ. = де" + се“. 
And [a — харан 
D* -3D +2 (О + 1) -3(D + 1) +2 
х Ї : 1 -1 
= 1 = à 1 = D 1 
= 50-0) 
x 1 bu 1 x 1 
пера, ПЕ Мея as 1= frac 
D D D 
Hence, the required general solution is 
уа жое" — хе“. 
Example 36: Solve (D? -2D + Dy = e*x?. [B.C. A. (Agra) 2001] 


Solution: Here, the auxiliary equation is 


т^ —2m+1=0 


Ss B.C. A.Mathematics-IlI 
(414 ЖД 
eA 


> (m -1? =0; [-.m 21,1] 


and i= ap = 
D! -2D+1 =) 
— 2х 1 ee 
(D 41-17 ЇР 


Hence, the required general solution is 


У=С.Е.+ P.I. Le, у= (6 + слх)е + set 


2 
Example 37: Solve И +4у= e* + cos2x. 
dx? [B.C.A. (Aligarh) 2011, 07] 


Solution: The given differential equation can be written as 
(D? + 4) y =e" + cos2x. 
г, Its auxiliary equation is 
m? 44- 0; 
т= + 21. 


С.Е.= с cos2x + со sin2x 


апа Р.1.= ех + соѕ 2x) = е + cos 2x 
р? 74! ) D? +4 D? +4 
X $ 
= - + real part "T-— — ¿j 
Р +4 (D +2) —2% 
ех ix Ї 
= — + real part of (|) 
5 21+21 D+2i-2i 
x Dx 1 x Bx 


= + real part of £ . 1 2 — + real part of X 
5 Ai D 5 j 


1 1 


x X 
e х " € x, 
== + real part ос ee + isin2x) = — + —sin2x. 
i 


Hence, the required general solution is 


X 
: е X. 
у= cos2x + су sin2x + = + гээн 


Differential Equations of Second Order with Constant Coefficients суу 


e 41 
хо, 
3 2 
Example 38: Solve -i 35-39 ухе? + ех 
dx dx? [B.C.A. (Kanpur) 2008] 
Solution: Here, the auxiliary equation is 
-3n? + 3m-120 
> (т 1) =0 [—.т=1,1,1] 
C.F.- (д + сох + ex? )e* 
1 5 : 
and PL. (ае! + e*) = e(x +1 
D? 3D? +351 (Р —1)? шах 
" 1 p 
2g ———_,, (x + ]) е — (x +1 
D ) pi 
3 4 3 
=e Ч| (x + 1)( ) (dx)? = dE e ot x . 
4! 3! 24 6 
Hence, the required general solution is 
y -C.F.4 P.I. 
ie., У=(а sarrar k r ar pig. 
24 
Example 39: Solve (D? + 307 € 3D« Dy = we ©, 
Solution: Here, the auxiliary equation is 
n? + 3m? +3m+1=0 = (т + i = 
[ --L-L-I] 
C.F.2(q + cox + 03x") * 
and Ёл °e"* — Рея 
D^ +307 +30 +1 (D +1) 


5 
a 3 х2 =е7* - х? =e || х2 (d =e FL, 
(D -1+1) D 60 


Hence, the required general solution is 


24 ,-x 1 x 
=(C) + CoX сх € + — хе 
844407 2 3х”) 60 


2 
Example 40: Solve HE 24% + у = rer, 
dx? dx [B.C.A. (Meerut) 2006, 04, 01] 


Solution: Here, the auxiliary equation is 


n? —2m+1=0 


> (m - 1? =0; |: т-1,1| 


W: B.C.A.Mathematics-III 
(416 I -————————————ÉÓ— — — À—— 
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Therefore, the complementary function is 


C.F.=(q + хе”. 


Also, the particular integral is 


P.L= 201 x8 = a ery 
BD spa (D -1° 
_ „Зх 1 yea — 
(0-3-1 (0-2) 
3x -2 
шин | : 225 ( 2) 2 
{1+ 2) 
2 
AX 2 
e B ues s 5 
4 4 
гэх 


all other terms vanish because they contain highest power of D 


3x 
(8 E 
4 2 


Hence, the required general solution is 


3x 
у= (4 оме «fr? -2x+3). 
4 2 


Example 41: Solve (D? -2D + 5)y = e?* sin x. [B.C.A. (Rohtak) 2010, 04] 


Solution: Here, the auxiliary equation is 


n? -2m4520 


1 
> m=—[2 + J4 -20 =1+2i. 
7 zl ] i 


Therefore, the complementary function is 
C.F.=e* (q cos 2x + су sin 2x). 
1 


and Р.1.= ———— 6 sin x 

D* -20 +5 

= ‚ тнк di 
(Г-2)/--2(0-2)-5 

spl. ine ine 
D^ +20 +5 -F +20 +5 
: Р 2D -4 

=g СЕРТИ: МИШЕ к нах 


20 +4 (2D + 4)2D —4) 


Differential Equations of Second Order with Constant Coefficients суу 
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=*(2D -4)— — sin x =*(2D -4) sinz 
4D* -16 {4 .(-I*) -16} 
е2 e* 
= – — [2D (sin x) - 4sin x] = - — [2 cos x - 4 sin x] 
20 20 
2x 


=- (cos x —2sin x). 
10 


Hence, the required general solution is 


2x 
J —e* (c cos2x + со sin2x) – [| (cos x —2 sin x). 


Example 42: Solve (р? - 1) у = cosh xcos х. [B.C. A. (Agra) 2005] 


Solution: Here, the auxiliary equation is 


т? -1=0 [.. m 21, - 1] 
Therefore, C.F.2qe* + ce. 
1 l l x, -x 
Also, PLs 7 cosh x cos x = 5— (6 +e )cosx 
D^ -1 D* -12 
2. е cosx+— € * cos x 
79 pe — 4 2 _ 
ех =<. 
= ——. о cos e+ > 3 — cos x 
2 (0 +1} -1 2 (0-1) -1 
e bi 1 
=- cos X + ———у cos x 
2 р? +2 D^ -2D 
ех e 
= COSE Ry COSE 
2 -1 +2D 2 (-F -2D) 
e* (2D +1) g* 20-1 
= — ———___—_ cos x - —— — cos x 
2 (2D -1)(2D +1) 2 (20 +1)(2D -1) 
6 2D«1 е^ 2D-1 
- 3— С - J cos x 
2 4D* -1 2 4D* - 
г" (2D +1) e * (20-1 
= — eRe = = = tos # 
2 4(-P)-1 2 4(-B)-1 
ех e 
=-—(2D+1)cosx+ (2D – 1) cos x 
10 10 


ех € x 


== [2D(cos х) + cos x] + 10 [2D (cos x) – cos x] 


W: B.C.A.Mathematics-III 
(418 eee 
eA 


ех B 
=- ——|-2sin x + cos x] + [-2sinx - cos x] 
10 10 


= - [2 sinh x sin x — cosh x cos x]. 


Hence, the required general solution is 


| "MEUSE : 
уд toà) 5 (2 sinh x sin x — cosh x cos x). 


Example 43: Solve (D? 4D- 12)y = e?*(x — 1). [B.C. A. (Rohtak) 2008] 


Solution: Here, the auxiliary equation is 


n? «4m -12 20 


— (m —2)(m + 6) 20 [.. т=2,- 6] 
С.Е.= дег + ce 6* 
and PIs eee = -1)- ! e*(x -1) 
D^ +40 -12 (D -2)(D + 6) 
2g "EET DEM (x -1) 


(D +2 -2)(D+2+6) 


E 
= 2х : (х-1)-625 : | =] (х-1) 
D(D +8) 8D 


Hence, the required general solution is 
2x MN [а 
y2qe ot EE ZZ 


p = Xo 2x 
Example 44: Solve (р? + Пу =cosx + e” sinx + хе". [B.C.A. (Bhopal) 2012, 07; 


B.C. A. (Rohilkhand) 2008, 06] 


Solution: Here, the auxiliary equation is 


т^ +1=Oorm=ti. 


e 41 


Differential Equations of Second Order with Constant Coefficients суу 
Ne 


С.Е.= д cos x + c) sin x 


and P.I.=—,— (cos x + e* sin x + де?) 
D^ +1 
— Real part of --1--28 - 2-0 sin x + —у xe^* 
(D - i(D + i) D* +1 D* «1 
— Real part of —— e + sinr + fi i 
D-35295 (D+)? +1 (2+2) +1 
ix 
— Real part of PNE ЖИЕ eM — ——sin x + 2-1 
2i D+i-i D^ +2D+2 D^ +40 +5 
іх 2х -1 
= Real part atq + e! + sin x + (1+ Ep + 12) х 
2i D -f +20 +2 5 5 5 
i ‚ 2D-1 á 
= Real part of fide e* 7 чаг 5 |1-20-4) 
2i Ap =] 5 5 
ix ш 2x 
= Real part of — ut есы а Sd аг Ї -i) 
2i 4(-P)-1 51 5 
1 e* х 
== xsin x – — (2 cos x -sin х) + — (5x - 4). 
2 5 25 
Hence, the required solution of the given differential equation is 
у=С.Е.+ P.L 
X ех гох 
bes = (+c) sin x + —sinx - — (2 x —si + —(5x-4). 
i.e J-qcosx-csinx soe E (2 cos x — sin x) 55 (5x -4) 
dy „йу д 
Example 45: Solve -3—5 +4-— -2y =е* + cosx. 
" ax? dx? d “7 [B.C.A. (Kashi) 2012, 08, 04] 


Solution: Here, the auxiliary equation is 


n?» -3m + 4т 2 20 


> n? n? -2m? +2т+2т-2=0 
— п? (m 1) —2m(m—1) +2 (т -1) 20 
> (m — 1) (m -2m-42)20 

= т-1=0 and m -2т+2=0 
> т =, 1+1. 


C.F.=ce* + e" (со cos x + сз sin x) 


8s B.C.A.Mathematics-III 
(У 
.-7 


and P.I.= — К (e* + cos x) 


рз -3D? « 4D -2 
1 А 1 


Sr tO cos x 
(D-J)uD-D^ 89-30 +4D -2 


1 " 1 


+в р(-8)-3/-0)-40-22 6 


1 А . 
=——e* + cos x =e" 


N |= 
ВТ “3041 241-11 9p^-] 


xl 3D -1 
=e =) + — co 
D 9(-I*)-1 


sx 
P 1 А 
=e fiar- (-3sin x cos) 
10 


= хе* + J esters: cos x). 
10 


Hence, the required general solution is 


| 1 | 1 : 
у= дех + e" (co cos x + 63 sin x) + xe” + 109 sin x + cos x). 


Example 46: Solve (D? + 4)y =e* + sin2x. [B.C.A. (Indore) 2012, 07] 


Solution: Here the auxiliary equation is 


n? +4=0. 
Therefore, C.F.= д cos 2x + су sin2x 
and Pla е. (е^ + sin2x) —Ü + —;—— sin2x 
D^ +4 0 +4 D +4 
uec : кооз2х]=те* — сока 
1+4 2х2 5 4 


Hence, the required general solution is 


У=С.Е.+ P.Lie, у= д cos2x + су sin2x + ze ZI 2x. 


• 421 
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Exercise 10.8 


Solve the following differential equations: 


2 2 
1. (D^-D-2)y-e*. [B.C. A. (Agra) 2005] 


1? d | 
2° - 28254 у= 20. 
dx“ dx [B.C.A. (Kanpur) 2010, 08, 06, 04] 
3 Kp aa Peay 20 
x 


(р? 49D + 4) y =e" sin2x. 
(D? = 1) y =e" cos x. 


[B.C. A. (Agra) 2004] 


[B.C.A. (Meerut) 2006] 


-Х 


6. (D +20 +1)у= 


(x42) 
2 
7 Ау -1) 25 
2 
8 ES = y = cosh x 
dx [B.C.A. (Rohilkhand) 2010] 


9: (D? +4D+4) y=" -с 23 or 2 sinh 2x. 

10. (D? -3D-2)y-5408777. 

11. (D? +2)y = x26* + ех cos 2x. 

3 2 

4? у 44 у 
dx? dx? 

13. (D? -3D^43D -Jysuc* +e". 

14. (D? -7D -6)y=e?*(1+ x). 


[B.C.A. (Rohilkhand) 2009] 


2x 


-4у= хе 


[B.C.A. (Agra) 2005; B.C.A. (Meerut) 2003] 


dx* [B.C.A. (Lucknow) 2007; B.C.A. (Meerut) 2002] 


Answer 10.8 


у= дех + ege?" 


+ € 
3 
Jy -(aq *c5x)e?* + (1/8)? * (2x? — 4x43). 


у =(сү + cx) &* . e? -4х +6]. 


x 
у=е “(а cos УЗх + Сә Sin 43x) + 548 sin 2x —8 cos 2x). 


у=сүе* + ce * + (1 /5)е* (2sin x — cos x). 


y= (q + cox) е 


x 


+е "[xlog(x + 2) - x + 2 log(x + 2)]. 


Тоо B.C.A.Mathematics-III 
(422 ды 
eA 


y = де?" + mee? - „ёч? - (9 /4/x)). 


: tue od. ies 
уа + се + 5 vsinh x. 


2 


-2x l 2x 1 2 2x 
= * + х)+— * olx юг 
y-€ (q сох) 1 € X € 


yag + (e + ex 2022 20x? -15x4 -99) e^ *. 
| 1 зу 2 50 l s 
У=а cos 42x + б) sin V2x + тоте lly E iE * i7 (4 sin 2x — cos 2x). 


у =сүе* + (с) + сал) e?* -(0/18)08 + xe ?*, 


Е 13 1 4 
ес + ox +x +—х 22 
J (a 2X + 03 6 24 


-2x 


у=ае ^+ ое 


у= деў + сое * + сз sin x + сд cos x 1/5 e* cos x. 


10.13 To Find 


sinax and 


f (D°) f (D°? 


cos ax when f(—a’) = 0 


If D? + а2 isa factor of f(D), the substitution of — а? for D? will make the denominator 
of the particular integral zero i.e., f( — a) -0. 
Let f(D) = ae КТ», ), where ф(— a) #0, then to evaluate 
T. (sin ax or cos ax) we shall first find 
f(D) 
2 
D жа 


1 
then apply the operator to the result. 
(D?) 


(sin ax or cos ax) and 


Now, — + sin ax = EN NN (ей — еійх) as sin ax = (ей — ей) /2i 
р? + а 2i (D —ai)(D + ai) 
1 хех хех 
E la 12а)  ()!(-2ai |’ 
EE c pg iax 
© 2a 2 
Hence 25 иг 052 
| D? + а? | 2а | 


Similarly, we can show that 


wie 


x 
COS ax = — a ax. 
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Example 47: Solve 7+ ay = sinay. 
dx? 
Solution: Here, the auxiliary equation is 
n? + а? = 0; | т= + ia] 
С.Е. = д cos ах + су sin ax 
1 | х 
апа diac em E Ld 
Hence, the required general solution is 
у = бү COS AX + С) sin ах — 2- cos ax. 
2a 
Example 48: Solve d? y - 24% + 5 у =sin3x 
— dx? де | 
Solution: Here, the auxiliary equation is 
m -2т+5 =0; [+ м=1+ 21] 
C.F. =e*(q cos 2x + су sin 2x) 
1 : 1 : 
and Р.І. = — sin3x = —— ———sin3x 
D^ -2D +5 -3^-2D-45 
D-2 
— 7 sin3x = -LD -2)—}—sin3x 
2 D^ -4 2 —3° -4 
1 : 1 : 
=— (D -2)sin3x = — (3 cos 3x - 2 sin3x). 
26 26 
Hence, the required solution if the given differential equation is 
У=С.Е.+ РІ. 
i.e., ус (q cos 2x + со sin2x) + 528 cos 3x – 2 sin Зх). 
Example 49: Solve (D? -6D + 13)y = 8e>* sin2x. [B.C.A. (Aligarh) 2007] 


Solution: Here, the auxiliary equation is 


n? —6m +13 =0 


_ 6+ 436 -52 ET 


> = 3E 
2 


С.Е. =?" (e, cos 2x + со sin2x 
1 2 


1 


D -6D+13 8e * sin2x 
= + 


апа P.L= 


e B.C.A.Mathematics-III 
oom 
oA 


= 8.3% рае. о ая 


(Р +3)° -6(D +3) 13 


= 8е3х sin 2x = В" — cos 2x =- 2xe* cos 2х. 


D? +4 x 
Hence, the required solution of the given differential equation is 


у= e?" (д COS 2x + су sin 2x) — 2xe?* cos 2x. 
Example 50: Solve (р? + l)y =sinx sin2x. 


Solution: Here, the auxiliary equation is 
m +1=0; |, m=O+i] 
Therefore, С.Е. = q cos x + су sin x. 


Also, the particular integral is 


1-1 
Р.Г. = sin x sin 2x) = —,—— — (2 sin x sin 2x 
Dai! 2112 
zi —,;— (cos x — cos Зх) 
a +1 
1 
mires. cosx- а cos 3x 
2 р +1 2 (р + 


1 . | КИР 1 
ББ SIN X у cos 3x = — x sin x + — cos 3x. 
2 20 2 (-3° +1) 16 
Hence, the complete solution of the given equation is 


: l 
SJ Hq COS X + C9 йты ee ва 


42 
Example 51: Solve 22 + а? y = COS ax. 


Solution: Here, the auxiliary equation is 


n? + a =0, [-- m= ail 
Therefore, C.F. = д cos ax + су sin ax 


x. 
COS АХ = — SIN AX. 


d P.I. 2——— 
e р? + а? 2а 


Hence, the required general solution is 


: x. 
J = eC COS AX + C9 Ee ae 
a 
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(i) 


3 
Example 52 Solve d 2 +a 2 = sin ax. 
dx dx 


[B.C.A. (I.G.N.O.U.) 2012, 06, 04] 


Solution: Here, the auxiliary equation is 
m + dm-0 


> т (т? + a) =0 [..m=0,0 + ai] 
Therefore, the complementary function is 

С.Е. = д + (су cos ах + сз sin ах). 
Also, the particular integral is 


1 | 1 1... 
. = o—g———8— SIN AX = — r .— SIN а 
D? + 2р р аг 


(| sin ax di) 


1 ( COS - 1 1 
- = COS ax 


P.I 


“рд +42 а “ара 
-22 4 sin ax = - — sin ax 
a 2a 2а2 | 


Hence, the required general solution is 


: Жо. 
у = сү + (су COS ax + сз sin ax) — — sin ax. 
24° 


‚2 
Example 53: Solve (D? + 4уу = sin? x. [B.C.A. (Kurukshetra) 2012, 07] 


Solution: Here, the auxiliary equation is 
т? +4 = 0; [/. m=+ 2i] 


С.Е. = д cos 2x + со sin2x 


апа P.I. = sin? x = 2 ld) 
р +4 D +42 


о 13 
=—|1+—| .1-— cos2x 
+4 


8 4 25 
2 
= fos... СРЕ 2 
8 4 8 8 8 


Hence, the required general solution is 


у= д cos2x + су sin2x ZEE 
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Example 54: Solve Ae + D? + Dy=e x/2 cos( > 23 : 


[B.C.A. (Lucknow) 2012, 07, 04, 02 | 
Solution: Here, the auxiliary equation is 


m^ +m? +1=0 = (n? + ЇР - т? =0 


> (n? +1+ т) (т? -1-т)-0 
= n? +т+1=0 апа m -т+1=0 
> т=2(-1+ 8) and m= 5 (12 i) 


CE- € "(s cos ух 3 +0 чпу) ee (s cos zw + cy ча ау] 


апа AEE x/2 cos i. л) 
рр? +1 2 
= Real part of —— —,—— e 7/2¢#¥3 2 
p D* +D? +1 
= Real part of UI a x/2 
ЇЕ ВЕ 
DiNi pam ae 
2 2 
= Real part of eitv3 /2 ——— x/2 
1,143) (| 1,H8] , 
2 2) L3 x 
—x 2 
к/з /2 -16g *4 


= Real part of e 


(К/З -D4 + 406/3 – 1) +16 


| -х/2 
= Real part of УЗ? M = 1627/2 cos (5 5) . 


Hence, the required solution of the given differential equation is 


у=С.Е.+ P.I. 
ie., у= (a т 3 +0 шин ees авг 340 sing 145] 
2 2 2 2 
-16е7572 cos (2445). 


42 
Example 55: Solve 2 -4y = e" sin x. 


Solution: Here, the auxiliary equation is 


n? —420; | m22,-2] 
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№2 
СЕ. =ае + oe 2% 
1 CM 3 1 . 
and P.I.=—;—e sin x=" — — 5—— sin x 
D* -4 (0-17-4 
- Lg E 2 sin x = Їр +2) —Jj— sin х 
2 р? -4 2 -l* – 4 
П | 1х | 
=- — (0 + 2)sin x =-—e" (соз x + 2sinx). 
10 10 
Hence, the required solution of the given differential equation is 
ypaqe* + ое? — = e” (cos x + 2 sin х). 
Exercise 10.9 
Solve the following differential equations: 
2 

1. KP +9у=соз3х 2. (D? +1) y =e* + cos x. 

[B.C.A. (Meerut) 2004, 02] [B.C.A. (Bhopal) 2010, 06, 04] 
з. (р? +Пу=е * + cosx. 4. (р? +4) у=ят2х. 

[В.С.А. (Kurukshetra) 2012, 07] [B.C.A. (Indore) 2012, 07] 
5. (D? 2319 + 9D - 27) у= соѕ Зх. 6. (р^ = 1) у= іп x. 

[B.C.A. (Rohilkhand) 2011] [B.C.A. (Avadh) 2009, 05] 


Answerw 10.9 


: Їл... 
у= д cos3x + су sin3x + се 


А l,x : 
у = д COS X + c) SİN x + 3€ + xsin x). 


А їн, Т, 
у= EA LEE "*gxsinx. 


: 1 
у = сү cos2x + су sin2x gp FCO 


у = де?" + c) cos Зх + сз sin3x — == Gina + cos 3x). 


Я ET . 1 
у= де“ + 9€ а F С COS X + CA sin x + а" COS X. 
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10.14 To Find f(D)’ where V is any Function of x 


By successive differentiation, we find 
D (xVj) = хру + И, where Vj is any function if x 
D? (хм) = xD?V, + 2DV, 


D” (ху) 2x D"V; + пр" ‚Бу Leibnitz theorem 
=xD"V, + (4 p") V 
dD 


f(D)xVj =f DY + РМ. 
Now, let f(D)V, = У, then obviously Vj will also be a function of x, because Vj is a 


function of x, and Vj = == V. 


f(D) 


Substituting this value of Vj in (1), we find 


I I 


ОР p doen X eu 
1 1 1 1 1 
= iw И AD —V 
FD) | Вр) | AD 217 (DR; | 
ie., Е ее. 
70) FD FOD) FD) 
Hence, : У) =х = V- _/ ФО) V. 


—— (x 7 
fD) f(D) { f(D)} 
Similarly, we can find that 


I yy =y" 1 Vym” d 1 a m(m -1) Q2 = 8 1 Va 
f(D) f(D) ар f(D) 2! 4D^ f(D) 
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Example 56: Solve (D? -2D + 1)у = xsinx. 


[B.C.A. (Agra) 2010, 09, 03; B.C. A. (Kanpur) 2008, 04] 
Solution: Here, the auxiliary equation is 
n? -2m+1=0 
> (m -1 =0; [. m=1] 
Therefore, the complementary function is 
C.F.= (q + хе". 


Also, the particular integral is 


| 
an 

| 
[^2] 
ge. 
= 
E 


== 


- т? (2D -2)sin x 


Mm 
--—x-—-sinx- 
2 D 


222 


2p [2D(sin x) – 2 sin x] 


ЕІ вова аА 
2 2 p* 


= 5x 008 2.2 | (cos x -sin x) dr 
2 2D 


1 I : 
=—xcos x — —.— (sin x + cos x) 


23 
2D 
1 1 А 
=> xcosx ZI + cos x) dx 
2 2 
1 1 : 1 : 
=—xcos x — —( — cos x + sin x) =—(x cos x + cos x —sin x). 
2 2 2 
Hence, the required general solution is 


i.d : 
у =(сү + сух)е* + z7“ COS X + COS x — sin x). 
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Example 57: Solve (D* + 2p? + Dy = 2 COS X. [B.C. A. (Bhopal) 2006, 03] 


Solution: The auxiliary equation is 

n^ «2n? +1=0 
> (т? + 1? =0; li matiti] 
Therefore, С.Е. =(c, + сх) cos x + (сз + c4x) sin x. 


Also, the particular integral is 


_ 2 
РІ. "Qa COS X 


1 " " | 
= Real part [туйгу e”, [as е = cos x + isin x] 
+ 


1 2 


= Real part ое ох 
p {(D +” + 1P 


= Real part of elt E 2 
(02 + 2iD) 
= Real part of elt | 5 х2 
ape ( = > 
2 


ix ery \-2 
= Real part of ы 2 ( - T 2 
(-4) D 


ix 
= Real part of E spo s 12 
(-4 Dil 4 
ix 
= Real part of E 4112 «22-31 an other terms vanish 
(-4) D 2 | 
TOE [ 4 2 3 | 
“ВЕ цан ар Сиа гат 8 
(-4) 12 12 3 
_ Ox - x) à 


COS X + — sin x. 
48 12 


Hence, the general solution of the given equation is 


: 1 А 
у= (сү + сх) cos x + (c3 + ох)зіпх тух sin x + ———— cos x. 
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Example 58: Solve 2 H 27 H ey dy 2у- 2 + ех, 
dé ас dê ах [B.C. A. (Rohtak) 2005] 


Solution: Here, the auxiliary equation is 


n^ +P +m -т-2-0 


> n? (m 1) + m(m + 1) -2(m + 1) =0 
> (m + D i? -т-2)-0 
> (т + Do? (m —1) + m(m — 1) + 2(m - 1); 0 
> (m + 1)(m – Dn? +m+2)=0 
1.1 
> т=-1,1,—— + —\/7ї. 
2 2 


C.F.- qe^* + cge + е */ (cg cos 47x /2 + c4 sin 47x /2). 


Now, since f(D)2D* + D? + D? -D -2,we therefore have 
€—— E 
f(D) D'«D?^-«D^-D-2 2 2 

1 ри 1 ай 


f(D) (D-1)(D +1)(D? + D +2) 


Ж 
"p 
1 
8 


1 al 
(1+ 1)(2 45 | 


Hence, the required general solution is 


y=C.F.+ P.I. 


ie, y2qe ^+ ce" + £9 s cos 47x /2 + c4 sin ¥7x /2) 2 -x+ 7) + axe 


e B.C.A.Mathematics-III 
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Example 59: Solve у -2 ay + у= xe* sin x. 
dx? dx [B.C. A. (Rohilkhand) 2004] 


Solution: The auxiliary equation is 


n? -2m 4120 
2—0. Сараа 
> (m – 1) =0; [-- m3 L1] 
С.Е.= (сү + cox)e*. 


Also, the particular integral is 


P.I Qo mU = (D y e* .(x sin x) 
= + = 
р 1 | x Т . 
=e aa А) 


= f xsinx до ЖОО ООС: 
D D 


= of — x cos x + sin x)dx = e*{(—xsin x — cos x) — cos x} 
=e*(xsin x +2 cos x). 
Example 60: Solve (р? -Dy- x? sin x. [B.C. A. (Kurukshetra) 2006] 


Solution: Here, the auxiliary equation is 
т^ —1=0; m=tŁl. 


C.F.=cje* + ce *. 


1 5: Е І 2 ix 
Also, Р.І. = x^ sin x = Imagina art of xe 
D- =l шин D° —1 
=1.Р.оЁе* БЭР, OA 7 х2 
{(D + 02-0} 
=1.Р. of 7 | x2 as --1 
D* +2iD -2 


zppupe t meae t 
2 2 


-LP.of е^ [1+ iD - =D? +...] 22, asf 2-1 
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аг 

-ЇР: of [5 (cos x + isin x)(x? + 2ix -1] 
1 2 А 

има и —l)sin x. 


Hence, the general solution of (Һе given equation is 


с Е 1 : 
уа + сое * — xcosx Aa 1) ѕіп x. 


2 
Example 61: Solve ae 42 +4y= 8х262Х sin2x. 
dx? dx 


[B.C. A. (Rohtak) 2007] 


Solution: The auxiliary equation is 
n? -4т+4=0 
2 0. ИРТЭР 
(т-2) 20; [-- m=2,2.] 
22 2x 
С.Е. 2(q + сәх)". 


Also, the particular integral is 


= ph E _ 5 (8x? sin 2x) = 2х 1 ee sin 2x) 
(0--2-2) р 


= 28 [se sin 2x dx 

D 

=e” fy —43? cos2x + Axsin2x +2 cos 2x) dx 
= 2210 212 sin2x - x - Ax cos2x t 35in 2x). 


Hence, the required general solution is 


Jy -(q сох)е2 + (3sin2x — Ax cos2x - 2x? sin2x)e?*. 
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Exercise 10.10 


Solve the following differential equations: 


l. 


2. 


Qo 


(р? — )y = x cos mx. 


(D? +3D +2) у= хсоѕ2х. 


(02 -])уғ= x? cos x. (Hint: Write x? cos x =X. (x cos x)]. 


(р^ - 1) у= xsin x. 


Answer 10.10 


x? x? 
у = сү COS тх + со sin mx + —sin mx + —. 
4m 4m 


pace + ое? 


Ха 1 нЗ — cos 2x) + 2 cos 2x — ar 
5 200 


с -x : 1 
y2qe toe * + xsinx 037) cos x. 


2 cos x -3sin x - x? 


А 2” | 1 
уз + сое “+03 cosxtcy шаг: 


ООО 


